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A Note on Sectorial and R-Sectorial Operators

ALBERTO VENNI

Sunto. — Si dimostra che: (i) se a, f € R e A & un operatore settoriale, allora Uinsieme
{t"Aﬁ (t+A)"*F ;1> 0} e limitato; (i1) che lo stesso insieme di operatori e R-limitato
se A ¢ R-settoriale.

Abstract. — The following results are proved: (i) if a, f € R" and A is a sectorial operator,
then the set {t*AP(t + A~ P;t > 0} is bounded; (ii) the same set of operators is R-
bounded if A is R-sectorial.

The aim of this note is to prove the following

THEOREM 1. — Let X be a complex Banach space and let A be a R-sectorial

operator acting im X. If a, [ are positive real numbers, then the set
{teAP (¢t + APt > 0} is R-bounded.

This answers a question put to me by A. Favini and Ya. Yakubov (see [3]). For
a comparison, I will also prove the following “folk result”:

THEOREM 2. — Let X be a complex Banach space and let A be a sectorial
operator acting i X. If a, f are positive real mumbers, then the set
{t* AP (t + A)~*7P:t > 0} is bounded in the operator norm.

% * *

First, I deal with Theorem 2. I recall that a sectorial operator is a (possibly
unbounded) linear operator A acting in a complex Banach space X, satisfying the
following conditions:

(i) the resolvent set p(A) of A contains R™ := {t € R;t < 0};
(i) sup |ttt +A)7| =M < .
t>0

For a sectorial operator A, the powers of A with arbitrary complex exponent
are defined. Recent literature on the subject is [2], [4], [5]. If one is interested in
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powers with negative exponent (but this is not our case) it is suitable to ask that
A Dbe also injective.

The usual expansion of the resolvent operators implies that if A is a sectorial
operator, then there exists a sector about the negative real half-line on which the
estimate sup ||A(4 —A)’IH < 0o holds. This means that for some 0 € 10, z[ the

spectrum o(A) of A is contained in the closure of the open sector
Xy :={re?;r >0, —0 < ¢ < 0}, while 1(. — A)™" is bounded on C\ Xy (that is,
M2+ A) Hisbounded on X',_). The g.Lb. of such @’s s called the spectral angle of A.

LEMMA 1. - Let A be a sectorial operator, . € C and t > 0. Then:

0 G+t+A DT =11t +D0 T +t+4)7Y, if 1#£0  and
A4t e p(— A
() A+tt+A DT =21+t +t271+4)7,  if  A1#£0  and
t+ti e p(—A);
(i) (+ A+ A = A
— A).

1+A) , if A+1#0 and

/H—l

ProoF. — Indeed one has
A E+A T =+ A+ DE+A) T =207+t + A+ A

Att+A) T =0+ A) )+ A=A+t A+ AT

I A+ A =+ A L AE LA T =G+ 1) (% +A) t+A)™"

If 0 is the spectral angle of A, then X, := {re’;» > 0,0 — = < ¢<m—0}is

t
/1 + 1 14277
the results of the application to A of functions (the inversion, the multiplication by
a positive real number, the addition with a positive real number) that apply 2,
to itself. Therefore it follows from lemma 1 that X, , is also contained in the
resolvent sets of the operators —(¢ +A)_1, —tt+A) " and —AEt+ AL Next,
we have

contained in p( — A); on the other hand A~ 1y t,t+tA L and are

LEMMA 2. — Let 0 € 10,7, Zp:= {re®;r >0, —0 < ¢ < 0}. Then Vi€ X,
/1+1
—|>Cy —sm<0\/2)

PrOOF. — Along the ray arg A = ¢ one has

ﬂ — A2+ 217 cosg + 1.
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If cosg > 0this is obviously > 1, while if cos¢ < 0 this function of | 1| has minimum
at |A| = |cosd| ™, and its minimum value is sin2¢. Hence the assertion follows.
Then we obtain

LemMmA 3. — If A is a sectorial operator with spectral angle 0, then ¥Vt > 0
t+A)7L tt+ 7" and At + A) 7 are sectorial operators with spectral angles
<.

