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Families of Measurable Conic Sections
in the Projective Space P*

G1o1A FAILLA - GIOVANNI MoLIcA Biscrt

Sunto. — In questo lavoro si dimostra la misurabilita della famiglia delle sezioni coniche
nello spazio proiettivo P*, ottenute intersecando un cono quadratico non degenere
con una varieta lineare di dimensione due non contenente il vertice del cono.

Summary. — In this note we prove the measurability of the family of non-degenerate
conic sections in the projective space P*, obtained by cutting a non-degenerate
quadratic cone by a linear variety of dimension two not containing the cone vertex .

1. — Introduction.

Recently M. Stoka in [5] showed that the family of non degenerate conic
sections in P", obtained by cutting a non-degenerarate quadratic cone with an
hyperplane not containing the cone vertex, is measurable (!), and gave the in-
variant integral function (up to a constant factor)

1
n+1 ?
(231;1 Apy + 1) 4|

¢=

where 4 is the determinant of the cone directrix in the hyperplane of equation

X, =0,21,...,x, the non homogeneous projective coordinates of the vertex cone
and >y _; Ay X, +1=0 is the equation of the hyperplane in the coordinates
Xi, ..., Xy,. Other results for low dimensions are investigated in previous papers,

[2] for n = 2 and [3] for n = 3.
We consider a linear variety V., of dimension two in the projective space P* of
non homogeneous projective coordinates Xi,...,Xy, not containing the cone

() For the notion of measurability of a family of varieties and for all the notions of
integral geometry used in this paper, see [4].
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vertex
4

1) X, => X+,
s=3

for t = 1,2, where the coefficients /)’i and y, are the essential parameters for V.
We show that the family of non-degenerate conic sections, obtained by cutting a
non degenerate quadratic cone with Vy, is measurable.

The result is attained by the Deltheil’s system associated to the family of
section varieties we deduce the existence of the unique (not trivial) integral in-
variant function @.

2. — The theorem.

Let P* be the projective space of dimension four with non homogeneous
projective coordinates Xy, Xz, X3, X4.

Let us consider a quadratic non degenerate cone in P*. We denote by ;, @,
X3, x4 the non homogeneous projective coordinates of the cone vertex and by

ZauX +2Z%XX +22aZ4X +1=0,
i=1 i<j i=1

the equation of the cone directrix in the hyperplane X4 = 0. Then the cone
equation is

2
X — X ij—xj
Zan(xz 9(;4X4_x4) +ZZG/L]< X4—:)c4> <x‘79€4X4—904 +

i<j

3
X —wx;
23 au (@ —wi ) +1=0
+ 2 &14(961 904X4_x4)+ s

that is

3
Z ;i X7 +2 Z ;X X; — 2y = (Z aija; + ai4>XiX4+

1<y =1 \j=1

x4 (Z a”ac +2 Z ;05 + 2 Z Qigk; + 1>X2 +2 Z auX;+

1<J =1 =1

2 3
—x<zai4%i+1>X4+1=07 (g #0),
4

1=1
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with the conditions 4 =det | au; ||# 0, where h,k=1,...,4, a5, = az;, and
g4 = 1.

We consider a linear variety of dimension two, not containing the cone vertex,
given by the following equations:

4

@) X =Y pX, +7,
s=3
with
4
(3) 0 — Y Pas—y, #0,
s=3
where t = 1,2.

From now on, we call V, the previous variety.

THEOREM. — The family of non degenerate conic sections, obtained by cutting
a non degenerate quadratic cone by the linear variety Vs, is measurable in the
projective space P*.

PROOF. — The family of non degenerate conic sections in the projective space P*
is defined by I" and (2) together with conditions 4 # 0 and (3). So this family is
characterized by the following parameters: x, x2, @3, €4, /)’é, /)’}1, ﬁg, /)’Z, 71, ¥o and the
coefficients a; with ¢ < 7,4, 7 = 1,...,4. We denote this family by F 9.

