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Bollettino U. M. 1.
(8) 10-B (2007), 365-379

Kontsevich Deformation Quantization on Lie Algebras.

NABIHA BEN AMAR - MOUNA CHAABOUNI - MABROUKA HFAIEDH

Sunto. -- Consideriamo il prodotto star di Kontsevich sul duale g* di una algebra di Lie
generale g dotata di parentest di Poisson lineare. Mostriamo che questo prodotto star
fornisce una quantizzazione di deformazione mediante immersiont parziali nella
direzione della parentesi di Poisson.

Summary. — We consider Kontsevich star product on the dual g* of a general Lie algebra
a equipped with the linear Poisson bracket. We show that this star product provides a
deformation quantization by partial embeddings in the direction of the Poisson
bracket.

1. — Introduction.

Star products are associative deformations of usual product of functions
[BFFLS].

The problem of existence of star products has been resolved by different
steps. First M. De Wilde and P.Lecomte have proved the existence of star
products on symplectic manifolds [DL]. Since then many papers dealing with
different cases of Poisson manifolds were appeared. In particular very inter-
esting geometric proofs were given by H. Omori, Y. Maeda and A. Yoshioka in
[OMY] and by B. Fedosov in [F1].

Recently, M. Kontsevich has resolved the problem of existence of star pro-
ducts on any finite dimensional Poisson manifold [K]. He has built a star product
on R? equipped with any Poisson structure a. This star product has been defined
by considering oriented graphs.

The study of star products is used as a tool for quantization of classical me-
chanical systems. A classical mechanical system is given by its phase space which is
a C*-manifold M equipped with a Poisson bracket { , }.To quantize this system,
one selects a suitable algebra A of C* functions on M ( for example A can be the set
of compactly supported functions on M or Schwartz functions ) with the product
being point wise multiplication. One then deforms this product in the direction of
the Poisson bracket. That is if we denote the deformation parameter by Plank’s
constant 7, taking real values in some interval about 0, then one tries to define a
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family *;, of associative products in such a way that for f,g € A one has
frng—fg
and

(f*ng—9*f))th—{f,g}

as /i goes to zero.

This is the property characterizing how a deformation quantization is related
to a given Poisson bracket. We remark that it is only an infinitesimal condition at
h =0, so one does not expect deformations for a given Poisson bracket to be
unique. We also remark that in most examples in the literature, it is not precise
what kind of convergence is involved in the limit above. In this paper, we will
precise a certain kind of convergence for Kontsevich star product on the dual of a
general Lie algebra.

The paper is organized as follows:

In the second section , we define the linear Poisson bracket on the dual g* of a
Lie algebra g and we give the Fourier transform of this Poisson structure on g.

In the third section, we recall the construction of Kontsevich star product on
RR? and we give the universal integral formula of this star product on the dual of a
Lie algebra.

Finally, in the last section, we give the definition of a deformation quantiza-
tion by partial embeddings and we show that Kontsevich star product gives an
example of such deformation quantization that is the convergence of the fol-
lowing limit

}zii% (frng—gxf))ih=1{f.9}

is well precise.

2. — Fourier transform of the Poisson bracket on g*.

Let g be a finite dimensional Lie algebra and let g* be the dual of g. On the
space C*(g*) of C* functions on g*, we consider the Poisson structure given in
[W].

Let u € C>®(g*), its differential du(é) at & € g* is a linear function on the
tangent space to g* at &. This space is identified with g* . Thus, we can consider
du(é) as an element of g which defines a linear function on g* by

@@= ()

where ( , ) is the duality between g and g*.
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Then for u,v € C*(g*), we can define the Poisson bracket by

{u, v} = ([du(®), dv(d)], &)

where [ , ]is the Lie bracket in g.
Now, we will consider the Fourier transform of this Poisson bracket to obtain
the corresponding Poisson bracket in g (see [R];).

