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A Variational Inequality for a
Degenerate Elliptic Operator Under
Minimal Assumptions on the Coefficients.

CARMELA VITANZA - PIETRO ZAMBONI

Sunto. — In questa nota si studia un problema di esistenza e unicita di soluziont di una
disuguaglionza variazionale associata al seguente operatore degenere:

n n

(%) Lu=- Z (@@, + dju)xj+ Z bity, + cu.
=1 =1

1 coefficienti det termini di ordine inferiore e del termine noto di (x ) appartengono
ad una generalizzazione degenere del classico spazio di Stummel-Kato. Il peso w, che
Sfornisce la degenerazione, appartiene alla classe As di Muckenoupt.

Summary. — In this note we obtain the existence and the uniqueness of the solution of a
variational inequality associated to the degenerate operator

n n
(%) Lu= = (ag@us, +du), + > bty + cu
i1 i1

assuming the coefficients of the lower terms and the known term belonging to a
suitable degenerate Stummel-Kato class. The weight w, which gives the degeneration,
belongs to the Muckenoupt class As.

1. — Introduction.

In [4] Chiarenza and Frasca studied the variational inequality
1.1 uekK : atu,v—u)>(T,v—u) Yek,

where a(u, v) is the bilinear form associated to the elliptic degenerate operator

n n

(1.2) Lu= = (aju, + diu), + > bt + cu.
g

1,j=1 =

Here the principal part of the operator Lu is assumed to be degenerate in the
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sense that the ellipticity condition is
1 .
>0 : ow|éff < a;ii&i&; < “w|él* a.e. in Q, VE e R”,
15, )

with w(x) a Muckenhoupt’s As weight (see [7]).

Chiarenza and Frasca assumed on the coefficients of the lower order terms
hypotheses involving L” spaces.

We stress that the results contained in [4] improved, at least in some in-
stances, those obtained by M.E. Marina [11] in which the weight w giving the
degeneration was assumed under convenient hypothesis such as Murthy-
Stampacchia [13].

In this note we study the same kind of problem as in [4]. Our purpose is to
substitute the LP assumptions on the coefficients of the lower order terms of
operator (1.2) with more general hypothesis which do not imply any high in-
tegrability.

The first major contribution in the direction outlined above, seems to have
been given by Aizenman and Simon ([1]). In that paper they were able to prove a
Harnack inequality for positive weak solutions of equation

—Au 4 cu =0,

assuming the coefficient c in the so called Stummel Kato class defined as follows

{feLl(Q) sup f _ron 5 dy =n(f,7) —r0 0}
reQ y|

[e—y|<r |

They improved the classical works [15] and [9]. We also remember the works
[3], [8], [14], [16], [17] and [18].

In this note assuming the coefficients of (1.2) in a degenerate version of the
Stummel Kato class (see Definition 2.7) introduced by C. Gutierrez in [8] (see
also [16]) we prove the existence and the uniqueness of the solution of (1.1).

We wish to point out that a crucial role in our proofs is played by a
Fefferman’s type inequality proved in Theorem 2.9.

2. — Function spaces and preliminary results.

Let p > 1, a function w : R” — 10, + oo, such that w(x) and [w(x)]‘ﬁ belong
to L} .(R"), is said an A, weight if and only if

loc

p—1
2.1) sup (|B | fw(x)dx) (|B | f[w(ac)] = 1dac) = Cyh < + 00,
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where B, (}) is a ball in R"; C, is said the A, constant of w.
We now recall some results about A, weights (see [7] for the proof).

LEMMA 2.1. — Let w(x) be an A, weight, p € 11, + oo, set w(B,) = j w(x)d,
then B,
a) there exists a constant Cy > 1 such that

w(B(w,2r)) < Cqw(B(x,r));
b) there exists a positive constant K < 1 such that
w(B(x, 1) < Kw(B(x,2r));

¢) for any bounded subset Q of R" there exists a positive constant
C = C(w, Q) such that

B, < Cuw(B,)

for any ball B, contained in Q.

Let Q be an open bounded set in R”. Because of the local character of our
results it is sufficient to assume Q = B(0, R).

Let w(x) be an Ay weight. We give the definitions of the spaces LP(Q,w),
HY7(Q,w), Hlljg(.Q,w), H(l,’p(.Q, w), H1P(Q, w), p € [1,+ oo (see also [5]).

