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On the Rate of Convergence of the Bézier-Type Operators.

GRAZYNA ANIOL

Sunto. — Per le funzioni limitate f su un intervallo I, in particolare, per le funzioni con
potenza p-sima a variazione limitata su I ¢ stimato il rango di convergenza puntuale
della. modificazione di tipo Bézier degli operatori discreti di Feller. Nel teorema
principale ¢ stato usato 1l modulo di variazione di Chanturiya.

Summary. — For bounded functions f on an interval I, in particular, for functions of
bounded p-th power variation on I there is estimated the rate of pointwise convergence
of the Bézier-type modification of the discrete Feller operators. In the main theorem
the Chanturiya modulus of variation is used.

1. — Preliminaries.

Let {X)},—; be a family of sequences of independent and identically dis-
tributed random variables with expectation EX}, = x for all k € N and finite
variance o%(x), where x is a real parameter taking values in a bounded or un-
bounded interval I C [0, 00). Consider the sum S, =X1,+Xo, +... + Xy,
and its distribution {p, ;j(x) :x € I,j € J,}. Suppose that E|f(S,./n)| < oo for
alle € I,n € N and that the weights p,, ; are continuous on I. Assume, moreover,
that J,, is of the form {0,1,...,m,} with some m,, € N and m,, < m,1 for all
neNord,=Ny:=NU{0}foralln € N.

Let M) be the class of all real-valued functions bounded on an interval
I C [0, 00). Introduce, for f € M(I), the Bézier-type discrete operators

(1) LPf () == Zf(%) Q) (),

ked,

where a > 0 and

QY), = g @) — oy (),

® Qi () := Z Puj(@) for k € J,.

J€Jn.j>k
IfJ, ={0,1,...,m,} then g, (x) = 0 for all [ > m,,.
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Recently, several authors studied some approximation properties of the
special operators (1), in which Q% are the Bézier basis functions defined by (2)
with p, (@) = (j:)xfa )" el =10,1], j€J, ={0,1,...,n} (see [2].
Zeng and Piriou [10,11] gave estimates for the rate of pointwise convergence of
these operators for functions f of bounded variation in the Jordan sense on
I =10,1]. In this paper we present an extension and generalization of their re-
sults to a general class of operators (1) with 0 < a < 1 and to the wide class of
function ' € M(I) possesing the one-sided limits f(x + ), f(x — ) at a fixed point z.
We prove that the rates of the pointwise convergence of the operators (1) in the
above case are as good as in case a > 1, which can be found in [8]. In our esti-

mates we use the so-called modulus of variation of a function g on an interval
Y =[¢,d] defined as in [3]: if k € N then

k
u(g; Y) = vlgs e, d) = sup{z lg(t:) — g(n)}

. U=

over all systems || of k non-overlapping intervals (t;, ;) contained in Y. We take
v(g;Y) = 0. k

2. — Results.

Let fe M) and let at a fixed point x € Int/ the one-sided limits
fx+),f(x —) exist. It is easy to verify that for all ¢ € I,

fO =27 +)+ A -27f@ )+ gu(®) + 27(f(@ +) — fle - )sgn”(t)
+ (f@) —27f (w +) — A =279 f (@ — )d(D),

where
f@ —fle+) ift>a, 2¢ —1 if t > x,
9 =< 0 if ¢t =x, sgng‘)(t) =<0 if t =,
fO—flx—) ift<ea -1 ift<ux

and 0,(@) := 1,0,(t) := 0 if t # x (see [11, p. 381]). Therefore
B) LOf@) —2%f@+)— A -2 f—) = LOg,@) + 42(f; )
with
AD(fr0) =27(f( +) — fl@ — )LPsgn® (@)
+(f@) =27 ( +) — (1 — 27 f @ — )LV 5,(x).
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To obtain the estimate of the term Aﬁf) (f;2) in (3) we consider only the points
x € I at which

(5) o*@) >0 and @)= |j—aPpy ;@) < oco.

