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General Gagliardo Inequality and Applications
to Weighted Sobolev Spaces

ANTONIO AVANTAGGIATI - PAOLA LORETI

Abstract. — In this paper we obtain a more general inequality with respect to a well
known inequality due to Gagliardo (see [4], [5]). The inequality contained in [4], [5]
has been extended to weighted spaces, obtained as cartesian product of measurable
spaces. As application, we obtain o first order weighted Sobolev inequality. This
generalize a previous result obtained in [2].

1. — Introduction and Main Result.

In this paper we study an inequality due to Gagliardo, extending the in-
equality to weighted spaces, obtained as cartesian product of measurable spaces.
As application, we obtain a first order Sobolev inequality in weighted spaces.
More precisely, we are concerned with N (> 1) o—finite measurable spaces
(X3, Vi, i), 1 =1,2,... N, and their cartesian product (X, S, ). Therefore

e X is the set of all ordered N-tuples (x1,2g,...,2y) with x; € X;

1=1,2,...,N, and denoted by X = X1 x Xo X ... x Xy

e V is the o—algebra generated by the class of measurable rectangles

Al x As x ... x Ay, with A; € Vi,i:l,z,...,N.
e 4 is the unique o— finite measure on V, verifying the condition

N
WAL x Az xox A) = [ T iAo,
1=1

for all measurable rectangles, and denoted by

M=y X fg X ... X Uy

For any fixed k with 1 < k < N, we will denote by o = (41, 72, . . . , i) a k—tupla
of the indexes 1,2,...,N (eventually also denoted by oy),with 41 <iz< ... <
1 < N, also we denote by ¢’ the (N —k)-pla (2,1, ...,7y_,), obtained from
{1,2,...,N}\ {t1,12, ..., %}

Moreover we denote by SkN the set of all k-tupla of the set {1,2,...,N},

N) . Given

(eventually also denoted by S). The number of element of S is ( 1
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x = (x1,%2,...,%n), 0 = (i1,%,...,%) and ¢’ = (¢},1,...,1y_,) We put
By = (i, Ty 05) Xy = @, 0,0y )@= (X, 7).

We extend such a convention to all N—tuples we are concerned with; there-
fore

Xo-:Xil XXig X ---Xik§

Xy = Xl/l X Xi/z X . "Xi/wuk; X=X, X X:T,
and

He = Ry X My X [y 5 ﬂaf:ﬂi'lxﬂiéxm)(i’ ; 1= Hg X .

N—k

In this paper we are interested to real valued functions. For a function f defined on
X1 x Xgx ... Xy we will use f(x) or f(x1,az, . ..,xN) or f(xs,x,). The parameter

(1.1) )= (ZZ_D {_: AN, K)]

will have a particular rule in the paper.

The main result of this paper is the following inequality

N . L
THEOREM 1.1. — Given ( k) Sfunctions F,(x,) with o € Sfcv , satisfying the
hypothesis F, € L(X,, 1,) we define

(1.2) F) = [ Fotxo),

geS

then F € LNX, 1) and

A
(1.3) ( f F(%)Wﬂ(%)) <1I ( f |F a(mo)l;‘dﬂa(acg)>.
X X°

geS

REMARK 1.2. — The theorem (1.1) generalizes Gagliardo’s lemma in RN , since
the last one follows by the theorem (1.1), taking X; = R, 1 =1,2,... N, V; the o—
algebra of Lebesgue measurable sets, and u(x) = dxidas . . ., dey the Lebesgue
measure. In a previous paper we establish a Gagliardo type inequality in Gaussian
spaces ([3]).

2. — Proof of the Theorem.

