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A Generalization of the Normal Holomorphic
Frames in Symplectic Manifolds.

Luict VEZZONI

Sunto. — In questo lavoro viene presentata una generalizzazione delle coordinate nor-
malt olomorfe, caratteristiche delle varieta Kdihleriane, nelle varieta simplettiche.
L'esistenza di tale generalizzazione permette di dimostrare alcuni risultati inerenti
Uintegrazione di strutture complesse calibrate da forme simplettiche.

Summary. - In this paper we give a generalization of the normal holomorphic frames
m symplectic manifolds and find conditions for the integrability of complex
structures.

1. — Introduction.

One of the possible ways to studying symplectic manifolds is to fix a complex
structure calibrated by the symplectic form and then to consider a structure
which is the natural generalization of Kéhler structure (sometimes in literature
this structure is called almost-Kéhler structure).

Moreover we can try to extend Kéhler features in symplectic manifolds and
find conditions on the Riemannian invariants (like the curvature e.g.) which force
the integrability of the complex structure. These problems are object of research
of many papers (see e.g. [1], [3], [4], [10]).

Starting from an idea of P. de Bartolomeis and A. Tomassini (see [5]), in this
paper we generalize the normal holomorphic frames, characteristic of the Kéhler
manifolds, to the symplectic case (see theorem 1); we call these frames “gen-
eralized normal holomorphic frames”.

As an application of the existence of generalized normal holomorphic frames
we prove that if the (0,1)-part of the covariant derivative of the (1,2)-tensor

BX,Y)=J(Vx))Y — (Vx)Y
vanishes, then the complex structure J is integrable (see theorem 2).

The paper is organized as follows. After some preliminaries, in section 3 we
give the proof of the existence of generalized normal holomorphic frames and in
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section 4 we prove theorem 2. Finally we give another sufficient condition for the
integrability of J. Namely, we show that if the complex structure satisfies

(VHV =0,

then J is holomorphic.

2. — Preliminaries.

Let M be a 2n-dimensional manifold: a complex structure on M is a smooth
section J of the bundle End (T'M) such that J?> = —Id. The couple (M, J) is called
a complex manifold.

A complex structure gives a natural splitting of TM ® C in TM®9 @ TM©OD,
where TM9 and TMD are the eigenspaces relatively to i and —i.

A Riemannian J-invariant metric g on a complex manifold (M, J) is said to be
Hermitian and the triple (M,g,J) is by definition a Hermitian manifold. A
Hermitian metric g induces a non-degenerate 2-form x on M, given by

k() = g(, ).
It is well known the fundamental Hermitian relation:
1) 29((Vx)Y,Z) = dr(X,JY,JZ) — dx(X,Y,Z) + 9N (Y, Z),JX)

(see e.g. [8]), where V is the Levi-Civita connection of g and N is the Nijenhuis
tensor of J, i.e. the (1,2)-tensor defined on M by

N;X,)Y) =[JX,JY]-J[JX,Y]-J[X,JY]-[X,Y].

A holomorphic manifold M has a natural complex structure. A complex
structure J is said to be integrable if it is induced by a holomorphic structure. In
view of Newlander-Niremberg theorem a complex structure is integrable if and
only if N; vanishes.

A symplectic manifold is a pair (M, k) where « is a non-degenerate closed 2-
form (i.e. k" £0, dxc=0).

Let consider now a symplectic manifold (M, x): a complex structure J on M is
said to be x-calibrated if

1. k(J-,J -) = k() (kis J-invariant).
2. g;(-,-) :== x(J-, ) is positive defined.

Obviously g; is a Hermitian metric on M. Let C,(M) be the set of the x-ca-
librated complex structure on M: C.(M) is always a non-empty set (see e.g. [2]).

A Kdihler structure on M is a blend of three components (g, J, ), where x is a
symplectic structure, J is an integrable r-calibrated complex structure and
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g = gy (for the general theory about Kihler manifolds we remand to [6], [7], [8]
and [9]).

It’s known that a holomorphic Hermitian manifold (M, g,J) is Kéhler if and
only if around every point o in M there exists a normal holomorphic coordinate
system. Namely, if o is any point of M, there exists a coordinate system
{21,...,2,} around o such that, if G;; := 9(0/0%;, 0/0%;), then

1. G”(O) = (Slj;
2. dG”[O] =0.

A system of normal coordinates induces a (1,0)-frame {Zi,...,Z,} around o

such that
inZk(O) =0, VZZIC(O) = 0,

for 1 <1,k < n, where V is the Levi-Civita connection of g. We call such frames
“normal holomorphic frames”.

