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Bollettino U. M. 1.
(8) 10-B (2007), 681-696

Fitting Conditions for Symmetric Algebras of Modules
of Finite Projective Dimension (*).

CRISTODOR IONESCU - GAETANA RESTUCCIA - ROSANNA UTANO

Sunto. — Sia E un R-modulo finitamente generato, di dimensione proiettiva finita.
Studiamo Uaciclicita del complesso di approssimazione Z(E) di E in termini di certe
condizioni Flitting F,ﬁ"') sugli ideali Fitting dell’i-esimo modulo di una risoluzione
protettiva di E. Ne deduciamo alcune buone proprieta dell’'algebra simmetrica di E.

Summary. — Let E be a finitely generated R-module, having finite projective dimension.
We study the acyclicity of the approximation complex Z(E) of E in terms of certain
Fitting conditions F,ﬁ” on the Fitting ideals of the i-th module of a projective re-
solution of E. We deduce some good properties of the symmetric algebra of E.

Introduction.

Let R be a commutative, Noetherian ring and let £ be a finitely generated R-
module.

An important algebraic object associated to ¥ is its symmetric algebra S (%)
on R. A recurring theme in the study of the homological properties of the
symmetric algebra Si(F) is the conversion of syzygetic properties of the module
E (the fine details of a projective resolution of £) into ideal theoretic properties of
Sr(E). The Z(E)-complex of approximation of £ showed itself useful in order to
study theoretic properties of S(¥) from syzygetic properties of the module.
Complete results have been obtained in the case that the projective dimension of
E, pd (&), is one. As soon as one considers modules £ with pd £ > 2, things
become more and more difficult. On the other hand, in the case of projective
dimension two, if the second Betti number is 1, the modules that appear in the
modified complex Z(%) can be connected to the syzygies of the ideal generated
by the greatest order minors of the matrix representing the left-hand side map of
the resolution of E.

(*) This paper was written while the first author was a Visiting Professor at the
University of Messina, supported by INdAM and partially supported by the CEEX
program of the Romanian Ministry of Education and Research, contract CEx05-D11-11/
2005. He thanks these institutons for their support and hospitality.
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Our goal is to introduce new conditions on the ideals of minors of the maps
that appear in a free resolution of a module E. These conditions can be useful in
the study of symmetric algebras of modules of higher projective dimension. They
are related to the Fitting conditions, introduced in [7] only for the first map of the
relations of E. Moreover they appear in [9] and in [17] to establish the acyclicity
of certain complexes of free modules that only if the dimension of £ is one can
coincide with the Z(E)-complex of E. The idea is to reformulate these conditions
in order to study the Z(¥)-complex, that is not a complex of free modules. We
study modules £ whose Sp(¥) has a nice free resolution and we notice the close
link with some good properties of the symmetric algebra. More precisely in
Section 1 we introduce the conditions F,(f) on the Fitting ideals of the i-th module
of a projective resolution of £ and we give some links with the Fitting conditions,
introduced in [7].

In Section 2 we study consequences of the previous conditions on the sym-
metric algebras of modules E of projective dimension 2 with a ZW-free resolu-
tion, on the Z(E)-complex and we give some examples. For modules with the
second Betti number one and such that Sg(¥) is a ZW-resolution, we deduce that
grade I1(f2) is m or m — 1, if

0RER"LR L E_0

is a minimal free resolution of £. In some cases this fact implies Sp(%) is Cohen-
Macaulay.

We conclude with some approaches to the case of modules of projective di-
mension 3.

1. — Preliminaries.

Let R be a commutative Noetherian ring and let E be a finitely generated E-
module. Denote by Q(R) the total ring of quotients of E. Assume that E has finite
rank e, that is £ ® Q(R) is a free Q(R)-module of rank e. Suppose also that £ has a
free presentation

R" % R" ZFE 0

By the assumptions we have rank ¢ =n —e.

Very useful conditions are the following sliding requirements on the sizes of
the ideals I;(p), ideals generated by the t x ¢t minors of ¢, i.e. I,,_(p) = Fy(E) is
the t-th Fitting ideal of E.

If k£ > 0 is a fixed integer, in [7] the authors defined the condition FY, :

1) Fi. . ht(Iy(p)) > rank(p) —t+ 1+ k, 1 <t < rank(p).
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In terms of the Fitting ideals this can be written:
2) ht (Fy(E)) > s —rank (E) + 1+ k, rank (£) < s.