If £ = 1 the result is true for any N, since each function F; depends only by
one variable x;, 2 = 1, and the result follows with equality, by the Fubini’s the-
orem. If k = N, the result is also true, it follows that the result is true for N = 2.
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We prove the result arguing by induction on N. For N = 2 the result is true
by the previous remark. Assume N > 3, and k > 2. The inductive hypothesis is to
assume the result true for all N < M — 1, and to prove the result for N = M. We
split the set SkM of all k-tuples in two sets A and B. In the set .A we put all k-tupla
which do not contain the integer M, and Bis S \ A. The number of k-tupla which

are in A are exactly (M lc_

(2.1) = (]1‘5—_12) [:; MM — 1,1@}

If we take o € A, since by hypothesis F,(x,) € C;'(Xg, du,) we have |Fa(aco)|ﬁ €
LN Xy, du,). Applying the inductive hypothesis

@2 [ TP dise.. s dug < T ( [1Peoldu, )

Xy xXoX.. Xy OEA geA N,

1
) and the value of the corresponding parameter is

The number of the elements in the set B is

M\ (M-1\_(M-1\ _ ;
k k \k-1) 7
On the other hand, since any k-tupla of the set 55 has the index M, we can write it

as o = (03,1, M). We can have all the k-tupla of B, just making ;_; describe all
the (k — 1)-ple of index 1,2, ..., M — 1, that is, in our notation, all the elements of

SY-1, denoted from now by B~. The value of the corresponding parameter is
M —2 ,
(2.3) v:(k_2> [:.A(M—l,k—l)].

Applying the inductive hypothesis, we get
(2.4) f [T 1o (e x s x ... x dpyg_y)
XXX x Xy, OEB

= f H |Fg(acakfl,90M)|%d(/¢1 X dpg X ..o X dpgr_y)

X1 X Xo...Xx Xpy_1 Ok-1€EB7

< H (f|F‘7(x(7kl7'%.M)|/ldﬂ(7kl)"

0p-1€B7 Nyop-1

/ A
Next, we observe that A = v + g, then /ﬁl and - are complementary exponent of

summability. Applying Holder inequality we have

2.5) f \F(@)|dy — f dity f [T 1Fo@)ldGy x dug ... x gy )
X

XM X1><X2..,><XM,1 o€S
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= f dg [ TT ol [T Potwnldte x duy x ... x dpyy_y)

Xy XXXz x Xy OEA oeB

g

<[ dﬂM( I H|F,,<xa>|fid<u1xduzx...xduMo)"-
Xy

XXXz x Xy OEA

( f H |Fa(%a)|%d(ﬂ1 X dpg X ... % dﬂM—1)>i

Xl XXZ...XXM,l oeB

Applying (2.2) and (2.4) we have

26) JTTiFtenan< 1 | [1Feo) ).

x o€S geA

fdﬂM ( f \F o (o, 1 oan)| dity, 1>}-
Xy

op_1€E8B~

Applying Holder inequality to the last product of 1 factors, each of which belongs
to LA( Xy, dyyy) we conclude the proof, since

[ TL ([ 1Petan b, )
Xu

O)— 168 X )

< 11 (fdﬂMf \F o, aa) iy, )

or_1€E8~ er 1

1

-1 ( f |Fg(x,,)|idﬂg>i'.

oeB

O

REMARK 2.1. — The theorem (1.1) was established in [2] in the particular case

1 1 .
d,uj(acj) = (2m) Zexp <—§|xj|2>dxj, j=1,...N

N 1
du = @n)* exp <— 5 |x|2> de, x =RV
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3. — Applications.

3.1 — Non isotropic Gaussian spaces.

Take X; = R[ =R, 1=1,2,...N, V; the o— algebra of Lebesgue mea-
surable sets, and assume y; absolutely continuous with respect to Lebesgue
measure

1 .
du; = —exp( — v;(ax;))da; 1=1,2,...,N

1 C'L'

with v; : R; — R, , even and convex functions, and

ci:fexp(—vi(t))dt 1=1,2,...,N.
R

We set
N N
V(QC) = Z Vj(%j), Cc = HC]',
j=1 J=1
and
dutw) = | [ dp; = [ ] —exo( = viwi)da; = = exp( - v@)dz
i1 ey C; C
1 .
The measure spaces we are dealing with (R;, V;, gexp( — (%), 1=1,2,...,N,

