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Some Developments on Dirichlet Problems
with Discontinuous Coefficients

Lucio BocCARDO

Tu sei lo mio maestro e il mio autore;
tu sei solo colui da cui io tolsi

lo bello stilo...

(Dante: Inferno I)

Abstract. — This paper, dedicated to the memory of Guido Stampacchia in the thirtieth

anniversary of his death, starts from his lectures on Dirichlet problems of forty years
ago.
As Sergei Prokofiev named his first symphony the “Classical”, since it was written in
the style that Joseph Haydn would have used if he had been alive at the time, this
paper strongly follows the one by Guido Stampacchia about elliptic equations with
discontinuous coefficients ([8]).

1. — Roma, Istituto Matematico, 1968-1970: an important moustache in my life.

During the academic years 1968-1969 and 1969-1970, at the University of
Roma, Guido Stampacchia taught the “Istituzioni di Analisi Superiore” and
“Analisi Superiore” courses.

I had the luck of being one of the students of these courses. The second part of
“Analisi Superiore” was devoted to the presentation® of the results of the paper [8].

In particular, I had the opportunity of studying his results about the Dirichlet
problem for second order elliptic equations with discontinuous coefficients.

Guido Stampacchia proved that the boundary value problem

{ — diviM (x)Vu — u Ex)) + Blx)Vu + pu = f(x) in Q,

(1) u=20 on 082

is solvable, in weak sense, in Wé’Q(Q).

This paper, dedicated to the memory of Guido Stampacchia in the thirtieth
anniversary of his death, starts from his lectures on the Dirichlet problem (1).

() G. Stampacchia: Corso di Analisi Superiore; Universita di Roma, 1969-1970.
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2. — Introduction.

Let @2 be a bounded, open subset of RN, N>2andM: QxR — RNZ, be a
bounded and measurable matrix such that

@) aéf <M@E-& [M@)|<p, aexeQ VEeRY.

We also suppose |B|, |[E| € LN(Q), f € L¥%(Q) and p > 0 large enough.
Guido Stampacchia proved that the boundary value problem (1) has a unique
solution % such that

oif fe L™Q), m> % then u € Wy *(Q) N L™(Q);

2N N 12 o Nm
—< —_ v m **: .
N+2_m<2,thenuewo @ nNL"™ (), m N _om

Furthermore he also proved the existence (thanks to a duality method) of a

oif fe L™Q),

2
solution u even if the summability of f is less than N—+2:
. 2N Lo Nm
m s e .
oif feL"™Q),l<m< N1 then u € W™ (Q), m N

o if f € L1(Q), then u € W (Q), V ¢ < %

For nonlinear problems of the same type, see [6], [3], [4]. We point out that
the techniques we will use issue from those of Guido Stampacchia and of these
papers.

Here we study the case ¢ = 0: the main difficulty is due to noncoercivity of the
differential operator — div(M (x)Vv) + div(v E(x)).

We assume that E(x) is a vector field and f(x) is a function such that

(3) fel™@Q), 1<m< g ;

(4) E| € LN (@),
and we consider the following Dirichlet problem

{ —diviM(x)Vu) = —diviu E(x)) + f(x) in @,

(5) u=>0 on 082

Roughly speaking, in this paper we prove that the same existence and reg-
ularity results which hold under (3) in the case £ = 0 hold under assumptions (3)
and (4).

REMARK 2.1. — Of course, if div () = 0, the situation is easier and looks like
the nonlinear problems studied in [2], since, roughly speaking, with the use of the
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test functions |u|"u in (5), the contribution of
qu‘ - V(|u|"w)
2]

is zero, because of the Divergence Theorem and the boundary condition.
In a forthcoming paper ([1]), equations with coefficients £ which do not be-
long to (LN (@)Y are studied.

3. — A nonlinear approach to a linear noncoercive problem.

Recall Stampacchia’s definition of truncate:

s, if |s| < m,
Tuls) = n i Is| > mn,

|s|”
let Gi(s) = s — Ti(s), fr(x) = T, (f(x)) and consider the following approximate
problems

Up, E(x)
142 u,| 1+ LE@)|

(6) wy € WA(Q) : —diviM®)Vu,) = —div( ) + ful@).

Note that a weak solution u,, of (6) exists thanks to Schauder fixed point theorem
(see also [7]). Moreover, since for every fixed n the function
Uy, E(x)
1+ Loy | 1+ 1 |E)|

belongs to (L=(Q)", every u,, is bounded thanks to Stampacchia’s boundedness
theorem (see [&]).