In [7] the authors gave the conditions F'; in terms of the local number of
generators of the module M:

Fj. == For each prime ideal p of R, such that E, is not a free B, — module,

we have
3) u(E,) < ht(p) + rank (B) — k

where v(E ) is the minimum number of generators of £,.
Suppose now that £ has finite projective dimension. Then condition /', can be
rephrased as follows: for any prime ideal g such that E, is not a free module,

rank L < ht(p) — k,

where L is the first module of syzygies of .
The condition F, on E, together with some other conditions, leads to the
acyeclicity of the approximation complex Z(%) of £ if pd(E£) = 1:

E is (F) < Z(&) is acyclic.

If pd(E) > 2 one has to consider other conditions.

Another use of the conditions (/) lies in the following characterization of
complete intersections.

If R is a Cohen-Macaulay local ring, then S(E) is a complete intersection if
and only if the projective dimension of E is at most one and E has (Fy).

In addition, if R 1s a domain (vesp. R is U.F.D.), then S(E) is a domain (resp.
S(E) is U.F.D.) if and only if (F1) (vesp. (F)) is satisfied (1], [15]).

In this paper we study the acyclicity of Z(E), when E is a finitely generated
module with projective dimension 2 in terms of certain conditions F,(Ci) on the
modules of syzygies of E.

REMARK 1.1. — We shall use the following notion of grade of an ideal I C R.

If I an ideal of R such that IE # E, then by grade;(E) we mean the common
length of all maximal E-sequences contained in /.

If R is local with maximal ideal n1, we set depth &' = grade,,(E).

We put also grade(l) := grade;(R). We have

grade(I) = gradep(R/I) = inf{depth R, | p € V(I)}.
DEFINITION 1.2. — Let E be a finitely generated R-module having a finite free
resolution

F:.0-F2F, = 2FrLfr 0
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withf; # 0 forj =1,...,n. Denote by r; the rank of f; and by I(f;) the ideal of its
§ X § Minors. A
For integers j, k > 1 we say that E satisfies the condition F;f) if

(4) ht (1,(£)) > rank (f) —t +1+k, 1<t <rank(f).
REMARK 1.3. — Let ‘
R LER AR E

be a free resolution of £ and let L be the kernel of fj. Suppose that E has a rank
and that rank (¥) = e. It is clear that:

i) E has ¥ <= L has F}.
i) E has F}’ <= E has F}.
iii) £ has FkZ) <= for each prime ideal p, such that pd £, > 1,

WLy <htp+mn—k—e.

ExamPLE 1.4. — Let E be a finitely generated R-module such that pd £ = 2
and rk E/ = e, with a minimal free resolution

0-RrRLER L iiE o

If F has F,ED, k # 2 and m > 2s, then F has F,EQ).

Indeed, let L := ker(fy) and consider a prime ideal o such that pd (&) > 1.
From the condition F,(CD it follows that

uWE,) <ht(p)+e—Fk

or in other words
ht(p) >m—s+k>s+k.

But one can easily check that this is exactly the condition F;fz).
REMARK 1.5. — Let £ be a module, pd £ = 2 having a resolution

0-RER"L R L E 0

Let I = I1(f2) and suppose that £ has Fiz). Then ht p > 2, where o € Min (I).
In fact, £ has Fiz) implies that rank (f;) < htp — 1, that is ht p > 2.

REMARK 1.6. — Let £ be a module, pd £ = 3, having a resolution:
0-RERER LR g0
Suppose that £ has F(12). Then I := I;(f3) has F;.
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In fact, since E has F\?, it follows that rank fz < htp — 1. But
rankfo = rank(Im f5) =s—1

and it follows that ht o > s > v(J).

REMARK 1.7. - In [17] Tchernev constructed canonical complexes of free

modules denoted by S'F. and L'F., whose zero-th homology is S;(£) and /ll(E)

respectively. These complexes are combinations of symmetric and exterior

powers of the free modules in F'., with naturally induced maps between them.
If A(F.):= sup {i|F; #0} =m < oo and F. has no gaps (i.e. F; #0 for

0 < i< AF.), then S*F. and £*F. are complexes of finite free modules such that

for each k > 0 one has

for even m

. mk
MS*F.) = )
(m — 1)k + min (k,r,,) for odd n

for odd m

" { mk
MLF.) =

(m — Dk + min (k,r,,) for even n

where 7, = rank Fm.'Using the divided power algebra, Tchernev'construct_ed
also the complexes D'F. and G'F. having similar properties with £'F. and S'F.
respectively(see [17]).