Jjei

LEMMA. — Under assumptions (5) and 0 < a < 1 we have

(@) £. _ — p@)
2tf(x) 1
+en@|f@) —flw ) <\/ﬁa3(90) * V 272%0(90))

for n>mng(x), where mny(x) = (4ﬁ(90)/03(ac))2, 0<71<0.82 and ey(x)=0 if
x£k/nforallk € Jy,e,(x) =1if there exists a k' € J,, such that x = k' /n.

PrOOF. — For the sake of brevity we use the notation

7 pua@) =" pus).

ked, k>r k>r
It is easy to see (as in [11]) that

LPsgn®@) =2 Y~ Q) — 1+ €,()QY), ()

k>nae

=20 (g @) — ¢ @) — 1+ €, (@) QU (@)

k>nwe

=2 ( > pn,j@c)) —1+ e, (@) Q) (@)

J>na
and
L®5,(x) = ,() Q). ).

Hence, in view of (4),

|AD(f; )] <27 f(x+) — flae —)|

2° ( Z Pnn;’(%)) -1

J>nx

+ @) = fa = )en@) QL) (x)

‘1
=|flw+) —flx—-) ‘ ( Zm,ﬂm)) —5

J>nx

+ @) — fl@=)len@) Q) ().
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By the mean value theorem we have

‘(Zm 7(x)>

where &, ;(x) lies betweenland 3 p, j(x). In view of the Berry-Esséen theorem
[4, p. 515; 5, p. 93], J>ne

= a(, ;(90))“ !

an 7(90)

J>na

7h(x)
Vnad(x)

S pas@— \/_ feXp(_ u? /2)du| <

J—na<to@)y/n

for allm € N,t € R, where 0 < 7 < 0.82. From this it follows that

an,()

J>naw

174€9)

© \/%3(90) '

In view of (6) we have 3 p, j(x) > 1 for all n > n(x) = (4px)/d> (. Hence
(fjm(%))a_l < gl-a gnd >

() ‘ (Zmﬂ@) <

J>nx

Th(x)
~ Vnad(x)

for all n > ny(x),

since a4l¢ < 1.
Further

QY @) = g (@) — ¢ 41 @) = Ay @) P @),

where @, 111(®) < 1 (@) < g (). But, in view of (6),

1
Cnge(@) > qr1() = Z P, j() > > = for all n > ny(x).

7>k’+1
Hence
®) Q% (@) < a 417”10n.k'(90) < an,_,-(x) — Z Pu,j (@)
J<K J<k'-1
27f(x) n 1
T Vnad(®)  2mnae(x)

for all n > no(x) (see [9, the proof of Lemma 3]).
Collecting the results we get our estimate. ]
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Let us introduce the moments

,un,y(x) = Z

kedy,

y

k
% - pn,k(x)v

where n € N,y > 0.

THEOREM 1. — Let f € M(I) and let at a fixed point x € IntI the one-sided
limits f(x +),f(x — ) exist. Let a,b be two arbitrary positive numbers and let
0<a<l Then

IL9f @) — 27 @ +) — (1 — 27 f@@ - )|

<2(1+ 4% + b_z)n(ﬂn,z/a(%))a)

m—1
x ( Zjlgvj(qx; Y(ja/v/n,jb/vn)) + %”m@x? Y(a, b)>

J=1

(,un,Z/a(x))a
C2

+ 9,(a,b) 01(ge; ) + [4P(f )],

for n>max{4,no(x)}, where m=[ynl], nolx) = (4ﬁ(90)/<73(90))2, Y.(h,n) =
[x —h,e+ylnlifh>0,7>0, Sa,b) =0 if neither of the points x — a,x + b
belongs to Intl,d.(a,b) =1 otherwise, and |A§f‘)( f;%)| is estimated via our
Lemma.