PROPOSITION 2.1. — Let g be a finite dimensional Lie algebra and let g* be its
dual. The Fourier transform of the Poisson bracket on the space S(q*) of
Schwartz functions on g* is given for f,g € S(g) by

{f.9}X) = —2in f fOY) ([Y, X1,dg(X — Y)) + g(X — Y)tr(adY)) dY.
g
PROOF. — We first recall the definition of the Fourier transform ¢ of
¢ € S(g")

00 = [ @0 2 X 9ge.
]

2
Then the inverse Fourier transform f of f € S(g) is defined by

f @ = [ oo dax.

q

For f,g € S(g), one has

(94X = (.91 X0,
That is

{f.9}X) = f <[d} &), d g (O], e 2" X dge,

q*

A direct calculation shows that
A ; A
(Adf @) = [ 2irf O, @7y
g

Then

d f= 2in(Y/(Y))".
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Thus, we can write

{1,910 = 4 [ ([ (1) (©), (Zg(2)" @), e 2m¥ e
:

= 422 [ 2% [ f(g@)([Y, 21, &) A9 dvazde
g a2

— 4 f o 2imX.9 f < f f(V)g(Z — Y)Y, Z1dY, f>62i”<zﬁé>dde.
q* q

g

Let @ be the function in the space S(g,q) of Schwartz function on g with
values in g defined by

o) = [ {09z - V)Y, Z1dY.
q

Let Xi, ..., X be abasis of g and &, ..., &; the coordinates of & in the dual basis.
Let @, ..., @; be the components of @ and let J; denote the partial derivative in
the 2 direction. The inverse Fourier transform of div @ is given by

d
(div ®)" (&) :fz C’)jqjj(Z)ezm<Z.§>dZ
g J=1
d
"X

J

[ —2ingoizpe=4az
q

— _2ir f (D(2),E)eHm 2947,
q

Thus we can write
{f,9}X) = —2in (div D)")"(X)

— 2 div f F(V)gX - V)Y, X]dY.
g
It follows that

d
{f,g}X) = —2ix [ f0) (Z @)X — DY, X]; + (X - Y)@-([Y,XL-)) dy

q J=1

where [Y, X]; is the J% component of [V, X].
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Now, one has
d d
> o (1v.X;) = > |79 (Zkakﬂ
j=1 j=1 k=1 j

d
= [Y.X;].= tr(adY).

J=1

Finally, we obtain

1£,9)00 = =2ix [ £O) (¥, X],dg(X — V) + (X ~ V)tr(@dY) )ay.
g

3. — Kontsevich star product on dual of Lie algebras.

Recently Kontsevich has resolved the problem of existence of star products
on any finite dimensional Poisson manifold. In fact, he has built a star product on
R? equipped with any Poisson structure « [K].

In this section, we will recall briefly the construction of this star product and
we will give its universal integral formula on dual of Lie algebras.

We consider R? equipped with a Poisson structure a. The Poisson bracket of
two C* functions u and v is denoted by

a(u,v) = Z aijé)iuajv

1<ij<d

The Kontsevich star product is constructed by considering for any integer
n >0 a family of oriented graphs G,,.

DEFINITION 3.1. [K]. - An oriented graph I is a pair (Vi, Er) of two finite sets
such that Er is a subset of Vi x V.

Elements of Vi are vertices of I', elements of K, are edges of I'. If
e = (v1,v2) € Er C Vi x Vis an edge then we say that e starts at v; and ends at
ve and we write e = V10,

We say that an oriented graph I belongs to G,, if:

1) I’ has n + 2 vertices and 2n edges.

2) The set of vertices V is {1,...,n} U{L,R}, where L, R are just two
symbols (Left and Right).

3) Edges of I" are labelled by symbols e}, €3, el, 3, ..., el €2.

4) For every k € {1,...,n} edges e} and ¢ start at the vertex k.
5) For any v € V the ordered pair (v,v) is not an edge of I".
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To each graph I € G, Kontsevich associates a bidifferential operator B ,:
Br,:AxA—A
(u,v)— Brq(u,v)

where A = C*(0), O is an open domain in R? and for all vertex k, 1<k<n,one
associates the components of Poisson tensor, % is associated to the vertex L and v
to the vertex R. Each edge starting at the vertex k € {1,...,n}, acts by partial
differentiation on the vertex k' on which it arrives.