REMARK 1.8. — Let E be as in 1.7 and let

F.=0—F,— =R irtE—0
be a free resolution of E with F; #0, Vi =0,...,n. Let b; = rank F; and let
T = Xn: (— 1)k_j by, be the expected rank of f;. We denote by /;(f;) the ideal of ¢ x ¢
minolglof /i, where

0 for¢ >min (b;, bj_1)

L(f) =
() {R fort < 0.

We shall also consider the following grade conditions on the ideals I;(f;):

i) The grade condition GC*(j). For integers j, k > 1 we say that the con-
dition GC*(5) is fulfilled if

gradeI,,(f;) > kj.

ii) The sliding grade condition SGC*(j). For integers j, k > 1 we say that
the condition SGC"(j) is fulfilled if

gradel, (f) > k(j —D+1+t, Vt=0,....k—1
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REMARK 1.9. — It is easy to show that the condition F,(Cz) coincides with the
condition SGC*(2).

REMARK 1.10. — In [7] the authors introduced the following condition, that we
call F?)*:

FV* wE,) < % (ht(p) — 1) + rank (E),V p < Spec (R).

By this condition it is possible to have the reflexivity of the exterior powers of
the module L = Z1(E) (see [7]).

2. — Symmetric algebra of modules of projective dimension 2 with a ZW-free
resolution.

Let A be a noetherian *-local graded ring with unit, such that the *-maximal
ideal is also a maximal ideal in the usual sense(see [4]). If we consider a graded
finitely generated A-module G, it has a minimal graded resolution by finitely
generated free A-modules,

F.=...»0Al—a;)" - @Al —a;_1 V7 — ...
J J
..H@A[—aoj]ﬁ“j —-G—0
J

where A[ — t] is the graded A-module A[ — t] = % Ay
i=t

Since the resolution is graded, its diffTerentials are homogeneous
homomorphisms of degree 0. By our assumption on A it follows that f;; are
the graded Betti numbers of G and that for every i, f; = _f;; is the usual

J

i-th Betti number of G. Moreover, since the resolution is minimal, we have

min f3; <minf;_; ;. Consequently, for a given j, there exist only finitely
i J ’

many ¢ with f; # 0.
Now suppose that R is a local ring and let £ be a finitely generated R-module
with a free presentation
R?’ﬂ N Rﬂ/ N E N O

Then S(¥) is naturally an S-module, where S = R[X7, ..., X,]. We can consider a
minimal graded S-resolution of S(E), {G, 0}. This resolution in general is infinite.
The fact that {G, 0} is minimal means that 9(G) C (nS + S, )G, where S, is
the maximal irrelevant ideal of S, S, = (X, ..., X,)S and m is the maximal ideal
of B. We repeat here the argument in [7].
For all 7 we consider the filtration {F_;G} on G, given by
(Fi9); = @<AS[ — W]

Ujp=t
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where a;;, are the shifts in the resolution

= @Sl—aplt == @S[—aul™ — @ S[— ap ™ — SE) - 0.
It is clear that F_;,;G is a subcomplex of F_;G and that

FiG/F inG= & Sl—ayl= & S[—if* = & S[—ia R

k=t k=1 k=1
Now, for a graded S-module M, put M* = M /S, M. Then we have:
S[—il® RM)/S, = R[ — i},
Finally
G = Sl-ileRr = ac,

>0 >0

where C; are complexes of R-modules, C; = %Cik which, considered as S-mod-

ules, are concentrated in degree 1.
Now, for the Koszul homology we have

Hi(S;S(B)) = Tor} (R, S(E)) = Hi(G")
and
Hi(S; SE); = Hi(C).
It follows:

THEOREM 2.1. — The following conditions are equivalent:

1) Z(¥) is acyclic;
2) all the complexes C; are acyclic.