LP(Q,w) is the space of measurable % in €, such that

P ( [ |u<x>|pw<x>dw) < +o0.
Q

Lip () denotes the class of Lipschitz functions in Q. Lip, (€2) denotes the
class of functions ¢ € Lip (2) with compact support contained in Q. If ¢ belongs
to Lip (Q) we can define the norm

n
2.2) ||¢||H1-r>(g,w) = ||¢HLP(Q,w) + Z H¢:c7-||LP(Q,w)'
i=1

H'(Q,w) denotes the closure of Lip (Q) under the norm (2.2). We say that
w e HyP(Q,w) if u € H'(€,w) for every @' cC Q.

H(l)"p (2, w) denotes the closure of Lip, (£2) under the norm (2.2).
. . 1 1
H-17(Q,w) is the dual space of Hé’p(Q, w), where 5 —1—17 =1. We have

. , n
/i e LP(Qw),i=1,2,,n, with T = 3" (fi)a,.

T e H Y (Q,w) if 3f; : =
w i=1

(!) In this paper we will write B(x,) to denote the ball centered at a with radius 7.
Whenever x is not relevant we will write B,.
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Let T € H12(Q,w). We consider the equation

2.3) Lu=T

where the coefficients a;;(x) are measurable functions such that
2.4) a;;(x) = ai(x) 1,j=12,n

and

@5) >0 0 w@E <Y a@EE < @) ae € Q VR,
i,j=1

1,2
loc

with the weight w belonging to the A, class. We say that u € H
weak solution of the equation (2.3) if

(Q,w)is alocal

(2.6) Z faij%xﬁ//%d% =(T,y) Yy e Q).
,j=1 0

We now define a different class of solutions. Let u be a bounded variation
measure in Q . We say that u € L(Q, w) is a very weak solution vanishing on 02
of the equation

@) Lu=p

if
[w@ry@az = [yedx
Q Q

for every y € Hy*(Q,w) N C°(Q) such that Ly € C°(Q). We observe that the class
of test functions is not empty by Theorem 2.3.15 in [6].

REMARK 2.2. — For any bounded variation measure x in Q, there exists a
unique very weak solution u of Lu = u in Q such that u =0 on 9Q (see [5]
Proposition 2.1). Moreover it is not difficult to show that if u € H (1]‘2(!2, w) is aweak
solution of the equation Lu = y, i.e.

n
S [agepde = [y@in v € CF@
iFa 2

then u is a very weak solution of the same equation.

Let y € Q. Denote by go(x, y) the very weak solution vanishing on 9022 of the
equation

Lu = 6y,
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where J, is the Dirac mass at y. We call it the Green function relative to the
operator L in Q.
We now recall some results, concerning the Green function, proved in [5].

THEOREM 2.3 (see [5] Proposition 2.4). — Let B, C Q be a ball and gp,(x,y) be
the Green’s function of L in B,, then gp,(.,y) € HY*(B, \ B(y, &), w) for any & > 0.

THEOREM 2.4 (see [5] Lemma 2.7). — Let B, C Q be a ball and gp,(x,y) be the
Green’s function of L in B,, then

u@) = [ gs, e, pduty)
B,

18 the very weak solution vanishing on 0B, of (2.6) in B,.

Denoting by gg4r) the Green’s function in B(0,4R) we have the following
result

THEOREM 2.5. — Let x,y € B(xg,7) C Q. Then there exist two positive con-
stants C1 and Cs, independent of x and y, such that

9B 741”)(907 ?/)
2.8) C: < ym 2 &2 s < Cs.

Moreover
2.9 9o < 9o < 9B04R)
for any Q' C Q' C B(0,4R).

Proor. — For (2.8) see Theorem 3.3 in [5]. (2.9) follows by maximum
principle. O

We now define some function spaces.

DEFINITION 2.7 (see [8]). — We set

4R 2
S(Q,w) = {fe LYQ,w) : sup f ] f m %w(y)dyEﬂ(f, 7')}-
ey ’

reQ
{yeQ: |x—y|<r}

Moreover we put

n(f) = sup n(f,7),

0<r<o

where o denotes the diameter of Q.
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REMARK 2.8. — We note that in the nondegenerate case, i.e. w = 1, S(Q,w) is
the Kato-Stummel class (see [1], [2], [3] and [14]).