The best manner to illustrate the above correspondence I"— B, is to draw
an example.

Let n = 3. We consider the graph I" of Gs. I" has 3 vertices of first kind (on the
upper half-plane) {1,2, 3} and 2 vertices of second kind (on the real axis) {L, R}.
I" possess 6 edges

(e}, €5, e3,€5,ek €2) = ((1,1),(1,2),(2,L),(2,1),(3,L), (3, R))
' 2

(21

i 3

13 is

i1

L R

In the picture the edges are indexed by 1<1,1g, ..., <d instead of the
symbol e’.
The operator B, corresponding to this graph is
(U, v) — Z 0; 4ai”"28i2ai37"4ai57"63i

11...76

1i3i5uai62).

The general formula for the operator Br, is:

n

Br,a(u,?]) = Z H H 81(6) al(e}ﬁ)](ei) X H 81(6) U X H 81(9) v

L.Er—{1,..,d} | k=1 \ ¢Er ecEp eckp
e=(.,k) e=(,,L) e=(,R)
In the next step one associates a weight w, € R with each graph I" € G,,. This
weight is defined by a geometric construction.
Let p, q, p # q be two points on the standard upper half-plane

H=1{ZeC/ImZ) > 0}.

One denotes by @"(p, q) € R/277 the angle at p formed by two lines, I(p, ¢) and
l(p, 0o) passing through p and ¢, and through p and the point oo on the absolute.
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The function @"(p,q) can be defined by continuity also in case p,q e
HUR, p#q. Denote by H, the space of configurations of »n distinct points
on H

H, = {(p1,....p0)/pr € H pi, # p; for k # 1}

H, c C"is a non-compact smooth 2n-dimensional manifold. Every edge e of
the graph I' € G, defines a pair (p,q) of points on HUR, thus an angle
o =" (p,q).

We define the weight of I" as follows

: Il ;\(d@f}c/\d@%)
k=1

I = (Zﬂ)zn'ﬂ/! i
Finally, Kontsevich defines his star product in the following theorem.

THEOREM 3.2. [K] — For any Poisson structure a on Rd, the map

Uokg V = ihn Z wrBr (u,v)
n=0

= reG,

defines an associative product.

In [ABM], the authors consider star products a+— x, for linear Poisson
structures a. They call them Kontsevich star products, since they are general-
izations of the star product coming from the explicit formality ¢/ on R? described
by Kontsevich in [K]. When « is linear, (RY, @) is the dual g* of a Lie algebra g
with structure constants Cfi =0 a¥.

In [ABM], the authors showed that each of these star products is given by an
universal integral formula of the form

FXOF(Y)

2in(X x,Y ) XdY
FX x,Y) ¢ dxd

(0O = [ XD
s

where u,v are polynomial functions on g* (u,v € S(g)) or such that %, v are
smooth functions and compactly supported, X x, Y is the Baker-Campbell-
Hausdorff formula in X, Y:

exp X x,Y)=expX .exp Y

and F' is a formal series of the form

FXO) =14 > ay.,Tred 2inX)"..Tr(ad 2inX)".

n=1 8 3sSp
[s1+..+sp|=2n

The expansions of all series correspond to the power series in the tensor a, each
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term of order n is an n-linear mapping. We extend C-linearly these mappings.
From now, all our expressions hold for complex structures a.

In [S] Shoikhet compared Kontsevich’s star product and the Duflo formula in
the case of linear Poisson brackets. An immediate consequence of his results is
that Kontsevich’s star product can be given by the following integral formula

JOIX) oin(

Xx,Y &)
TX . 1) axdy

(x, 0O = [ @0V

QZ

for all u, v polynomial functions on g* or such that #, ¥ are smooth functions and
compactly supported, where

shad X/2)> 172

JX) = det( wd X2

4. — Deformation quantization by partial embeddings.