The maximum invariance group of the family is the projective group Gag,
given by:

4 /
4) X =2 G g
Zizl (15]‘)(]» +1

with

a1 a2 413 G4 dp
O21 G2z d23 024 G2
det agy 032 033 dg4 O3 75 0.
a41 O42 043 O44 O4
as1 G52 Gs3 Op 1

Under the action of the group Ggy, the family defined by 7" and (2) in trans-
formed into:

3 3
r. Z X242 Z XX - 23 (Z aa + a;4)x,§xg+

i<j 4 i=1 \j=1
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1 /3 13 3 3
+ wE (Z a;ixgz +2 Z i + 2 Z aka; + I)Xf +2 Z a, X+
4 Ni=1 i=1 i=1

i<y

2 3
- (Zaiw’i + 1>X;1 +1=0, (x}, #0),

Ly \'o

4
(5) Xt = Zﬁst)(s + 7
s=3

where

4 ’
> i1 05 + 4

B )
Z;l:laaiwj—&-l

Xr; =

(6) Iba’t _ (Zgzg ﬂi + Vt)asl — Ay
I — ’
ay — (23:3 B+ a5t

4

RO DY

l— 9
Qg — (Z§:3 ﬁé‘ + ypas

(7

t=1,2and ! =3,4.

The group Hsy, associated to the group Ga4 with respect to the family of conic
sections in P*, has equations (5), (6), (7). Moreover, we need relations that can be
found in the paper [5] ((6), (7), (8)), for n = 4. The identity I of G24 and conse-
quently of Hyy, is given by

I: (111:‘..:(144:1, (112:...:(134:(11:...:(14:0.

Moreover the coefficients of the infinitesimal transformations of the group

Hy, are:
hk P ank) 1 5k P as ) ; h P an)
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U (aa/uu> o (aa;m> Cﬂu _ <8a;,m>
hk 8ahk ; 5h 8a5h s h ;

Bah
da, da, da,
v uv 178 — wUY UV — uv
i <3ahk>z i <5as,h> I “ <3ah )1
Bk =1,2.34;

=123, v=123,4 u<o.

Finally, by using the results contained in [5], for n» = 4 we obtain:
éfzk = —0inlr, Cék = X%, ffl = —din,

4
A suse = (Zﬁi N yt) e =0,
§s=3

4 s 2
M = <Z B+ %)(— OtnOtk) ", = (Z B+ yt> Ot
5=3 s=3

;731 = _5th7
and the non identically zero { functions:

U VW
o = 20y,

_ VW
w — Quw,

w — Qovs

3
4 1
CLU;’L”U = Qyw, gu = Oy, X:)U =T (Z Oy + (Lm),
Xq \ 4
J=1
3 3
4 1 1
= " Z(liwﬂrl ; Gow=—— Z%j%‘Jram 5
L4\ La \ 5

3
LU 2
== auii + G |,
X4

1=1

vw W
Cuw = Qyp, szm = Qyp,
L VW 4
5u — 20,4, C5,w = Oy, Bu — 1,
W wn
5v = aw47 é//[) =

3
2a,
U un
= =20, 4, 4 = E @i +1 |,
e\ S

393
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2a
w v VW
CZ :*zavwauéla 4 — x
4

3
Z AigX; + 1) ,

=1

3
2aq,,
44;4 = Qup — 20404, Cfl = - <Z Qi + au4> + 90:4
where u,v,w =1,2,3 and v < w.
Now we can write the Deltheil’s system for the integral invariant function

¢ # 0 of the group Hy4. Since the system consists of 24 equations, ¢ is a differ-

entiable map in the variables a1, a2, 23, x4, /)’é, ﬁ}l, ﬁg, ﬂi, 71, V2 and coefficients a;;

with 7 <j,4,7=1,...,4. We consider the following sets of equations, denote by
G, G2 G

Gy (given by the 16 equations):

% L % RN 99
_xla—xl— (Zﬁs -‘rj/l) 8—+a118711+za1787r = —3¢,
p N = j

o 99 0% N~ 09
g 2 N g, 2,
36961 aﬁé 36 j; v 86637'
o 99
A
0x1 &)
0 0\~ 0%
_901879024’ 12%4*]';@]% 0,
0% o 0% %~ 0%
—xza—xz (§ﬂ5+ 2)8_’)/24'0/ a—+zl zjaazj——8¢,
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0% 9% <~ 0% _
_9038—9034— 33874—;&3]@ —4¢,
9 _
3963 o
00 1 9 _m
8904 X4 (Zaj4xj + 1) 8@14 90_42:: (Zahjw] + ah4) o h - X4 ¢

Gg (given by four equations):

4 4
o 208 0
;:1 xlea—xi‘i‘ (85:3 ,[))34‘)’1) 8—3/1—5-@14 + E ]4—4-% — (ba; + 1)¢,

8(11]