4. — Main estimates.

Even if in this paper we assume |E| € LY (), in this section we will only need
that |E| € LA(Q).

LEMMA 4.1. — Assume (2), |E| € L*(Q) and f € LNQ). Then the solutions u,
of (6) satisfy

2
-

2% 2 1 2 2
) | [rosa+ b | < o [ 18 *aga 1)

Q Q

where S 1s the Sobolev constant.
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ProoF. — Take 1 —:LTu ‘ as test function in (6). We have
f Mx)Vu, - Vu, _ f E(x) Vi, St
n Lt fu])? i+ V| 1+ LE@] (@ + fo )P ) T+ Tl
Since 1 frql | < 1 we have, using (2) and the fact that | f,,| < |f],

|VQ/{/7L|2 E vun
a
Sy <

so that (thanks to Young inequality),

%f(lfj‘”' <o 10t

which implies

2
o Ullog(lﬂunm ]
Q

which is (7). O

e

<f|V10g(1+|un|)| !|E|2 +Qf|f|7

REMARK 4.2. — Remark that for any ¢ > 0, it is possible to choose k. such that
meas{x € Q : |u,(x)| > k}zz_* <e Vk>k,

thanks to the estimate (7), which implies

1 1 5 2
(8) meas{x € Q: |u,(x)| >k} =g @1 P I[Szaz || +@|f| :

O

LEMMA 4.3. — Assume (2), |E| € LA(Q) and f € LNQ). Then, for any k € R*,
the sequence Ty(u,,) is bounded in Wéz(.Q). More precisely we have:

a s K 2
© ; f YTk < 5 ![ B +k f i

ProOOF. — The proof follows using T (u,) as test function in (6) and Young
inequality as in the proof of Lemma 4.1. O
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5. — Finite energy solutions.
5.1 — Unbounded solutions.

2N )
LEMMA 5.1. — Assume (2), 3) and (4). If m = N2 then there exists k* such

that the sequence {Gy(u,)} s bounded in W&’Z(Q), Sfor every k > k*.

Proor. — Define
Apk)={x e Q:k < |u,(®)|}.

The use of Gy(u,) as test function in (6), and Young, Holder and Sobolev in-
equalities imply that, for ¢ > 0,

o[ WGP < [ 1Gu) 1BV Gyaw)| + k [ B9 Ga)| + [ 1G]l f
Q Q Q Q

gs( f | ) f|vak(un)| +ef|VGk(un)| + fIE\

‘A, (k) An k)

= +“ T ]

Q Ay (k)

where S is the Sobolev constant. Thus it results

[a_( f IE| ) —zg]fNG;,(un)l

Ay (k)
N+2
N
e L] [
A,,(k) Ay (k)

Fix ¢ so that 2¢ = Z. Then Lemma 4.2 implies that there exists k*, such that

1
1 NN a ¥
g{fﬂ} <% kxk

Ay (k)

Thus, for some C; > 0, we have, if k > k*,

2N %
Aulk) A, (k)
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COROLLARY 5.2. — Assume (2), (3) and (4). If m =
{un} s bounded in Wé’z(Q).

2N
N7 then the sequence

PrOOF. — The estimates (9) and (10) imply that, if & > k*,

= 1
Q Q Q Q Q

O

2N .
THEOREM b5.3. — Assume (2), ) and (4). If m = Nio then there exists

u e W&’Z(Q) weak solution of (5), that is

fM(m)Vqu :f uE(x)Vv +ffv, YV ve Wé"z(.Q).
?) 7]

Q

PROOF. — Since the sequence {u,} is bounded in W;*(2), by Corollary 5.2,
then, up to subsequences, u,, converges weakly in W&’Z(Q) to a function u. Passing
to the limit as » tends to infinity yields the result thanks to the linearity of the
problem: therefore u is a weak solution of (5). |

LEMMA 54. — Assume (2), 3) and (4). If —— ZN <m< E, then the sequence

N+2~ 2
{uy} is bounded in L™ (Q).

¢ 1Ge ) VGiu)

211 , A= o , as test function in (6) and

Proor. — The use o

Young inequality imply that

af|Gk(un)|2(iil>|VGlc(un)|2
Q
< f [l (GrCae) P ED(Gra) VG + o f F1IGeu) !