Let g be a finite dimensional Lie algebra and let G be the Lie group asso-
ciated to g. Let exp be the exponential map from g to G. There exists an open
neighborhood O of 0 € g on which exp is a diffeomorphism into G and such that
O = — 0. We will identify O with exp O. Let d be an open, convex neighborhood
of 0 € g such that &* C ©in G and such that d = — . We know that the function
J given in the previous section is holomorphic near zero. We choose < such that J
is holomorphic on & (that is < is chosen contained in the ball of radius 2x).

Let g;, be the Lie algebra g as an additive group but equipped with the Lie
bracket [ , ], defined by

[, w=nl,]1 if 2#0 and [, Jo=I[,]

The Lie group Gy, of g is isomorphic to G. Let Oy = & 'O, then we can also
identify O;, with exp Oy in Gy. Let x; denote the (partially defined) group
product on O;, from Gy,

X x5, Y = i {((hX).(hY))
where “.” is the product (of the group G) on O. Then x; is the Campbell-
Hausdorff formula on Oj,. Finally let &, = 719 then vﬂg C 0, (for the product
x7) and

1
Xth:X+Y+§[X,Y]h+O(h2)

where O(7%) goes to 0 as & goes to 0.
Now, if we consider the function J for the Lie bracket [ , ]; in g (which we will
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denote by Jj) we can write

L (shadpX 2)\'*

where ad; X = % adX = ad hX.
Then we obtain

JpX) = J(7X).

We remark that J; is holomorphic on J; as J is holomorphic on 4.

Thus, for all % in R, we can write the integral formula of Kontsevich star
product x; for all %, v polynomial functions or such that i, ¥ are smooth functions,
compactly supported as follows

I - InX)J(Y) 2 XxY &)
(5 V(&) = f AONY) 7 e dXdy.

We recall (see [V]) that the differential of the exponential map exp” on ay is
given by

(_ )’I?
d exp'X = Z( — 1),( adp X)" = d exp hX

Let us put
wp(X) = w(hX) = det(d exp hX)

Then, w;,(X)dX is the restriction on Oy, of a left Haar measure on G;,, where dX is
the Lebesgue measure on g.

In the following, we will consider for each 7% the C*-norm from the reduced
group C*-algebra C;(Gy,) ( see [P] for the definition ) and we remark that C°(%,)
is embedded in C°(G). Now, we will give the definition of a deformation
quantization by partial embeddings in which the notion of convergence is well
precise. In this definition A, Pj, and @, will play the roles of C°(q), C:°(Oy) and
C*(J) respectively.

DEFINITION 4.1. - Let A be a commutative algebra equipped with a C*-norm
and a Poisson bracket { , }. A deformation quantization of A by partial em-
beddings inthe direction of { , }, is an interval I of real numbers with 0 as center,
together with, for each i € I, a C*-algebra Ay, and linear subspaces P, O Qy, of 4,
together with a linear embedding ¢, of Py, into A, such that:

1) Ag is the C*-completion of A, with ¢y the inclusion map, and Py =
Qo =A.

2) Py =P and Q_y = Q.

3) If || < |ho| then Py, O Py, and Qr 2 Qp,-
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4) Forevery a € A there is an h # 0 such that a € Q.
5) Ifa,b € Qy, there is a (unique) element, a x; b, in Py, such that

0(a)ly(b) = U (a %4, b).
6) Foreverya,bec A
[(@x b — b*y a)/ih — {a,b}||,

converges to zevo as i goes to zero, where || ||, denotes the norm of A;, pulled back
to P, 7 by fh.

7) Forany a € A, the function b — ||al|; ts lower semi-continuous for the
's for which a € Q.

Now, we will show that Kontsevich’s star product provides a deformation
quantization by partial embeddings as defined above.