4 4 3
2 2, .\ 08 0% 0% 0%
lexz axi+<;ﬁs+y2) 8y2+a24 22+;aj4 + = — (5xz + 1),

Py 8(127 8(12

2 3
Z%ng a§i+2(2ﬂ ert) +a34ai§:3+2aj4i¢_+% *(5.%‘3+1)¢,

t=1  s=3 j=1 9as

2
;xix4g—i+2(z )S—Z:—@m—i-l)qb,
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Gs (given by the four equations):

- 8—45 - a_¢ - Z (zauuahl)

%
(9 o Zzauvam da, +

U< uv

+ Z (@1 — 20/7440/14) ¢ —20a14¢ =0,

u=1

u<v

+ Z (s — 2au4a34

u=1

and in conclusion

3
_ (%i +) 23:”‘ (Z @isd; + 1) 09 —+ Z Lty (Z iglt; + 1) a@qb

u=1 i=1 u<v G

(2%4 (Z @ig; + 1) B 90% <§1:amxi N %4)) 8354 *

u=1 =1

qjﬁj(i%wﬁg_;p:o,

Let us denote by G;(j) the i-th equation in the set G;.
Now we consider the sub-system given by the equations G1(12) and G;(16):

9% _ 09
P
with ¢t = 1, 2. We obtain
¢ = xiv (f 7& 0),
4

where

f :f(x17x25ﬂ31’7ﬁ4117ﬁ§7ﬁi7 7179’27@@7')
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and i <jwithi,j =1,...,4. Hence the aim is to find the differentiable non-zero
function f in the 17 variables xl,ocg,/)’?l),ﬂi,[)’g, /)’Z,yl,yz and a;;, with 7 <j and
1,7=1,...,4.

We put G;(13) in Go(1), G1(14) in G2(2), G1(15) in G2(3), G1(16) in G2(4), we get

four equations K1y, ..., FEy:
Ell
dlog f 810gf 4 29log f
2 1
xy B0, + X100 ——— s (Z/)’s +y1> O, +

+

Z 1 (l17907 + 9a14 logf ,3 1 Q2% + Hlizg 810gf
da 4 8@12

n Z; 1 (13790; + basy logf ,3 1@4%; +5\ dlog f G 1),
6&13 4 a4 “
Eg:
810gf 28logf 2Blogf
Y1z 8961 <ZS )
N ZJ 1001]90] + a4 logf P 1062]90] + 9asz4 alogf
5@12 4 8&22
i Zj 1 003]90] + 5a34 logf ,3 1@4%; +5\ dlog f  (Gat1)
8&23 4 (90/24 h 2 ’
Eg!
dlog f dlog f 6log f
X123 Ers + X203 Dy 2 (z; ) +
n Z] 1(11]90; +5a14 \ Jlog f Zj 1(12]90] +5az24 \ 0log f
8@13 50623
S agiw +9az4 \ 9o 1@ +5\ dlo
+< j=1 J j aaif J J aaif — _(rs+ 1),
E4Z
dlog f f 2 dlog f
X1 + @ + = —(bxg + 1).
W t; ( 2 t) o 5wy +1)
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We substitute ¢ in G3(1), G3(2) and we have

dlogf dlogf & dlog f olog f
o1y + o, + Z 20,014 T + Z 204,014 . +

u=1 u<v

dlog f
Oy4

3
- Z (@1 — 2004014)

u=1

= —20(114,

dlogf dlogf Olo L
—gf—y-if%-zmluuaﬂ E) gf+22auva24 0 gf+

0 4 5)’2 n—1 U w<v (L)

dlog f
Oy4

= —20&24.

3
- Z (G2 — 2004024)

u=1

By the previous equations, we obtain the equations

A1:
y 2 pologf 0l o1 o1
1 2 g og f | Olog f | Olog f
_ . z P
(( ;ﬁs + yl) 901) 8))1 X1X2 37/2 + Ly 6(111 + Liyo (9(112 +
dlog f dlog f dlog f dlog f
El El El El
it daxg o day oz Oage 8z Oag3 *
dlog f Olog f Olog f
El El El = — 5 1 _ 20 2 _ 20
+ Loy Dty + Ligs Dz + Ligy Dz [(Bxr +1) 014062 21 22],
where
EY = —2(0110047%F + 0110240122), By := —2(0]a12014 + 01202401 23),
Els = —2(a1305 a4 + ar3024210), By = (@11 — 2055 + (012 — 2014094)213),
E’é2 = —2(&22(1/1490% + a22a24901962), Eég = —2(@2390%0/14 + a23a24901902),
B}y = (az1 — 2a24010)0% + (a2 — 205)01%2), By := —2(a330140% + a3302470122),

B}, = (@31 — 2a34010)2% + (a2 — 2a34024)2122).