The aim of this paper is to construct a generalization of the normal holo-
morphic frames in the symplectic manifolds and find some non-obvious condi-
tions which imply N; = 0.

At first we note that, in the symplectic case, (1) reduces to

2) 29(Vx )Y, Z) = g\N; (Y, Z),JX);

so we have:

COROLLARY 1. — Let (M, k) be a symplectic manifold, J € C.(M), g = g5 and
V the Levi-Civita connection g.

The vector field VZZz 18 (1,0) for every Z1,Zz (1,0)-fields.

Proor. — It’s easy to check that:
(3) NJ(ZhZZ):O7

for any Z1, Zs (1, 0)-vector fields.
Therefore, from the complex extension of (2), we have:

9(V5. 2, Z5) = 0,
g((VZJ)Zz,Zg) =0.
Hence
0= (g NZy=V3JZs — JNz Zy =Ny Zo — IN7 Zs. u

Then we have an obstruction to generalize normal holomorphic frames:

COROLLARY 2. — Let (M, k) be a symplectic manifold, J € C,.(M) and g = g;.
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Assume that for every point o € M there exists a local complex (1,0)-frame
{Z1,...,Zy}, around o, such that:
1. Vz.Zi(0)=0,1<4i,k<mn;
2. The real underlying frame {X1,...,X,} satisfies
VxXi(0) =0, Vjx.Xi(0) =0, 1 <7,k <,

then (g,J, x) is a Kéihler structure on M.

ProOF. — Let {Z1,...,Z,} be a frame satisfying 1-2. Putting Z; = X}, — i/ X},
and Z; = X; — iJX;, by 1 we have:

0 = Vy,_iyx, Xy + X)) = Vx, Xy + Vix,J X + 1U(Vx,JX) — Vix, Xp),

at 0. Then by 2
4) 0=V X =VxJX;, = Vyx,JX;.

Finally
Vz,2Z1(0) = Vx,Xi(0) — Vx,J X} (0) + 1(Vx,JX)(0) + V x. X)(0))

and so Vg Zy(0) = 0 which implies N; = 0. |

3. — Construction of generalized normal holomorphic frames in symplectic
manifolds.

From [5] we have the following

LEMMA 1 (Special frame on symplectic manifolds). — Let (M, k) be a 2n-
manifold equipped with a non-degenerate 2-form, J € C.(M) and g = g;.
The following facts are equivalent:

1. aszaﬂc:O.
2. For every o € M there exists a local complex (1,0)-frame {Z1,...,Zy}
around o such that:
(@) [Z;, Z;)(0) = —(1/4)NJ[0](Z7',7Z_7'), [Zi,Zj)(0) = 0,1 < r,s <m;
(b) if Gy, := (9(Z;, Zy)) then G.(0) = Jix,, dGir(0) = 0.
3. Forevery o € M, there exists a local complex (1,0)-coframe {{y,...,(,}
around o such that:
(@ 05¢,[01=0,0;([01=0,1<r <m;
(b) if Hys == (9, ), then H,y(0) = 6,5, dH [0] = 0.

We call a frame which satisfies (a) and (b) a “special frame”.
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Now we have

THEOREM 1 (Generalized normal holomorphic frames). — Let (M,x) be a
symplectic manifold, J € C.(M), g = g5 and o an arbitrary point of M.

Then there exists always a local complex (1,0)-frame, {W1,..., W, } around
o, such that:

1. VWkWi(O) =0,1<k,i<n.

2. Vw W;(0) € TMOD 1 <k, i<n.

3. If Gy :=g(W,, W), then: G5(0) = 5, dGrs[0] = 0.
4, VW,VWkWi(O) =0,1<nrk,1<n.

We call {W1,...,W,} a generalized normal holomorphic frame.

ProoF. — Step 1:
Let {Zi,...,Z,} be a special frame around o.