1 (3
and their cartesian product (RN )V, . exp( — v(x))
By theorem (1.1) we have

THEOREM 3.1. — Given a subset E of Sy ( # 0) and a family (Fy),cg satisfying
the hypothesis F, € L*(R?,du,) Vo € E, we define

(3.1) F@) =[] Fot,),

ol

then F € L\(RY  dy) and

ok R®

(3.2) < f|F(ac)|d,u(9c)) L < H f|Fa_(g(;O_)|;Ldﬂ”(xg)
RY

PRrROOF. — We observe that

(3.3) f du,@) =1, Voes
RG
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This means that the characteristic function y (x,) of the space R, verifies
(34) [ ree@odu e =1,

R,
and it is 41— summable. We introduce for every o € S} \ E the functions

F,=ys, VYoeSY\E.

We have a family of <ZZ> functions (F,), o € Sfcv which verifies the hypothesis of
(1.1), therefore the assert follows by thesis of the theorem (1.1). O

N
1\?2 2
dy = (%) e dy.

REMARK 3.2. — Let 1 <p<Nandq = &, dx the Lebesgue measure. It is
N-—p
well-known that

of € LP(RN,dx),  and |Df] € LP(RY,dx) = f € LI(RY  dx)

We set

If we are looking for a similar result in the Gaussian space (RN, V,dy), then
the answer is negative, as the following example (3.3) shows.
ExampLE 3.8. — Let

1 log(1 2
u*(x):exp<_Og(——i_|$|)2x|2>7 CUERN
21 +log(1+ |z]%)

Then

1, 1 1 , ‘N
u(r)ex (—x)zex <—x>, e RY.
* P 2” P 21+10g(1+\1’|2)||

This shows that u,(x) € LI(RY, dy).
Similarly [Du, (x)| € L*(RY, dy).
However u,(x) ¢ LP(RY ,dy) Vp > 1.

Indeed we have

1, » 1p—Dlogd+ 2P =1, o N
(u.(x))Pex (——x )ex (— ), xeRY. O
P~ P2 e rpPir
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3.2 — Sobolev’s Inequalities.

N
For any p € [1,N], ¢ = N——pp the well-known Sobolev inequality related to
the space W1P(RY) is

(3.5) ( f |u(ac>|qdac>a < c< f |Du(ac)|pdac>; Vu € WEP(RY),
RY

RY

for a real, positive constant c.

We are going to find, using (1.1), how to extend (3.5) to a class of weighted
Sobolev spaces. To this end let X; and V; as before and assume y; absolutely
continuous with respect to Lebesgue measure, R will be also denotes by R;. To
cut short, we assume that there exist measurable functions w;(x;) locally sum-
mable on R; such that

(36) d,ul(%l) = wl(ﬁﬁl)dﬁﬁl, 1= 1,2, ve ,N.

We are now ready to state the result

THEOREM 3.4. — Let w;(x;) be the function introduced in (3.6) verifying the
hypothesis

(3.7) w;(x;) > 1 a.e.in Ry, 1=1,2,...,N.
Define u as follows

(38) a)(x) = 0)1(961)@2(962) .. .CON(OCN), d,u = a)(ac)dac
Let

(3.9) 1<p<N, q:ﬂ _WN-Dp

N _ p ) y - N _ p I
then for evey u € C3(R") we have

(3.10) ( f |u(ac>|qa)(ac)dac)a < y( f Du(ac)|”w(ac)dx>5

RN RrY

Proor. — To simplify the notations, we introduce the vectors
e; = (0,04, . ..,0i,), Where Jy; is the Kronecher symbol, and, since u € C&(R"),
we have

1 |u(e + te;)|dt.

|u(x)‘3’ = - d

o\g

<~
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From which

lu(@)])” <y f |ue + tei)|y—1|8xiu(m + te;)|dt
0

§yf @) M ul)|de:  i=1,2 ,N.
R;

Let i* the (N — 1)— tupla {1,2,... N} \ {7}, we get

sup @i, 2)" < 7 [ )00 o) .
xR, R;

We apply the theorem (1.1), and we obtain

f (@) o) = f H|u(x1* DM T de

RN =1

N

< [ 11 (sup jutas, )7 ee)die

Ry i=1 xR

L\ V-1 =
f (sup 2t ;- ,xi)|N_ﬁ) wi (X )d )
2 eR

R
N ¥
= H < fsup [, 26)| e (205 )dacl*) :

Bir x;eR

I (

1=1

Then

f (@) o@)de < H (y [ o i f u<x>|*‘1|6xlu<x>|dx7) .