Subsequently we will use the following results

f

w € S(Q,w). Then there exists a positive constant c,
ndependent of u, such that

THEOREM 2.9. — Let

f|f|%2dx§cn(p)f Vulwda,

B(xo,p) B(wo,p)

for every u € H (1)’2(52, w), where sptu C B(xy, p).
PRrOOF. - To prove our thesis we suppose f(y) > 0 and put

F(x) = f SDIB@op @, y) dy, x € Bwo, p).
B(xo,p)

Then, from Theorem 2.4, F'(x) is the very weak solution in B(xy, p) of equation
n
- Z (aiiji)xf =f.
ij=1

Then, as in the proof of Theorem 4.8 of [5], we can conclude that
ABa.pf € H 12(B(xo, p),w) and, for Proposition 2.3 in [5], F' € H(l)’z(B(xo, p),W).
Therefore

2.9 f fulde =2 f zn: ajF oy wy, de <

B(wo.p) By, p) =1
1 1
§2u< f|VF|2u2wdac> ( f|Vu2wdoc).

B, p) B(wo,p)

Moreover, since

0< f fF ' de = f Xn:ai;'inu(Ffluz)x_, da

B(wy,p) Bwy,p) bI=1
1
2
2
( f IVl wdac),
B(xo,p)

we have

rol—

! f |VF|2F2u2wdoc§20( f |VF|2u2F2wdac)
B(xo,p) B(wo,p)
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and then

3 5
(2.10) ( f|VF|2u2F‘2wdx) §21)2( fVu|2wdx).

B(xo,p) B(xg,p)
Note that for x € B(xy, p), using Theorem 2.5, we have
2.11) F(x) < c(n)n(r).

Hence, from (2.9), (2.10) and (2.11), we obtain the desired conclusion. O

LeEmMA 2.10. — Let f € S(Q,w). Then
Ve>0 Jo>0 : ECQ |El<o = nfrp<e

ProoF. — Let p > 0 be such that #(f,p) < Z The absolute continuity of the
integral implies that there exists ¢ > 0 such that

4R

-1
2 d
ECQ, IEI<0=>ff(y)w(y)dy<g<fm§> .
E ) ’

Hence

n(fxg) < sup n(fyg, ) +supn(frg,r) <

0<r<p p<r

<nf.p+swswp [ 1f@pw) f ds w(y) dy <

p<r weQ +8)

lz—y|<r

Sf?(f,p)+supsup{ f |f(y) fw(B( dsw(y) dy+
le—y|<p

pP<r xeQ
o~y

+ f If(y)xE(y)l f dsww)dy}

p<le—y|<r

<2n(f,p)+ f w(B( deIf(y)\w(y)dy <e
P
O

LeEmMmA 2.11. — Let f € S(Q,w) and & > 0. Then there exist two functions fi
and fo such that

f=h+f; fLel>™Q); nfi)<e
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ProOF. - Let p > 0 be such that #(f, p) < 2 Setting A, ={x€Q: |f(y)| >k}
we have

ngJf(y)ldy =0,
k

then there exists &’ > 0 such that

e i s2 ds -
f'f(y)|dy<§<f w(B(x,s))?) ‘

Ak’ 14

Now, setting f1 = x4, and fo = f — f1, we have

f2 € L>(Q), Hf2||Lx<Q) <K
and, proceeding as in Lemma 2.10 we have 5(f;) < &. O
f

LEMMA 2.12. — Let
such that

” € S(Q,w). Then, for any & > 0, there exists K(e) >0

f|f|u2 da < ef|Vu|2wdx+K(e)fu2wdoc,
2 2 2

Jor every u € C3(Q).

ProoOF. - Using Lemma 2.11 and Theorem 2.9 we have

[irwreway < [ 1r@l@ dy + [ |t dy <
Q Q Q

< ce f |Vu(y)|2w(y) dy + K(e) f uz(y)w(y) dy.
Q Q

O

3. — Uniqueness and existence results for degenerate elliptic operators.

Let Q be a bounded open set in R" and w € Az. We consider the linear dif-
ferential operator

n n

3.1 Lu=—="Y " (ajus, + dju), + > bitta, +cu

i,j=1 i=1

where a;;, d;, b; and ¢ (1, j = 1,...,n) are measurable functions such that
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3.2) j = Wi
3.3) >0 ol <Y ayEg < %w\ﬂ? ae.in Q, V¢ e R",
1,j=1
A\ 2 A 2
3.4) <@> , (b—> eS@w), <eS@w
w w w
n

3.5) f <Z dip,, + cgp) dr>0 VpeCr@), p>0 nQ.