PRrOOF. — First we write the term L?g, (%) of (3) in the form

O Waw- 3 u(beiw+ses ¥ ot

keA.(a,b) keD,(a,b)

where A,(a,b) = {k cdy: % e Y. (a, b)},Dx(a, b) =J, \ As(a,b) and J,(a,b) =0
if neither of the points x — a,x + b belongs to Int/,d.(a,b) = 1 otherwise. In
order to estimate the terms of the right-hand side of (9) let us observe that
Q“).(x) > 0 and

Z Q’(VILI}C(W) = (an;@@) =1.

kedy jeJn

Following the proof of Lemma 4 in [10] we have for ¢t < x, t,x € I,

D Q@) = 4 0@ = g @ =1 - ( > Pn,k(@) :

k<nt k>[nt]+1
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Note that 0 <a <land > pux(x) <1. Hence

k>[nt]+1
k/n—x
Q@< Y pue =3 pue < D
k<nt k>[nt]+1 k<nt k<nt (t - )
This means that
(10) > QU@ < ——— 11y, 2(20).
k<nt t—w

Ift > «, t,x € I we can write

D RU@ =" (g @) — gy, @)

k>mnt k>mnt

a |k/7b . x|2/a a
— (k;tpmk(x)) < (k;t |t— Z/a pmk(m) .

Hence

(11) > QU@ <

——— (ly.24(®))".
k>nt t— ) Hnef v

Coming back to the estimate of |L*g,.(x)| given by (9) let us write

k
> or(F)ane

k€A, (a,b)

k
A LTSRS S (ATTEED DD 98
Lel(-a) Lel,0)

where I,(h) =[x+ h,x]lN1if h <0, I,(h) =[x, 2+ h]NI if h > 0. Arguing si-
milarly to the proof of Lemma in [1] (see also proof of Lemma 2 in [9]) and using
inequalities (10), (11) we obtain

m—1

\ZI|< <1+ 2“%2(90)){21: : Vi (9o I (—ia/V/n)) + vmcq%, I(— a))},

m—1 1
‘ZZ’ < <l—|— ﬂnz/a(x) ){ - 2_3 gx, Zb/\/_)) zvm(gx;lx(b))}~

Further, applying the Hoélder inequality we observe that
o 2() < (2 /a(ac))a if 0<a<l.
Next using the obvious inequality

Vi(Ge; Lo( — @) + (g2 1:(0)) < 20i(9.; Yala, b)),
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> (50|
. keA,(a,b) . e
If at least one of the points x — a,« + b belongs to Int I then inequalities (10),

(11) yield
k
> 9 (—) QU @)
keD,(a,b) n

- Y e(Denw+ X a(*)ene

beg—a E>atb

we easily get the estimate for

<o1(ge; (—00,0) N D) Y QUY@) + v1(gei @, 00)N D) Y Q@)

kcw—a k> aw+b
1
< 0_2 (,un,Z/a(x))avl (gm D),

where ¢ = min{a, b}.
Now, it is enough to apply identities (3) and (9) and the proof is complete. ®

Let p > 1. Denote by BV, (I) the class of all functions of bounded p-th power
variation on the interval I. If g € BV,(Y), then for every integer k,
(12) Vilg:Y) < VPV, (g Y),
where V,(g;Y) denotes the total p-th power variation of g on Y, defined as
sup ( Z lgt:) — gz ) over all finite systems of non-overlapping intervals

(ti, t) cy.
Note that for many known operators there exist a non-negative function y,,
and a positive integer n(a) such that

(13) (ty2/0@)* < ™" forall @€ l,n>n(a).

The inequality (11), Theorem 1 and some calculation (cf. [9], the proof of
Theorem 2) lead to

THEOREM 2. - Letf € BV,(I), p > 1, and let condition (13) hold. Then for every
x € IntI at which (5) is satisfied and for every n > max{4, ny(x), n(a)} we have

ILOf (@) — 27 (@ +) — 1 —27) fl@ — )|

_ 160 + 4@ 2+ b2y, () &
— (\/—)1+1/p ;(\/l_cl 1/p

1
+ 50, Oy V(92D + |AD(f; )],

V(g2 Yola/VE,b/VE))
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where Y (h, n), no(x), I(a, b) are as in Theorem 1 and \Ag‘)( ;)| is estimated asin
the Lemma.

REMARK 1. Similar results for function f of bounded d-variation in the
Young sense on I can be obtained, too. (cf. [7, Corollary 1]).