< (Vf |u(%)|yllDu(9c)Iw(x)dac>‘
RN

< < f )| 0 dw(x)dac) ( f |Du(x)|%(x)dx> o

Since (y — 1)p’ = q and
1 N p—-1\N-1 N-p N—l_l
N-1p ) N (N-p N ¢
from the last estimate we conclude the proof.
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Concerning with Sobolev inequality in Gaussian spaces we can state the fol-
lowing result, which proof follows by theorem (3.4).

THEOREM 3.5. — Let w;(x;) be the function introduced in (3.6) verifying (3.7)
and u(x) defined as (3.8), and given N positive, convex functions, vi(xy),
N

vo(@s), . .. vy (@), with v ="y " vi(a;). Let

i=1

11 1< _ P
(3.11) <p<N, ¢ N

then for every function w such that ue™"®@ e WY*(RY  du), we have

1

(3.12) ( f |u(9c)|qeq"(”)co(x)dx)a < c( f |Du(9c)—u(ac)Dv(9c)|pep"(”)w(ac)dx)p,

RY RY

for some positive constant c.

4. — Further generalizations.

We remark that the original Gagliardo inequality, as our previous results, are
related to product of factors, each contains the same number k of variables and
the same summability exponent.

In what follows, we are now dealing with a set of non negative functions.
fio :R* =Ry, j=1,.... 50, € SN, k=1,...,N.

The further result is the following

THEOREM 4.1. — We assume that f; ,, € L*(R", du, ) and that there exist po-
sitive, real, numbers c;

(4.1) 33 gk (i) _

k=1 j=1
Then
Ji

(@) mdﬂ<H I H( I J;(,k(x@)dﬂok)
1

=1 g8V j=1 “Rok

f N
RN k=1 o€ ‘]y J=

Proor. — We set

L N /N\!
(4.3) ;Cj,kziQky qk:@(lﬂ> ,k=1,...,N.
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By (4.1) it follows

ZN: N N1
(4.4) ka( ) =N, and =
k=1 k =1 9k
We set
_ @k _ .
(4.5) pj’k_c_ fork=1,..Nj=1,...J;.
J.k
It follows

We apply Hélder inequality and Theorem (1.1) with 4 =: ;; then we get:

(4.6) fH H H Sjo@s) c”‘d,u<H H (fH Fonlitn) c”q'“}"d ak)/m

RN k=1 g esy j=1 k=1 g esY “rok J=1

Since

por— (N=1\ N N\ 1
= (o)) =a

We apply Holder inequality

N . - .
H H <fH(J;)ak(xﬂk))%»qu.kdﬂﬂo

k=1 gyesl “rox Jj=1

T i

- e Pij
< H H( f(‘]f;'v(rk(xo-/c))kaQthIkAkdﬂ(;k) s .

k=1 g esl j=1 “Rr%

Since
1?;_]2 N Ji e
C /L
H 11 H( [ (o) % d ) =11 H( fﬁokwm)du@) 7
=1 akeSV J=1 N R% k=1 g,e 1;\7 J=1 MR
we conclude the proof. O

REMARK 4.2. — The inequality (4.2) is optimal. Indeed we fix a € R]f and we
define (now j;, = 1)

(47) ka :fl,yk = eXp (aakxa’k), vo_k 6 SkN and k - 1,2, PP 7N.
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and

1

(48) Cp = Cl,k = m

A direct computation gives equality in (4.2) for (4.7), (4.8), with respect to the
gaussian measure y(x).
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