1. From the relation
0 =12, Z)0) = Vz,Z1(0) — V7. Z(0)
it follows
V2,21,(0) = Vz,%:(0)
and so by corollary 1
(5) V7, Zr(0) =0, V2.2 00=0 1<7rk<mn.
2. From (5), we have
(6) V2. Zi0) € Ty,MO®Y  1<ki<n.
3. From (5) and corollary 1 we get that:
92,V 21, 2:)(0) = —(V, 21,V 5, Z:)0) + Z:g(V, Zi, Z:)0) = 0;
therefore VZTVZCZi(o) are (1,0)-vector fields, for 1 < . k,1 < n.
4. In a similar way:

92,V 23, Z,)(0) = Z,9(V, 21, Z:)(0).

So we can reduce to find a special frame {Wi,...,W,} around o which sa-
tisfies the relation

0s(g(V5, Wi, W)lo] = 0.

Step 2:
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We can assume that a special frame satisfies at o

0

Zi = 4. >
821'

for some complex local coordinates {z1,...,%,} such that
20)=0, 1<i<m.
Let {W1,,...,W,} be the complex frame
() Wi=2Zi—> A,
h=1
where
n
Ay = Z Za['%i(o)zazb
a,b=1

and

Iy =gy Z;, Zy).

It’s easy to check that this frame is a special one and then, by the first step of the
proof, it satisfies 1-3. So it’s enough to show that {Wy,..., W, } satisfies 4.
Set By; = d5; — Ag;. Then we have

1. Bg(o) = dg,
2. Bylo] - £ Bylol = 0,

then

n
g(VWkWia W) = Z BachsZa(Bbi)g(Zba Z¢) + BurBesByi g(vzazba Ze)
a,b,c=1

and

0y(g(Vy, Wi, Wllol = 9,(T )Mol + 3 Zo(B)0s(Bup)lo]

a=1
+ > Zi(Byi)dBys)lol + 0 (Z(Bs))lol.
b=1
Therefore

Ay(g(Vig Wi, Wo)lol = 0, @iBs)lo] + 0, o]
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Hence we have

~ 0 Z B0l = Y 05 ZZal % (0)2aF)o]
a,b=1

+ Y ZuI(000;Zizaz))0]
a,b=1

= Y ZuI3.00;Zi(2a)2s + Zi(@)2)l0]

a,b=1
Finally we have
Z1(Z(2a)% + Z(@)2a)[0] = Gy -
Therefore we obtain

9r(Zr(Bs))lol = —a;(I' Lol

which concludes the proof. ]

REMARK. - In the previous lemma we can require
Vw, Vi, Wi0) =0
instead of

Vw, VWjWZ-(o) =0,
but in general we can’t require that the two conditions hold simultaneously.

REMARK. — If M is Kéhler, then the vector fields Vy, W; are globally of (1,0)-
type and then vanish at o. Therefore generalized normal holomorphic frames are
normal holomorphic frames in Kihler manifolds.

4. — Integration of complex structures calibrated by symplectic forms.

In this section we apply the construction of the generalized normal holo-
morphic frames (given in section 3) in order to find integrability conditions on a
r-calibrated complex structure J on a symplectic manifold (M, r).

Let us denote by B the (2,1)-tensor defined by

BX,Y) =J(Vx))Y — (Vyx /)Y .

It is easy to check that B satisfies

e BX,Y)-B(Y,X)=-N;X,Y);
o B(Z1,Zs) = ZiJVZIZ2 + 2VZ1Z2;
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o B(Z1,2y) € TMOD;
[ ] B(Zl,Zg) = 0
for every X,Y in TM and Zy, Z in TM0),
Therefore we have:
LEMMA 2. — Let (M, g,J) be a Hermitian manifold, then:
N;=0<B=0.
In the symplectic case, it is natural to ask if the condition B =0 can be
weaken. We have the following
THEOREM 2. — Let (M, ) be a symplectic manifold, J € C,.(M) and g = g;.
If V'B =0 then M is a Kihler manifold,
where V" is the (0,1)-part of the Levi-Civita connection (i.e. V7 := V zon).
ProoF. — Let o be an arbitrary point of M and let {Z1,...,Z,} be a gen-
eralized normal holomorphic frame around o.

We have
B(Z;, Z)(0) =4V Zr(0), 1 <i,k<n.