Q =1

Now we define for u,v € H(l)"z(.Q, w) the bilinear form
n n
a(u,v) = f (Z (@i, + dju) vy, + Z biuy,v + cuv) da.
2 \ij=1 =1

Given y € Hy*(Q,w), y <0 in 9Q and T € H '%(Q,w), in the non-empty,
closed and convex set

K={ve H(l]’z(.Q,w) Cv>ypae Q)
we consider the problem
3.6) uwekK : atu,v—u) > (T, v—u) Yek

We have the following

THEOREM 3.1. — Let u be a solution of (3.6). We assume that (3.2), (3.3), (3.4)
and (3.5) hold. Then

el iz < k(TN g12@u + 1 m2@uw)

where k is a positwe constant depending onn, v, the S,, modulus and the L' norm

Oflb—dl Z Ib |

Proor. — Taking v = u™ in (3.6), we have
atu,u”) > (T,u™);
since a(u™,u~) = 0, we have
o, u) < —(T,u")
and for (3.5) it results
3.7 f{ S g ) ), +Z(b — A ) }dac < (1),

Q ~iJj=l
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From (3.7), in a standard way, using Theorem 2.9 we have
lw™ |z < clo,n, w)(”T”H*l«Z(Q,w) + ||u_HL2(Q,w))-
Keeping in mind that = <y~ a.e. in 2, we get
12 20y < W L2 < Wl 2w < Wz

Then thesis holds for %~. Now, taking z =u" — ' in Q, we need only to
estimate ||z[|z12(q,, to obtain the conclusion. We begin introducing some nota-
tions. For h € RU{+oc0}, h >0and k € R, 0 <k < h, we set

3.8 Qe,h)={xecQ : k<z@® <h, |Vu| > 0}.
For fixed /& we have that the not increasing function
k — |Q(k, )|
is continuous in [0, 2] and it results

lim |Gk, k)| = 0.
k—h~

Moreover we set

| b—df :
v%m=mmmpcqﬁmmolwh

where c¢(n, w) is the same constant as in Theorem 2.9. Function V’(k) is not in-
creasing in [0, 2[ and

lim V*(k) = 0.
k—h~

V"(k) is a continuous function in [0, 2[. In fact

b —df b —df? b—df )
n 7){9<k+s,h) -n 7%9@.}0 <7 7|/{Q(k+s,h>*)(g I,

and, by Lemma 2.10 we obtain that for any & > 0 there exists J > 0 such that if
|)(Q<k+s,h) - X(glgc’h)| < 0 then

2
b —d| (e
n ( Xowrsw —xo ] <eé

w2

Now set ky = + oo we obtain ¢ non negative real numbers in the following way. If
1 1
Vko(0) < 5 we take k; = 0, on the contrary we will fix k; such that Vko(ky) = > If
1
k1 > 0,forany ks € [0, k1[ we consider function V*1(ky). Again, if vk (0) < éwe take

ks = 0, otherwise we choose ks such that V¥ (ks) = % Tterating this process we are
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able to prove that there exists a positive number

4R

_ s b —df?
< 2
t<1+16 .p[ B dsQf - da,
such that k; = 0, where p is such that
b—d? \|° v
(3.9) ; <—.
l”( @) | = Setn, itk
1
In fact if V*(0) < 5 we take t = 1, otherwise there exists m € IN, m > 1 such
that VEi1(k;) = % Vi=1,2,...,m and
1
m | m b _ d 2 2
(3.10) 5 = [etn, w)P vty [17 <%mmkm>] :
i=1

Fixing p > 0 as in (3.9), we have, as in the proof of Lemma 2.10

1
b - d? ’
n w2 X Qi Jei 1) <

b—df”
< | sup z T AOkik )3T

0<r<p

1
2

1
+|su o= d|2 7 2<
r>§ n W2 X QUi ki 1) =

1

1 4R 2
b—dP : 5 b—dP
SZ[”<7XQ(kf,ki1>;p + f w(B, 3)) ds f )

» Qi ki 1)
and then
m 3 4R 9 5
b —df? mo s b—d]
; lﬂ( Kk || S 4—[c(n,w)]% + pf wB@.3) ds! " dy | .

From (3.10) we obtain

B s b — d?
m < 16v c(n,w)f w(B@.5) dsf e dy.
p ’ Q

Now we set
Q1 = Qky, 00),
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and
21 = —k)" =max(z —kq,0).

Since 21 € Hé’Z(Q, w) and u — z1 € K, assuming v = 4 — 21 in (3.6), it follows
(3.11) au®,z) < (T,z)
By (3.5) we have

f{ zn: Wij2e, (21)y; + zn: (b; — di)(uﬂmzl} due < (T,21)—

o lij=1 i—1

—f{ Z W), 21D, + Z (b; — di)(l/ﬁr)xle} dx,
Q i1

t,j=1

from which, by assumptions (3.3), (3.4) and Theorem 2.9, we obtain

1
2
vllz1 |22 < |:||T||H1~2(Q,w) + " Il gr2cgam+

, b—dff
+[e(n, w) ||V/||H1.2(9710)7’] (%)

(#5)
n wz XQl

2
vl|z1 ||H1-2(Q,w) < Bz ||H1-2(Q,w) + V> (K1),

211 g2+

1

2
e, w)f _[|vZﬂ%vdx
Q

and

where

1 ! b —df?
B= ||T||H*1~2(.Q,w) + > H‘//HHI-Z(Q,w) + [C(naw)]ZHWHHLZ(Q,w) ’7(7 .