THEOREM 4.2. — Let g be a finite dimensional Lie algebra and let { , } be the
Poisson bracket on A = C°(g) (the set of C™ functions compactly supported
on g) obtained by Fourier transform of the linear Poisson bracket on g*.

Using the previous notations, let Py, = C°(Oy) and Qy, = C*(,) with their
embeddings in C:(Gyp). Then this structure together with Kontsevich star
product x5, provides a deformation quantization of A by partial embeddings in
the direction of —(27:)*1{ , k-

PrOOF. — Let us first remark that the five first properties are easily obtained
by using our hypothesis. Let % and v be two functions on g* such that 4 and v are
smooth and compactly supported. We consider the #’s sufficiently small so that
the supports of # and v are in J,.

We define the star product on g by Fourier transform. More precisely, if
f = and g = 9, we put

f*hg:'&*h@: (u*hv)A.

Then, we can write

(f *n 9(Z) :f(u x5, V)(E)e 220 g
4

Let Z=X x;, Y, then Y = X1 x;, Z and w,(2)dZ = w,(Y)dY . Thus, we obtain

I@ONLX ' <1 2)  on(2)

7.7 & 1xn 2 X

f0.9@) = [ F00 90X %, 2)

a
Wy JIi I 1
-2 ! <f w) @x) <gwh) X1 ) ooy (X) X
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We remark that if we have f(X) # 0 and g(X~! x, Z) # 0 then X € ¥, and
X 1x3Z e Then Z € ”9?@ (by using xj, as a product). Now as 19:;; C Oy, for all
Z € 4.92, the above integral is well defined. Thus if we consider that the integral
vanishes when X1 x;, Z is not defined, we can see that f x, g € C>(g). We also
notice that wy and J; don’t vanish on & since Jj, is contained in the ball of radius
27k 1.

It follows that

(f *n g)(Z)( )(Z) (fi—’;) * (g C{)—Z) ),

where x;, is the convolution of functions in C°(,) for the left Haar measure
wpX)dX.
By a change of variables we obtain

<(f*hg g*hf)( >(Z)>/hhf( >( X)( >(X><hZ)Ah(X) wp(X)dX

;1@ <g )2 5030 (£ 21) (- 30 ont) ax
W,

where 4;,(X) is the modular function for G, defined by
AE(X) _ efht”r(adX)
Let

0230 =3 (1 )0 (02w (o 1w 2),

BuZX) = (f ;’)—:) (—X) ((g )X -+ 2)5 0 - 1)),
and
023 = (£ )0 ((o )20~ (5 1)z +3).
Then

<(f g-gmh(2 )(Z)) /i =[(AnZ, X)4,"X) + Bu(Z,X) — Co(Z, X))o (X)X

q

And

(f %19 =9 5./ )ZN/h = (‘j—:) ) [(AnZ, X4, (0 + By~ Ci)(Z, X (X) dX
g
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One has
1
X xn2Z =X+Z+§ h(X,Z]+ PR, Z,X)
where R is a continuous funection. Let

M, Z,X) = % [X,Z]+ h R(h, Z,X)

If we write the Taylor formula for the function gg about X + Z, we obtain
7

(9 i—j)(X XpZ) = (g J—h)(X+Z)+h<M(h Z,X), d(g ﬁ)(X+Z)>
(£
d X+Z+1th M(h,Z,X)) M, Z,X), M(h, Z, X))

where 7 € [0,1] and depends on %, Z and X.
Then

AZ.X) (f (,Jj;)(‘X’ <; X, 7], d(g Z;) <X+z>>:

h(f Jﬁ)( X) <R<h Z,X), d(g —)<X+Z>>

. (f Jﬁ)( X) d?( h)(X 7+ th Mh,2,X)) (M(h, Z,X), M(h, 7, X)).
y,

. . J
Now, as wy, and J, are holomorphic functions on 9, we can see that w—h converges
. J| . h
uniformly on compact subsets to 1 and g ch converges uniformly on compact

subsets to g. Then d(g —) and dz( ) also converge uniformly on compact

W,
subsets respectively to dg and d?g. We also remark that d?g, R and M are
continuous functions, so they are bounded on compact sets. It follows that
A (Z,X) converges uniformly on compact subsets of 19,21 x & to

F-X) <% X, 2], dg(X + Z)>

if 7 goes to zero.
In the same way since 4;, and wy are entire functions on g, they converge to 1
uniformly on compact subsets and so we can deduce that

AyZ, X) 4, X) " op(X)
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also converges uniformly on compact subsets to
1
730 (3,21, X+ 2)).