< i [ PG VB 4 f G PP VGt
An(k>

1

+ ||me |:f|G (un)|(2/1 1)m:| o
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Taking 2¢ = a, we have, for some constants C; > 0 independent on 7, thanks to
Sobolev inequality,

¢ [ i |Gk<un>|2*ﬂ <2 [ 1G9 Gy
Q Q

an < G [ |G PIBF + Cel? [ |Guu) PO |BP

Ay (k) Ay (k)
1

+ ||f||m [f|G (un)|(2A 1)m:| w

Holder inequality implies that

Cl“ Gl ] = CZU |Gk(un>2*ira{ / IE|N]%
Q

An(k)

(L=

Ay (k)

2(2 1)

+C K2 (meas A, (k)7 { f |G u)|*
Q

L
7

||f||m [f'G (u n)|(2ﬂ 1)m:| "

Now, assumptionJE\ e LN (Q) and (8) imply that there exist k such that, if & > k
(we can suppose k > k*), we have that

e
Cz(fE’|N) <

Ay (k)
Note that the choice of 1 gives
2 1 N
2 =@2.—1m =m* and 2— if and only if m < 5

Moreover, 2(}2 7 ) ; Thus, for k > k, we have

Cl m*
= [ (G T

Z( 1)

sa | [ || [ il
4,00
Hf”m |:f|G ( 7l)| :|

Yo

Sl
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Then, for k& > k, the sequence {Gy(u,)} is bounded in L™ (Q), since £>-L The
conclusion follows as in Corollary 5.2. O

Moreover, we can follow the proof of Theorem 5.3 in order to state the
summability result below.

N
THEOREM 5.5. — Assume (2), (3) and (4). If N 2N 5 < <m< — > then there exists a

weak solution u of (5), which belongs to Wé 2(Q) N L™ (Q).

5.2 — Bounded solutions.

N
In this section we shall prove that |E| € L™(Q), m > N, and f € L"(Q), r > >

imply that the sequence {u,, } is bounded in L>(Q), so that the solution « belongs
to L>°(Q) as well.

Our proof follows Stampacchia’s method ([8]) and hinges on the boundedness
of log (1 + |ul).

THEOREM 5.6. — Assume (2). If |E| € L"™(Q), m > N, and f € L"(Q), r > g,

then there exists a weak solution u € Wé’z(.Q) N L>(Q) of (5).

Proor. — Take as test function in (5)
0, if |u(x)| <k,

u

v = Tva 14k TU@>Fk

U k .
m-'—m, 1fu(9€)<—k,
and use Young inequality. Then, since ()| < 1 we have
vl f
- B+ [ 111
2 [u|>Fk a+ |’I/L|) u\>k [u|>Fk
which implies (with & = e* — 1)
a 2 1
iy < _ .
Vios+upf < [ [gIBE 1|

log 1-+u|)>h log A+|u)>h

N
Now, since |E|* + | f| belongs to L"(Q), with » > > it follows from Stampacchia’s
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theorem (see [8]) that there exists a positive constant L such that
[log (X + ]| ) < L,
and so

L
|2l ) < € — 1.

6. — Uniqueness of weak solutions.

2N
THEOREM 6.1. — Assume (2), (3), with m = N2 and (4). Then the weak

solution u € W&’Z(Q) of (5) is unique.

PrOOF. — Let u, w be weak solutions of (5) and let 6 € R™. We follow the
outline of [5] and we use T.(u — w), 0<e<0 as test function to have

f M@V @ — w)V T, — w) = f (u — WE@YT,(u — w).
Q Q

Using Hoélder inequality and (2), we obtain

azf\VTg(u —wff <& f Tl
Q 0 < Ju(e)—wx)| <e
Then
2
2 2 € 2
[ mw-w) g![m(uwn S e e

d < Juax)—w(x)| 0 < ule)—wx)| <e

where (as usual) 1; is the first eigenvalue of the Dirichlet problem for the
Laplacian operator in 2. Thus,

J1 & meas ({0 < |u(@) — w(@)|}) < é f B
¢ 0 < Jue)—w(x)| <&
Since

({0 < Ju(@) — w@)| <&} = {0< Ju(@) —w@)] <0} =0,

>0
the continuity of the measure with respect to intersection then implies that

meas ({0 < |u(x) — wx)|<e}) — 0, ase¢ — 0.
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Then

B — 0,

0<|u(x)—wx)| <e

and so meas{d < |u(x) — w(x)|} = 0 for any J > 0, that is u(x) = w(x) a.e. We
point out that in the proof we only used the L2-summability of |E|. a

7. — Infinite energy solutions.