Remembering that V>(k;) = 1, we have

2
||2‘1 ||H1~2(.Q,w) < BB

Now for any ¢ = 2,...,1 we set
-Qq :Q(k_kaqfl)
and
0 i u <k
zq:{z—kq fhky<z<k—q-1
kq_l —kq ifz qu—l-
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For any ¢ = 2,...,t, by (3.5) we have
n n
f { > )y g + > (b — di)(u+)x,£zq} d < (T, z).
o lijzm i=1
Now, proceeding as above,we obtain

2
1Zqll mr22(0.0) SEB’ Vg =2,...,t.

Moreover we have
q
[i—dpzzyde =" [ - dienz, do
Q h=1 g,

and by (3.3) and Theorem 2.9 we get
q-1
vllzgllnegu < B+ pVFet kllzgll 2 + 0 Vit Fn)llznll g2 .-
h=2
. k _ 1 k _ 1
Since V"1(K,) :gand V1K) < éfor any h =2,...,q — 1, we have
quHHLZ(.Q,w) < zqvle

for any ¢ = 2, ... ,t. Finally we obtain the desired conclusion noticing that

t
||z+||H1v2(!2.,w) < Z ”zh”Hl-z(Q,w)'
h=1 .

The uniqueness of solution of variational inequality (3.6) is proved by the
following

THEOREM 3.2. — Let u € K be a solution to problem (3.6). Let u; € H(l)*Z(Q,w),
U >y ae inQ alu,@) > (T,¢) Vo e Hé’z(!), w), ¢ > 0. Then u < u; a.e. in Q.

PRrOOF. — Set v = min (4, %), we claim that « = v a.e. in Q. Let & be a non
negative real number, we have
a=w—v—h)"e H(l)"z(Q, w).

Proceeding as in [4] (Theorem 3.1) we obtain

1
b—dfP i
WMmmmé{f|M|ﬁwm},

Q
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where
Q,={xecQ :u—v>hand|Vu —v)| > 0}.

Using Theorem 2.9 instead of Holder plus Sobolev inequalities we have the
thesis. O

The previous result yields

COROLLARY 3.3. — In the same assumptions of Theorem 3.2, u is the only
solution of (3.6).

Our existence result follows from Theorem 3.1 and the following compactness
embedding theorem (see e.g. [4])

THEOREM 3.4. — Let w € As. There exists a constant Cq, depending on u,

1
the Ag constant of w, and & >5 such that for some u eH(l)‘z(.Q,w) and
1<k<

n
=n' we have
n — 2¢

%]l L2t < N1l 2o -

For1 <k < ' the embedding of Hy*(2,w) in L¥(Q,w) is compact.
Precisely we obtain

THEOREM 3.5. — Under assumptions (3.1), (3.2), (3.3), (3.4) and (3.5) there
exists the solution of variational inequality (3.6).

ProoF. — We start to note that, by Theorem 2.9, the bilinear form a(u,v) is
continuous in H, (1)’2 (Q,w).
Now, for any v € H (1)’2((2, w) we have

zn: faijvxivxj dx — z%: f(bi —dpvy,vde < L(,v).

,j=1 Q =1 @

Then, using Lemma 2.12 we have that there exists a positive constant x, such
that

D)
a,0) + ol G = 5 100520, Y0 € Hy (2,).
Then (see e.g.[10]) V¢ € L?(Q, w) the problem

uekK : a(u,v—u)+,ufu(v—u)wdac2<T,v—u>+ﬂf¢(v—u)wdac Vu e K
o) Q

have unique solution u = S(¢)
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In this way we have defined the operator
S : LA(Q,w) — L*(Q,w).

that results continuous and compact. Moreover, if we consider a € [0,1] and ¢
such that ¢ = aS(¢), assuming u = S(¢), we get

alu, v — ) + u(l fa)fu('vfu)wdac > (T,v—u) We K.
Q

From the apriori estimate we can estimate [|S(¢)|| 20 ) and [[$ll 2., With
constants independent from ¢ and a. Then the desired conclusion follows from
Leray-Schauder theorem. O
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