By the properties of B we obtain
Z19BZ;, Zy), Z)lo]l =0, 1<l ik,r<mn.
Then
0= Zig(B(Zi, Z1), Zr)l0]

= 9(V3 (B(Zi,Z1)), Z:)0) + 9B(Zi, Z), V7 Zr)(0)

= 9(V3 B)\Zi, Z1), Z:)(0) + 9(B(Zi, Zi), V7 Zr)(0)

= 9(B(Z;, Zy), N Zr)0)

= 49(V 2,24, V7 Z)0),

80 in particular we obtain

9(Vz.Zy, szk)(o) =0.
Hence we get Vz,Z;,(0) = 0 for 1 <4,k <n , which implies Ny = 0. |
REMARK. — In the previous theorem it’s enough to require
9V B)Z1,2Z2), Z2) = 0

for every Z1,Zy (1,0)-fields.
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Now we give an integrability condition in terms of curvature.

LEMMA 3. — Let (M, k) be a symplectic manifold, J € C,.(M), g = g;. Let R be
the curvature of g. These facts are equivalent:

1. V'B=0;
2. RZ,W)H = —iN,JVwH +iJVyV;H + il Vo wH + Vo 7H
vZ W,H e TM1D .
3. (VZJ)(VWH) =0 VZ,W,H,S € TMO
PROOF. — 1 <= 2: Let Z,W,H € TM9, then
1

5 (VZB(W . H) = %{VZ(B(W, H)) — B(V;W, H) — BW, V,H)}

= V;VwH +iV3JVwH — Vy wH — iJVy wH
— VwV,H — iJVyV;H

= [V, VwlH +iV3JVwH — Vv wH — iJVwVZH
—iJVy wH

= RZ,W)H + iV JVwH — iJVyV;H
— WV wH -V 7H,

and so
V'B =0+ R(Z,W)H = — iV3JVwH +iJVyVzH
+iJVy wH + Vg, 7zH
VZ,W.H € TM10,

1 <= 3: Let 0 be a point in M and let {Z1,...,Z,} be a generalized normal
holomorphic frame around o. At the point o we have

9V DN 3,21, Zy) = 9N V5,20, Z) — (N3 IN 3,2, Zy)
— ig(V V5,20, T) — iBig(V 5, % Zo)
gV, %, V5 Z)
— 2ig(V 1, %, V3 7o)

for every 1 < 1,j,k,r < mn. It is enough to prove 1 < 3. ]

Recall that an Hermitian manifold (M, g,J) is Kéhler if and only if
VJ =0.

As application of Lemma 3 we have the following
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THEOREM 3. — Let (M, k) be a symplectic manifold, J € C.(M) and g = g;. If
(VHV =0,

then (9,J,x) is a Kdhler structure on M.

Acknowledgments: The author is grateful to Paolo de Bartolomeis who has
proposed him the problems faced in this paper.
He is also grateful to Adriano Tomassini for his help in composing this paper.

REFERENCES

[1] E. ABBENA, An example of an almost Kihler manifold which is not Kdihlerian, Boll.
Un. Mat. Ital. (6) 3A (1984), 383-392.

[2] M. AUDIN - J. LAFONTAINE, Holomorphic curves in symplectic geometry, Progress in
mathematics, 117, 1994.

[3] V. ApostoLov - T. DRAGHICI - D. KOTSCHICK, An integrability theorem for almost
Kdhler 4-manifolds, C. R. Acad. Sci. Paris 329, sér I (1999), 413-418.

[4] V. ApostoLov - T. DRAGHICL, The curvature and the integrability of almost-Kdhler
manifolds: a survey, e-print.

[5] P. DE BARTOLOMEIS - A. ToMASSINI, On Formality of Some Symplectic Manifolds,
Internat. Math. Res. Notices 2001, No. 24.

[6] G. GENTILI - F. PODESTA - E. VESENTINI, Lezioni di geometria differenziale, Bollati
Boringhieri, Torino 1995.

[7] P. GRrIFFITHS-J. HARRIS, Principles of Algebraic Geometry, Pure and Applied
Mathematics, Wiley-Interscience [John Wiley & Sons], New York, 1978.

[8] S. KoBavasHI - K. Nomizu, Foundations of Differential Geometry, I-11, New York,
Interscience 1969.

[9] K. KoDpAIRA - J. MorrOW, Complex Manifolds, Holt, Rinehart and Winston, New
York 1971.
[10] K. SEKIGAWA, On some Einstein almost Kihler manifolds, J. Math. Soc. Japan Vol.

39 No. 4, 1987.

Dipartimento di Matematica “L. Tonelli”,
Universita di Pisa, Via Buonarroti 2, 56127 Pisa, Italy.
E-mail: vezzoni@mail.dm.unipi.it

Pervenuta in Redazione
'8 febbraio 2005