If the equivalent conditions hold, then C; is a minimal R-free resolution of
Z;(E) shifted 1 steps to the left, C; ® S[ — 1], and one has:

BISE) = B Z1E) =D pELCp.
J J

PRrOOF. — See [7], Theorem 5.8. O

PROPOSITION 2.2. — Suppose Z(E) is acyclic and C, is any free minimal
resolution of Z;(E) as an R-module, for every i < rank E. Then

BISE) =Y.
J
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PRrOOF. — Since Z(F) is acyclic, all complexes C; of Theorem 2.1 are acyclic and
C; is a minimal free resolution of Z;(¥) over R. Since C} is a minimal R-free re-
solution of Z;(F), we have /}f €)= Bi(C) for every j. The assertion follows. [

If Z(F) is acyclic, then the S-resolution of S(E) looks like
N é S[ _j]ﬁj.i—j — .= S[—2 @ S[ -1
j=1

— S[—1/ - S — S@&) — 0.

In [11] the conditions (EW;) and (SW;) for a module £ with a free resolution F.
have been introduced.

DEFINITION 2.3. — Let © > 1 be an integer. We say that E satisfies (EW;)
(respectively (SW;)) if the complex L;(F.) (resp. S;(F'.)) is a finite free resolution
of AE (resp. S(E)).

REMARK 24. — i) £;(F.) and S;(F'.) are the Weyman-Tchernev complexes
(see 1.7).

ii) If we consider a torsion free module E, with rank e, free at the primes p

with depth 2, <1, then the complex Z(¥) can be identified with the complex
K(E)™, where K(E) is the Koszul complex associated to a presentation of K

0—-ZiE)=L—-R"—E—0.

Now suppose that the Z(£)-complex of the module ¥ is acyclic. Then S(¥) has
graded S-free minimal resolution given by 2.2.

DEFINITION 2.5. — Let E be a torsion free R-module of finite projective di-
mension, with rk & = e. We say that S(E) has the property ZW if:

1) the R-module L = Z1(E) has the propevty EW,, for all 1, 1 < n — ¢;
i
2) AL are reflexive, for 0 <i<mn —e.

REMARK 2.6. — It follows that for an R-module £ as in 2.5, if S() has the

1
property ZW, then Z;(E) = AL admits a finite free resolution given by the
Weyman-Tchernev complex, V1 <i<mn —e.

REMARK 2.7. — If S(&) has ZW, then we can compute the projective dimension
of S(E)(see [17]).

PRrOPOSITION 2.8. — Suppose R is a Cohen-Macaulay ring, E is a finitely
generated R-module, pd E = 2 and consider a minimal free resolution of £

0—-RrREZR L p o
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Let L = ker fy. Suppose that:
1) E has F®

m—s*

2) s> 2.
Then we have:
() pd AL <i,Vi<m—s;
(ii) /ZlL 18 reflexive, for all i < m —s.

Proor. — (i) By Eagon and Northcott ([6]), ht I;(f2) < m — s+ 1.
The fact that £ has F@ _ implies
ht (I;(f2)) >rank fo —s+1+m —s
=s—s+1+m—-—-s=m-—s+1.

It follows that ht I;(f2) =m — s + 1.

Then, since pd L = 1, from ([17], Theorem 4.1) it follows that DF. is a free
resolution of AL, Vi=1,...,m —s.

(ii) From F? _we have that for any prime ideal o of R such that L, is not free,

m—s
u(L,) <htp+rankL — (m —s),

hence
m<htp+m—s—(m-—s),

sohtp >m >s > 2. If ht p > 2 we have:
depth (AL), = ht — pd(ALy) > htp—i>m—m+s=s>2.
i
It follows that A4 L is reflexive, for ¢ < m — s. O

COROLLARY 2.9. — Suppose R is a Cohen-Macaulay ring, E is a finitely
generated R-module, pd E = 2 and consider a minimal free resolution of £

0mRER LR g

Let L = ker fy. Suppose that:

1) E has F& .
2) s> 2

Then S(E) has a ZW -resolution.
We can prove a variant of 2.8 if moreover R is regular.