In the same way we obtain
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Az:

—X102 X
0 2 8))2 11 3&11 12 8&12

g2, 0108t | po Ologf  po Ologf  po Ologf

4
810gf+((2/3§+y2)2— 2>6logf g2 0ogf o 6logfJr
71 §s=3

399

13 8043 14 80/14 22 8@22 23 80/23
Olog f Olog f Olog f
+ K + E? 2 = —[(5xs 4+ 1) — 20a14125 — 20a0422
2 D 3 s M Day [(Bxz + 1) 14%1%2 2405,
EY) = —2(a11014%122 + Q1102403),
23-:1 12 + Dy
By == 1 — 2(a12014701%2 + Q12024205
ELy = —2(a13014%122 + Q1302403),
E2, = (@11 — 202122 + (@12 — 2a14024)25),
3
E':l Q9 + a9y
B3y = ]4'7 — 2(a22014701%2 + A2024205),
23:1 agx; + Bagy
By === 1 — 2(a23014%1%2 + A2302473),
2 Z?:I CL74907 + 5 2 o
By = — 4  t ((ag1 — 2024014)21702 + (a22 — 205,)5),
EZ; = —2(a3301401%2 + 033024%3),
B3, = (031 — 2a34010)122 + (ag2 — 2a34024)73),
Ag!

4 olog f 4 dlog f
(;ﬁiﬂl) o +(SZ:;/>)§+V2) o

dlogf

= é)logf+E3 8logf+E3 dlog f
1

3)/2 11 8&11 12 8&12

— X1x3 X203 +
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olog f Olog f Olog f dlog f
E? E? E} E}
+ L3 Das + Ly Das + Ligy D + Ligg D3 +
Olog f Olog f Olog f
+E3, s, + E3, Pt +E§4W34 = —[(5az + 1) — 20a1421 03 — 20a240223],
with
B3y 1= —2(a11014%1 23 + 11 040003), By := —2(0120142173 + Q120242203),
Zi ayie; + baiy
By == . ]4] — 2(01301421 %3 + 013024723),
E3, := ((a11 — 2021203 + (@12 — 2a14024)22703),
B3, i= —2(app014701703 + A220242023),
23-: Qi + Hgy
Egz; === '74'7 — 2(a2301471 03 + 02301242023),
B3, = ((a21 — 2a24010)a123 + (a2 — 205, w203),
Z:)-): agix; + agy
Egs SES ! ]4] — 2(a3301471 03 + 0330247023),
S auw+5
E3, = % + ((a31 — 2034014)%1%3 + (A32 — 2034024)T203).
A42
4 4
dlog f 5 olog f dlog f dlog f
/)).1 + N + By + 72 — Xy — Ly ———+
<sz:; ) ap; <sz:; ) 3 on s
Odlog f Odlog f
+E‘111 6(111 +E‘112 80/12 +
+E"113810gf+E4 8logf+E4 alogf+E4 é)logf+

8a13 14 8044 2 8&22 2 8@23

dlo dlo dlo
Ey aTif B33 aaif 34 8a§4f = —4xy + 200142124 + 2002420204,
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where the coefficients are

Bl = —2(a11014%1 @4 + Q11024%2%0), By 1= —2(1204012014 + 01202422%4),

Bl = —2(a13w104014 + a130242220), B, = (@11 — 2050124 + (@12 — 2014024)%2%4),
B3y i= —2(09201401 04 + Q22024%0200), By := —2(a300104014 + A2302420224),

By = (a1 — 2024010)%124 + (@22 — 205)02%4), E3 1= —2(a3301401%4 + U3302402%1),

B3, = (@31 — 2034010)0124 + (a2 — 2034024)2224),
We want to give an explicit description of Gg(3) and Gs(4). Precisely G3(3) is

g 0108 f s Ologf | g5 Ologf  ps Ologf

1 8a11 12 8@12 13 8@13 14 8044 +
dlog f dlog f dlog f dlog f olog f

E; E; E; E; E; =20

o Oass T Oass T Oasy s Oass T Oasy st
where
B3 = —20mass, By = —201031,  EYy = —2a303,

