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A Gluing Theorem for the Elliptic Adjoint
Operator L" in the Plane

ORAZIO ARENA

dedicated to the memory of Guido Stampacchia

Abstract. — A “matching” method for planar harmonic functions is exhibited, using an
elliptic adjoint equation L*u = 0.

1. — Introduction.

In RZ, let
T={-rn<y<n}
be the 1-dimensional torus and, for a > 0, let
Q=(—-a,a) x TCRxT
and
Qs =(—a—-0d,a+0)xT, o6>0.
Denote:
Tei=(-DfaxT, k=12

All the functions we will consider will be periodie, of period 27, in the variable y.
Let w; = wy(x,y) and we = we(x,y) be two harmonic functions, defined in ;.
The problem we are going to deal with is the following.

PROBLEM (*). — Given wy and we harmonic functions as above, does it exist a
function w defined in Q5 a matriz (@¥), alAf <al(e,y)hii <a AP for
(1,%2) € R%, a = ellipticity constant > 0, for a.e. (x,y) € Qs, a¥ = 0¥ in Q;\Q,
such that:

u=w m Qs\2)N{x<0} xT)
u=wy m Q\Q)NH{x>0}xT)

(2) L'u=05au) =0 in Q47
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Here and throughout the paper, it is assumed that repeated indices are
summed over. As regard to the matrix (a¥), we will look for a¥ regular in
Qs\(I'1 U I's), that can be extended as regular functions to Q and to Qs\ 2; notice
that a¥ can be discontinuous on 7’7 U I's.

We will look for solutions u € C?(Q;), periodic in v.

Reecall, by the way, that a function u satisfies the adjoint equation L*u = 0 if
[[uLpdxdy =0 for any ¢ regular, periodic in y, with compact support in z,
where Lo = tr(a?D?p).

Our gluing theorem will give an affirmative answer to the above PROBLEM (*),
by means of a“matching” functions technique. It is worthy mentioning that, in
the context of elliptic equations, as far as to my knowledge, a type of matching
functions procedure goes back to M. S. SaroNov [1].

Section 2 of the paper is devoted to some remarks and the proof of some
compatibility conditions, that must be verified. In Section 3, we succeed in
finding a solution to the PROBLEM (*) and proving the main theorems, in the case
that the harmonic functions w; and ws have the same sign. See also, the REMARK,
there.

Acknowledgment. This research has been partially supported by MIUR-
PRIN 2006“Equazioni alle derivate parziali e disuguaglianze funzionali: aspetti
quantitativi, proprieta geometriche e qualitative, applicazioni”.

I wish to thank P. Manselli for pointing out this type of question to me.
2. — Remarks and compatibility conditions.

Let us start with some remarks.

REMARK 1. — It turns out that
3) 31fwk(90, ndy =c. for k=12,
T
m |x|<a + 6; ¢ a constant.
REMARK 2. — One has, for k =1,2:
f wy(x, y)dy = f wir@, y)dy + (x — ) f hwy(@, y)dy,
0 et T
Te(—a—0d,a+0).

We may prove the following form of compatibility conditions.
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LEMMA 1. — If the PROBLEM (*) has a solution, then:
@ (@ —w)l, =0, [Oi(au) + 20:(a'2u) — Oy ]|, =0,
@ —wp)lp, =0, [Oi(altu) + 20x(a'?u) — Oyws]|, =0,

where:

alz‘Fl :elgi}g}razj(_a+ga ')7 a?—‘Fz ZEE%LQZ](G—S, ')a e>0.