PROPOSITION 2.10. — Let R be a regular local ring, E a finitely generated R-
module, pd E = 2 and consider a minimal free resolution of £

0-RER LR g o
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Let L = kerfy. Suppose that E has F(Z) ’ ;- Then we have:
@) pd/ilL <i,Vi<m
(ii) /ilL 1s reflexive, V © < min (m, m + s — 3).
Proor. - We use ([5], Theorem A) instead of [6]. Then we obtain that
ht (I;(f2)) < m. Using the property F(Z) ’ , it follows that
ht () >s—s+1+m—-1=m

and consequently ht (I;(f2)) = m. Then i) follows as in 2.8.
As regarding ii), from the property F( ) ’, it follows that for any prime ideal p
such that L, is not free

m < ht(p)+m—s—(m—1)

that is
ht(p) >m —s+ 1.

Now

depth (AL), = htp —pd (AL, >m+s—1—i>2.

COROLLARY 2.11. — Let R be a regular local ring, E a finitely generated R-
module, pd E = 2. Suppose that E has F'(2> " yand that s > 2. Then S(E) has a ZW-
resolution.

THEOREM 2.12. — Let R be a Cohen-Macaulay local ring and E a finitely
generated torsion-free R-module, with pd E' = 2, with a minimal free resolution
0—R L g I g

Suppose that

1) E has F<1>*
2) E has F(z)

m—s’

>2

Then Z(E) 1s acyclic and S(E) is torsion free as an R-module.

PrOOF. - We can suppose that m — s > 1. By 1), for any prime ideal g such
that E, is not free, we have ht (p) > 2(m — s) + 1, thatis ht (p) > (m — s) + 2 and

K3
by 2.8 we obtain that 4 L is reflexive for all i < (m — s) + 1. Now we have to prove
that depth(/ZILp)** > 1+ 1. By ii) of Proposition 2.8
depth(/lle)** >ht(p)—i>2m—s)+1—(m—s)—1=m —s,
so that Z(&) is acyclic and depth S(¥) > 0.
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PROPOSITION 2.13. — Let R be a Cohen-Macaulay local domain, containing a
field of characteristic zero, E a finitely generated torsion free R-module with a
minimal free resolution

(5) 0-RER LRl p o
Suppose that Sgr(E) has a ZW-resolution. Then:
grade I;(f2) = p € {m — 1,m}.
ProoF. — Let us denote I; := I;(f5). Since Sp(E) has a ZW-resolution, ;1L has

a resolution of length 7, for all 7 < m — 1. We have

/ilL = (/ilL)** ~ 7Z:(E),Vi<m—1
and pd/ilL = 1. By [17], Theorem 1 we have

grade[1(fo) >m —1>1

m—2
because of the exactness of £,,_oF'., which is a resolution of 4 L. Moreover,

L= Zy(L)
and by duality,
Zy(E) = Zop—1)—d1).
For t = m — 2 we have
Zn(Ih) = Ziyy—2(B),
depth Z1(I1) > d — (m — 2).
Consider the exact sequences:
(6) 0—ZIy) - R" " -1 -0
(7 0—-IL—>R—R/[1—0
By (6) we have
depth Z1(I;) = grade I; + 1,
gradel; = depth(Z1(I1))—1>d—(m—-2)—1=d— (m —1).
By (7), since depth R > depth R/I; it follows that
depthl; =depthR/I; +1
and consequently
depthR/I; = gradel; — 1 =depthZ1(l1) —2>d—(m —2) —2=d — m,

hence grade I; < m. O
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In the following we examine some examples where grade I; = m.

ExaMpLE 2.14. - Let (R,m) be a Cohen-Macaulay local domain,
dimR =d > 3. Let z1,...,24 be a system of parameters of R and consider
the ideal I = (1, 29, x3). Let K(x1, z2, z3; R) be the Koszul complex associated to
the system of elements x, 25, 23. Then we have the resolution

- 2
(8) 0—REARR LR L0

Consider the R-module £ = I. We have pd I = 2 and I;(f3) = (x1, %2, 23), so that
ht I,(f2) = 3. Moreover
.2
0-RE AR~ L0
is a resolution of L := ker (fy) and rank L = 2.
We have
2
(AL 2R,
S = S(R®) = RIT:, T3, T3]
and the Z(F)-complex is:

0

!
S[—1]

!
S[—1P
!
0 - R®S[-2] — L®S[-1] — S — SE — 0

l
0

The ZW-resolution is
(9) 0—-S[-2]98[-1]—-8S[—1P -8 — S&) — 0.