ProoF. — If ¢ € 10,7, then sup [o(z+A)7'| = M(@) <oc. If 1€, y,
then by the foregoing lemmas ~ *<*=7

2G4+ ¢+ A7 = ¢+ DG +t+ A7

<5 M+ JACGT +t+ AT
where (A + G +t+A) Y| < M@), |JAGT +t+A) Y| < M@) +1, and

‘ i_lt t‘ - ‘ M)i : ’ < ¢, Similarly
Jr

120+t +A) D = ¢+ A+ 2+ A7

1
S1+._1||(t+ti’l)(t+tﬂfl+A)*l||+||A(t+t + A <MO)C, +M©@)+1
A

and

-1y
N P

ot Jt -1 -1
< || == i
= z+1(/1+1+A> +H}+1HH (1+1+A>

PrOOF OF THEOREM 2. — First We prove that Va € R™ ||(t+A)_“|| <
CM,a)t™*, where M —sup||t(t+A) Y. To this end, since (t+A4)*7* =

At -1
(HA)(/H 7 +A>

< M) +C., (M@ +1).

(t+A)"¢t+A) " and the 1nequahty holds trivially when « is a positive integer,
with C(M, a) = M", we can assume that 0 < a < 1. In this case (see [5, § 5.1])

sin (ra)

(t+A) " = f 2 A0+ ¢+ Al
0

_ sin (ra)

f 220 4+ A
0
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Therefore
s1n(7m) J072
t+A <M di
I+ f E
— Mo Sm(m f e — Mt

0

Next, by Theorem 5.1.7 of [5] the range of (f+ A)™%, that is the domain of
t + A)*, equals D(A%); and as A% is a closed operator this proves that A*(t + A)™*
is bounded. The same theorem gives the equality A%t +A)™* = (A(t +A)™H
Then

A+ 47 = | &:‘“’ foo A+ AT G+ A+ AT |
0

sin (ra) F et
) A+1

Hsm(na)f Jet

i1 (/1+1 )71‘1;‘” <M+1)

dA=M+1.

Finally, if « € X, then (¢ + A)~*Px € DA**F). Then by what we have just seen
and the moment inequality (see e.g. [5, Corollary 5.1.13])

APt + A) Pl < Cla, B, M) ||t + A" Peel |77 [A“(t + A) P
< Cila, B, M) T |||

* * *

Let X and Y be Banach spaces, and let 7 be a subset of £(X,Y) (the Banach
space of the bounded linear operators on X to Y). 7 is said to be R-bounded if
there exists a non-negative constant M such that for arbitrary families (7;);cs
in 7 and (x;);c; in X, indexed in the same finite set I, the following inequality

holds:
Z HZeiTixZ <M Z HZelxl

ee{-1,1}1 1€l ee{-1,1}/ 1€l

The best constant M in the above inequality is called the R-bound of 7 and is
denoted by R(7). One can agree that R(7) = co means that 7 is not R-bounded,
hence R-boundedness can be expressed by R(7) < co. Here follows a list of
properties of R-bounded sets of operators. For details and further information,
the reader is referred to the papers [1], [2], [6].
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PROPOSITION 1. — Let X and Y be Banach spaces on the field K.
(@) IfT e L(X,Y), then R{T}) = ||T).
(b) Forany T C LX,Y), sup ||T] < R(T).
TeT
(@ IfX =Y and M € R", then R({/IL; |/ < M}) < pxM, where fg = 1 and
Pe =2

1
A

PROPOSITION 2. — If X and Y are Banach spaces and T, T are R-bounded
subsets of L(X,Y), then:

@) RE{A+B;A €Ty, BeT1}) <R(To)+R(T1);
(b) RUAB;A € To, B € T1}) < R(T9)R(T1).

PROPOSITION 3. — Let X and Y be Banach spaces and let (T}, ;). nenxa be a
SJamily in L(X,Y). Assume that Y R({T, ;A € A}) < oco. Then ¥V 4. € Athe series

n=0 00

Z T, ; ts absolutely convergent in the operator norm, and if we set T) = 3 T, ,

n=0 00
we have R{T ;2 € A}) < > RHET, 154 € A}).
n=0

n=0

Concerning Proposition 3, note that the convergence of the series follows
from Proposition 1(b), while the estimate of the R-bound can be found in [6,
Lemma 2.4].