PROOF. — Recall a¥ are regular in Q and Q;\ Q. Let ¢ € C3°(2,), ¢ periodic in
y. Then, if we set, for ¢ and ¢; positive numbers:

A, =[-a—-06,—a—e]lxT
Bs,sl =[—a+ea—¢&]xT
C.=la+ea+d]xT
we have:
0= fu(aijaiﬂp)dﬂcdy = EE% :{fwlaij(p dx dy

Q5
+lim f f wa0;p)dady + lim f f wydypdady.
a=0B, HR)

Integration by parts in each term and taking the limit as ¢ — 0 and ¢ — 0, it
yields:

f{ [a(—a™, Ju —wi]orp — [01(aw) + 20x(a®u) — O |p}dy =0
I
and

f ([ a™, Y — 2] D — [Or(a@M ) + 265(al2u) — Dywe] oy = 0.

Iy

By choosing ¢ suitably on Iy, we get the compatibility conditions (4). The proof is
complete. O

LeMMA 2. (Integral compatibility condition). — Ifu is a solution to PROBLEM (*),
then the following integral compatibility condition holds for |x| <a + o:

11 _ @ _ _
[f (@ w)(x, y)dedy =54 [ [wala, y) — wi( — a,y))dy

(5)
1
t5 T[[wz(a, y) —wi(—a,yldy .



242 ORAZIO ARENA

Proor. — We have:
Oi1(aMu) + 2012(a?u) + doe(a@®u) =0 in Q.

By integrating on T, we get
on [ (@, ydy = o,
T
that is:

f (@™ w)(w, y)dy = kx + ko,
J

k, ko real constants.
By Lemma 1, an easy computation yields the condition (5). The proof of the
Lemma 2 is completed. O

3. — Solution of the Problem (*) and construction of the function w.

To solve our problem, let us assume that the harmonic functions w; and wy are
both positive. Moreover:

Jwitepdy = [wste,pdy.
T T
As a consequence of REMARK 1 of Section 2, we have for || <a + o:

on [ wiGe,ypdy = o [ wste,pdy.
J J

Now, let us solve the problem by assuming
a'=1 and a?=0.

Let y € C*, 0 <y < 1, so defined: = 1 near x = —a and y = 0 near x = a.
Then construct the function u = u(x, y) as follows:

u = ywwy + (1 —yp)ws = we + wlwy, — ws).

Clearly, u > 0. Moreover, as it can be easily verified, » satisfies the compatibility
conditions (4) and (5).
Thus, from (5) we have:

fauu(x,y)dy =0 in Q.
o



A GLUING THEOREM FOR THE ELLIPTIC ADJOINT, ETC. 243

Therefore, there exists a function v > 0, 27 - periodic in ¥ and such that:

gz—;z)(x,y) = —Onu(x,y) in Q.
Then:
Onu + Oz (2 : u) =0 in Q.
%
So, the problem is solved in Q; with

v .
a'=1,a2==0a%=0 in Q
U

and
al'=a?=1 in Q5\Q.

REMARK. — The same arguments could be used to get the same result in the
case w; and wy both negative. Actually, it remains to be investigated the case
W1 - We < 0.

Therefore, we may state the following

THEOREM 1. — Let wy and we two harmonic functions defined in Qs.
Assume:

wy-we >0 and fwldy :fwgdy.
T T

Then, PROBLEM (*) is solvable in Q;.

Proor. — It is given exactly by all the above arguments of the present
section. O

A consequence of THEOREM 1 is the following

THEOREM 2. — Let wy, (k = 1,2) harmonic functions in a neighbourhood N of
x=0 (yeT), w  ws >0 suchthat:

wi0,y) = we0,) >0, & [ w0,y = &1 [ w200, 9)dy.
T T

Then, there exists a function u, defined in N, such that:
L'y = 0 n N
u = w for x<x<0

w = wy for x>x>0.
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Proor. — In Theorem 1, let a, > 0 so small that, in |x|<a +J, w1 >¢; >0
and wy > c2 > 0. REMARK 1 of Section 2 implies that

alfwldy = 31fw2dy =c
o+ 2

in |x|<a + J and w; = ws at ¥ = 0 and REMARK 2 imply that

fwldy :fwzdy.
o o

Then, u can be constructed as before and, from the previous Theorem, THEOREM 2
follows. O
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