ES, = (a13 — 2a14034), By i= —20a92034, B3y i= —2a3034,

B3, = (a3 — 2a24034), B3y = —2as3a34, B3, = (as3 — 2a3)).

and G3(4) is

dlog f dlog f dlog f dlog f
ES ES ES ES,—=L
1 Bag + Ly Pz + L3 Dars + Ly D014 +
dlog f dlog f olog f
ES ES ES
+ L Dz + Ligg D3 + Ligy D3 +
dlog f dlog f 3
6 ¥ Vo) 6 7 Ve) e _
R R ri i e 18(22:1:@149014—1) 2|,
where

3 3 3
E?I::Zan(z:aiwﬁl), E?Z::Zalz(z:aiwﬁl), E’?3::2a13<2ai4xi+1),
i=1 i=1 i=1
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3 3 3
Eflj4 = [2@14 ( Z Wiad; + 1) — (Z 1% + CL14) , Egz = 209 ( Z Wiad; + 1),
i=1 i=1 =1
3
Egg = 2093 ( Z Wigd; + 1) R
=1
3 3 3
E’g4 = [2&24 ( Z Wia; + 1) — (Z W2 %; + 024) , E§3 = 2as3 ( Z Wig; + 1),
i—1 i—1 i—1
3 3
Eg4 = 2&34(2044901‘ + 1) — (Zagiaci + a34) .
i=1 i=1
Hence we have a system of 17 equations Gy(7) with i=1,...,11,

A, ..., A4 and G3(3) e G3(4) in 17 variables. We give the system in the fol-
lowing form

MX =N,
where
A B
(e b)
and
—X1 0 0 0 0 0 cic 0 2ap
—xg 0 o 0 o0 0 0 0 O
-3 0 -1 0 0 0 0 0 O
A |- 0 0 -1 0 0 0 0 o
o 0O —x 0 0 0 0 0 0 Z2ap2 |’
0 —x 0 0 0 0 0 c O
O - 0 O -1 0 0 0 O
O -+ 0 0 0 -1 0 0 O
(where ¢; = —(35 5 At + ) and ¢ = —(Xa5 5 + 1)
a2 a3 a1y O 0 0 0 0
a1 0 0 2&12 a1z Q14 0 0
0 a1 0 0 a2 0 2(113 14
g_|0 0 0 0o 0 0o 0 o0
T Q22 023 Q24 0 0 0 0 0 ’
a12 0 0 2&22 23 U224 0 0
0 a12 0 0 22 0 2@23 24
0 0 0 0 0 0 0 0
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000 0 0 O 0 0 2013
000 0 0 O 0 0 0
000 0 0 O 0 0 0
000 00 0 -2 -mxe EY
C=[000 0 0 0 -—wuxe E&—af E% |,
0 0 O C1 0 Co —X123 —X2X3 E‘;’l
0 0 0 C1 0 Co —X1%4 —X2X4 Ezlll
000000 0 0 E
0000O0O0 0 0  ES
and
Q23 (33 O34 0 0 0 0 0
ai3 0 0 20/23 g3 A34 0 0
0 a13 0 0 93 0 2(133 asq

By, El By Ey By By By B
D = E%z E’%g E%4 E%z Egg E§4 E%s E§4
By, By, B, E, B Ej Ej B
By, By By Ey By By Ey B,
By, By By, E}, B} B3 ER B
By, By By, B, By By Ey B,

Hence, taking into account that

~(Olog f Olog f Ologf Ologf Ologf Ologf Odlogf Ologf dlogf t
X': 8 ) 8 ) 1 ) 1 ) 2 ) 2 ) a ) 8 ) 8 . 7
X1 2 0P )i ops op; 71 V2 j

with 7 <jandi,j =1,...,4, we have:

N = ( —3,0,0,0,0,—3,0,0,0,0, —4, —[(5x1 + 1) — 20a42% — 20a4215]

— [(5xe + 1) — 2000142122 — 20a2490§], —[(5az + 1) — 20a14%163 — 202420231,

—4(xq + 1) + 2001421204 + 200042224,

20az, — [18( iamxi +1) - 2Dt.
1=1

Since det (M) is not identically zero the system has one unique non trivial
solution log f. It follows (by integration) that there exists only one non-zero
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function ¢ that is the solution of the Deltheil’s system. This shows the measur-
ability of the family of the non degenerate conic sections.
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