A (possibly unbounded) linear operator A acting in a complex Banach space X
is said to be R-sectorial if:

(i) the resolvent set p(A) of A contains R™ := {t € R;t < 0};
() Rt +A) "t > 0}) < .

Via the expansion of the resolvent operators (and Proposition 3) one can prove
that if A is R-sectorial then for some y € ]0,7[ such that ¢(A) C f,,,, the set
{24 — A)_l; leC\ fu,} is R-bounded. Then one can define the R-spectral angle
as the g.1.b. of such y’s, and it is obvious (as a consequence of Proposition 1(b))
that any R-sectorial operator is sectorial, with spectral angle not greater than
the R-spectral angle.

LEMMA 4. - Let X be a complex Banach space and let T be a R-bounded
subset of L(X). Assume that there exists 0 10,nl such that the set
{00. =T 1eC\Zy, T € T} is R-bounded. Then Ya > 0 the set {T*T e T}
18 R-bounded.

Proor. — It follows from the above mentioned Proposition 2(b) that it is en-
ough to take 0 < a < 1. With M > R(T) and ¢ € 10, #[, let us define I" as the
closed curve in the complex plane, oriented counterclockwise, that consists of the
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segments [0, Me*™*] and of the arc {Mei’; —p <1 < ¢}. Then I" runs around the
spectrum of each one of the operators T' € 7, and so

1
“:z—m.fi“(/l—T)’ld/l VT eT.
I

Now we write I = I'y U I'1, where Iy is the polygonal part and I'; the circular
part of I', and we show that { [ 1* (4 — T)YdiT e T} (k=0,1) is R-bounded.

I
Let (T)icr, (@;)ic; be families in'7 and in X respectively, where I is a finite set.
Then

3 H e1f}“(i )" xzdiH

ee{-11} i€l I,

<f\;|“ 1 HZ&)‘(A—T) i d|ﬂ|<Kf|/L|“ tap Y HZW

ee{-11} 1€l ec{-11) i€l

)

where K = R({A(.—T) ;1€ C\ 2y, T € T}). This proves the assertion con-
cerning [.
If 1 € I'y, then |2) = M, and hence VI € T

(}. _ T)—l — Z}Lf?’LflTn
n=0
(uniformly with respect to 4). Then
f/h -1 d/h_zf o=l g = Zﬂ"T"
n=0 r,
where f,, does not depend on 7, and |f,| < 29 M* ™. Then
RUEB, T T eT}) <4doM  "RUT"TeT}) <4oM*(R(T))".

This is the n-th term of a convergent series, therefore { Z B, T"TeT}isR-

bounded by the above mentioned Proposition 3.

PROOF OF THEOREM 1. — Let us call 0 the R-spectral angle of A;if 0 < ¢ <=«
we also set M(0) = RUAA+A) 0 e X, y ). AsAt+A) =T —tt+A) it
follows from proposition 1 that R({A(4 +A)’1; reX 4N <MO)+1. Now
(see lemmas 1 and 2),if ¢t > 0 and A € 2., we have

JOA+tt+ A Y T =@+ At +tat+A)!

=17 C+tDHE+t T+ AT HAC+ T+ AT
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where t+t1' € X, , and | } < C.!,. Therefore R({A(L+tt+A) ")

t>01e, 4y <2C; 1 M(H’) +M(0’) + 1. Hence lemma 4 implies that the
set {t*(t+A) "t >0} = {(t(t +A) ™%t > 0} is R-bounded.
Similarly, from

i1 it -1
MA+AR+A)T) =711 (+A)<?+A)

it at ) it -1
—m<m+“‘) s A(}+1+A>
we get R{AA+AE+A) Hhliso0 e S oD <M©O)+2C 10,(M(9’) +1),
and from lemma 4 we deduce the R-boundedness of the set

{(At+A) it > 0} = {4P¢t + A)P;t > 0}. Now proposition 2(b) above allows
to conclude that the set

{t" AP+ APt > 0} = {AC + A DY @t + ) )%t > 0}
is R-bounded.
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