Since d > rank L + 1 = 3, E satisfies Fil), hence S(E) has the expected Krull
dimension,

dimS(#)=d +rankE =d + 1.
Now we compute depth S(&). We have pdg (S(&)) < 2, and
depth, g\ S(E) > dimS -2=d+3-2=d+1.

Then S(¥) is a Cohen-Macaulay ring.
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ExampLE 2.15. — Under the same hypotheses as in Example 2.14, let R be a
Cohen-Macaulay local domain, dimR=d >4, I = (z1,22,23,24) an ideal
generated by a subset of a system of parameters of R. The resolution of I is:

22
(10) 0-R-REZAR - R' ST -0

Consider E = Coker (y) and the tail of the Koszul complex:

(11) 0 RER D AR S B o

If we put L := ker (fy) we have
ht I(f2) = ht (a1, 42, 23, 204) = 4, rank L = 3.

Now the Z(¥)-complex is

2
0—-R®S[-8]—-(AL)"®S[-2] - L®S[-1]1—S —S&)— 0
where S = Sym (R*) = R[Ty, Ts, Ts, T4).
Since ht I(fz) =4 and d > 3 + 1 = 4, it follows that AL is reflexive and has a
free resolution given by the Weyman-Tchernev complex.
2 2
0— SRR —SiR)QR* - AR* - AL — 0
2
0-RR—-R®R'—R'— AL -0
2
0—-R—>R'—-R'— AL —0.

Then we have:

0
|
S[—2] 0
! !
Sr—21* S[—1]
l l
S[—21° S[—17*
, | !
0 - R®S[-3] - (4L)"®S8[-2] - LeS[-1] - S — SE) — 0
! !
0 0

and the ZW-resolution is:

0—S[—2]-S[-3]®S[—2]* - S[-21°®S[— 1] -S[ -1 =S = S(E) — 0
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We have
pdg S(E) =4, rank K =3
dimS(®) =d +rankE =d + 3,
depthSE)=d+n—-4=d+4—-4=d,
hence S(%) is not Cohen-Macaulay.

Finally we indicate an application of the previously introduced Fitting con-
ditions for modules of projective dimension 3.

PROPOSITION 2.16. — Let R be a Cohen-Macaulay local ring containing a
field of characteristic zero. Let E be a finitely generated R-module,
pd (E) = 3,rank (E) = ¢ and let k > 1 be an integer. Consider a free resolution
of E

0-RERER L lp o

Let L = ker (fy). Suppose that:

1) E has the property F,(CZZI;
11) E has the property F,(f’).

Then:

a) }IL has a free resolution, for all v < k;
b) Ifk < t, then pd AL < 2k, Vi < k.
¢) Ifk > t, then pd AL < k +1,i < k.
ProOOF. — a) We apply ([17], 2.2) for the module L. In order to do that, we need

to show that the conditions GC* (1) and SGCk @) corresponding to the module L
hold.

1) Condition GC*(1).
We have to show that ht (I;_;(f3)) > k. From the assumption i) it follows that

ht () >tk () —h+1+k—1, 0<h <rk(fy) =5 —t.
For h = s — t we obtain
ht(; «(f2)) >s—t—s+t+1+k—1=k.

3) Condition SGC*(2).
From the condition F,(Cg) it follows that

W) >t—h+14+k h=1,.. 1t
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From this one gets
ht(Zi(f3)) > k + 1,
ht (1;-1(f3) > k + 2,

ht (Jy—1(f3)) = 2k.

Now we can easily check that these are exactly the conditions SGC*(©2) for the
module L(see also 1.9).
b), ¢) Follows imediately from a) and from ([17],1.9). O

COROLLARY 2.17. - In the situation of 2.16, suppose moreover that
k>max(t+1,n—e)and s > 2t + 1. Then S(F) has a ZW -resolution.

i
PRrOOF. — Since k > ¢, from 2.16 it follows that pd AL < k +¢,V2 < k. Let o be
a prime ideal such that L, is not free. From the condition F,(szl it follows that

ht(p) >s—t+k+ 1.

Then for all i < k we have
depth AL, = ht(p) — pd(AL) >s —t+k+1—k—t=s+1—2t>2.

It follows that /ZIL is reflexive for all t < n —e. O
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