In this section we study the existence of solutions if |E] still belongs to LN (Q),
but f does not belong to LI»Z’_QZ(.Q), so that we cannot expect the existence of
Wé’z({)) solutions.

and (4). Then the sequence

2N
LEMMA 7.1. — Assume (2), 3), 1<m< N2

{u,} is bounded in L™ (Q).
[1+|Grlu)| " = Leone), 9"
2y _ 1 g n/y y - 2* ’

Remark that y > 5 if and only if m > 1. Moreover 2y — Dm/ <m™, if m< g

Proor. — Use

as test function in (6).

. |s]
Then, since —————— < |Gy(s)]" + k, V |s| > k,
[1+ |Gr(s)| T

VG .
1 G n "
“f[1+|Gk(un)|]2 %S9 1f\fl[ + [Grun)|]
VG| f VG|
&

+ G ( ’VL) }’E
22[| o ‘ | ‘[1+|Gk( n)‘]l 7 [1+|Gk(un)|]1 a

Using the inequalities of Young and Sobolev and the choice of y, we obtain

VG
Cl“ L+ 1GutealF —1 ] ‘3f [1+|G;f<(Z >)||]2-2>'

<G f I+ 1G] P+ Co f G 1B €1 £ )k2|E

1

<G fllpne [f[l + |Gk(un)|]<12y>mf]’"
Q
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—&-Cz[ f |E|2] { f |Gk(uﬂ)|’”“] + Co i f B
Anll) Q A, )
That is

CIU '“*'Gk(%)“"%—lz*r —02[ / IEIZ}NU IGk(uwl’"ﬁr

Q A, (k) Q

< Gsll fllneo { Jos |Gk<un>1”*}” Gl Nl
Q Ay (k)

(12)

Once more we can say that, for k fixed but greater of some k, we have, since
2
2+
stant depending on k. The conclusion then follows as in Corollary 5.2.
Moreover, going back to the gradient, we also can say that

> i,, that the sequence {Gy(u,)} is bounded in L™ (Q), for k > k, by a con-
m

f |VGk(un)|2

J 1+ (Gru) PP

is bounded. Then

m |VGk(un)|m* A=y m*
VG n = Nt 1+|G n !
Qf VG Qf L+ [Gatuypa 1 1G]

|VGk(un)|2 ]ﬂg |: 21—y m*
< 1+1|G (uy 2
u [1+ G, ) [P0 ! G

2-m*

is bounded, because of the choice of . O

Moreover, we can follow the proof of Theorem 5.3 (here the sequence {u,,} is
bounded in W&’m* (2)) in order to state the summability result below.

2N )
THEOREM 7.2. — Assume (2), (3) and (4). If1<m < Nio then there exists a

distributional solution u of (5), which belongs to W&’m* (Q); that is
we W™ (Q):
f M@)Vuveé = f wE@)Vé + f fé
2 ) 2

YV ¢ € D(Q)
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REMARK 7.3. — A consequence of inequality (12) is the following estimate
(k > k).

m(N—-2)

L 2
W |1f e+ B B,

K

me < Gr)]

e+ || Te(w)]

e < Co(k 12

REMARK 7.4. — A consequence of theorems 5.5 (Where u does not belong to
Wé'" "(Q)), 7.2 (where u belongs to W&m (Q)) is that div(u E) always belongs to
WL (Q), as well as f. Similar situations happen for the solutions u given by
theorems 5.6 and 7.5.

REMARK 7.5. — Assume (2) and (4). If f € L1(Q), then there exists a distribu-
tional solution u of (5).

1- []- + |Gk(un)|]1_20

ProoF. — Use sgn(uy,), 20 > 1, as test function in (6).

20 —1
Then
VG| o4 [V Gi(u,)| |f]
a < s |E =+ .
L i+ i =] TG P i Gar ) 3
Starting from this inequality, we conclude the proof as in Lemma 7.1 and
1

Theorem 5.5, taking into account that o > R O

REMARK 7.6. — In order to prove the existence of solutions exactly in Wé’l* Q)
a sufficient condition is [ | f|log (1 + | f]) < oo (related problems are studied in [8]
and [4]). 2

REMARK 7.7. — If the right hand side is a bounded measure the existence
result of Theorem 7.5 still holds with the same proof.

REMARK 7.8. — Following the duality method by Guido Stampacchia, it is
possible to prove existence and summability results for the solutions of the linear
(dual) boundary value problem

—diviM (x)Vw) + E(x)Vw = f(x) in Q,
{ w=0 on 0Q.
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