We can also show that C,(Z, X)w;(X) converges uniformly on compact sub-
sets to

F=X) <%[Z,X], dg<Z+X>>.

Finally, it is clear that Bj(Z,X) converges uniformly on compact subsets to
f(—X) g X + Z) tr(adX).

Then Bj(Z, X)w;(X) also converges to the same limit. Now, it is clear that ©n
converges uniformly on compact sets to 1. Thus, we can deduce that h

(f *n (Z) — (g xn [)Z) /il

converges uniformly on compact subsets to

AU 2, gz 4+ 30) + 97 + Xotr(adX)ax
g

as i goes to zero. But if we compare the above formula to the results of the
second section, we obtain

((f %n D2 — (g 1 fNZ) ] ik

converges uniformly on compact sets to —(271)71{ fr9¥2).

For f and g fixed, if / varies in a compact interval it is clear that there exists a
compact set which contains the supports of all the f x, g. Then, we can deduce
that

(f %19 —g*nf)/ih

converges to —(27:)71{ f,g} for the inductive limit topology and so that it con-
verges also for the L'-norm for dX. Then

(f *n 9 — g *nfon/ih

converges to —(2r) *{f,g} for the L'-norm for dX.
Since the L' norm for w,;(X)dX dominates the norms of C:(Gy), then if we
denote these norms by || ||, we obtain

ICf %09 — g% ))ih+ @) L, g,

converges to zero as i goes to zero. Thus, we conclude the proof of property 6) of
the definition 4.1.
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Finally, to prove property 7), we will use the C*-norms of the reduced
groups C*-algebras C’(Gy). These norms are given by the left regular re-
presentations on L?(G;). We first prove that we have continuity on any 7y # 0.
Let f € C=(,). We consider the %'s for which f € CX(S,). f defines the
measure f(X)w,(X)dX on Gj. We can transfer the finite measure from Gj to G
by the isomorphism oy : X — #X. In particular, we obtain an isometric iso-
morphism from L'(Gy) to LY(G) and so an isomorphism between the corre-
sponding C*-algebras. A simple computation, shows that f(X)w;(X)dX is
transferred to h’lf(hle)a)(X )dX and so we obtain

11l = 17 F 7301,

where || ||; is the norm in L}(G) for the measure w(X)dX. Now, as 7 goes to
h, it is clear that 2 (A X) converges uniformly to Iy 1f (hy 1X) with supports
contained in a fixed compact set and so we have also convergence in L}(G) and
in C*(G). Thus || f]|; converges to ||f||h0

Now, we will prove the lower semi-continuity on 7z = 0. Let || ||2 be the norm
in L2(Gy,) corresponding to the Haar measure w,(X)dX. Let f € C>*(g)and e > 0.
Then there exists ¢ in C2°(q) such that ||¢[|3 = 1 and ||f * @[3 f|l, — ¢ Where x
is the usual convolution of functions.

By similar arguments as above, we can show that f x, ¢ converges to f x ¢
uniformly as % goes to zero with supports contained in a compact set. Then,
If %1 62wy, converges to |f * ¢|F and || f * quZ converges to || f * q5||g. Thus, for &
sufficiently small

h 0
If*n gllz=11f *¢llz — &,
and
h 0
[ela<lélz +e=1+e¢.

Finally, we obtain

15+ &= I llz = I1f a llz > 1L * Gllz — e=1fllg —

Then

Afllo —2¢)

11>

This proves the lower semi-continuity.
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