REMARK 2. In view of the continuity of the function g, at x, the right-sides of the
mequalities given in Theorems 1 and 2 tend to 0 as n — oo (see [9, Remark 1]).

3. — Examples.

Now, we present an application of our results to some operators of the form (1).

1) Let L'f = B”f be the Bernstein-Bézier operators of f € M(I) defined by
(1) and (2), in which I =[0,1],.J,, = Ny, p,, () = (;?)xfa ey 0<a<1.

In this case ¢?(x) = (1 — ), f(x) = (1 — x)2x? — 2 + 1) and conditions (5)
hold for all « € (0, 1). In view of our Lemma,

|4 (f@+) —f@ =) + en@)|f@) — f—)))

(f:0)| < 5

T 2/ — x)
for n > ny(x), no(x) < 16/x(1 — x). As is shown in [10] (p. 337), for all > 1 there
holds the following inequality

k

(U 2/6@)" = (Z .

k=0

2/a @
pn,k(x)> <A 1 — )t

where A, is a positive constant depending only on a. This means that condition
(1) is satisfied with y,(x) = A,(x(A — 2))* and n(a) = 1.

For example, choosing @ = & and b = 1 — & in our Theorem 2 and observing
that J,(x,1 — x) = 0 we easily get

COROLLARY 1. - If f € BV),([0,1]),p > 1 and if 0 < a < 1, then
BOf@) —2 @ +) — 1 - 27 f@ )|

B n 1
= ’ Vp(9a; Y \/k', 1- \/E
T — () ,; R p(Ga; Yul/ Ve, (1 = 0)/VE))

5
+ m(‘f@c +) —f@ =)+ en@)]|fx) —flx )]

Sfor all x € (0,1),n > 16/x(1 — x), where B, is a positive constant depending
only on a.
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In case p = 1 this Corollary gives the result of Zeng [10, Theorem 1].
Also, more general result for f € M(I) can be formulated by applying
Theorem 1.

2) Next, let us consider the modification of Baskakov operators U“f given by
(1) and (2) in which p,, ;@) = (”f;ffl)xf(l +a) "I forw € I =10,00), € J, = No.
Theorems 1 and 2 apply with ¢2(x) =21+ x), fx) = Z l7 — x\ p1j(@) <
3x(1 + x)* and =0
6vVi+uw
\/_

for x > 0, n > no(x), no(x) < 144(1 4+ «)/x. In order to verify condition (13), we
will estimate the function (,un 9 /a(oc))“ Write [ = 2/a and denote by [[] the greatest
integer not exceeding [. As in [10, Lemma 6] choose the numbers p = 2[1]25% 7
P _lz[lz,r—g s=%,v=[+1

Clearly, I >2,p>1,p'>1,1/p+1/p' =1anl=r+ s. Applying the Hélder
inequality we obtain

AD(f; )] < —==(|f (@ +) — fx = )| + e, @)| f@) — fx =)

< |k 2/a «
(ﬂn,Z/a(m))a = Z n_ €x pn,k(x)
k=0
© | p @/ > |Je P’ a/p'
< (Z ’iTL —X Pn,k(@) (Z % —x ]OnJC(OC))
k=0 k=0

o + )\ o/
( n > (7’&20 nZz)(x)) )

where T 0,(x) = > (k — mc)z”pn &(x). As it is known [6, Corollary 3.7], 7', 2,(x) =
k=0

Zc, ()@ +ac))7n7 where c;,(n) denote real numbers independent of x and

j=1

bounded uniformly in %. Thus

'

o (N1 S\
Ut zjal@)" < (= anZIQ S| (1 + )Yl

/

v a/p
< e(v, @)@ + @)/ PP/ ( > @+ x»")

=

) alyl
= ¢, D)@ + )" (Z (w1 + W-) n,
J=1

a/p
where ¢(v,a) = <sup max |c;, ,)(n)|> .
neN 1<j<v
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This means that condition (13) is satisfied for all n» € N with the function

[2/al+1 A\
(14) y/a(x)zi(a)< > (x(1+x))7>,

J=1

where A(a) is a positive constant depending only on a.
Using the above estimate and choosinga = b =1 (J,(1,1) = 1) in Theorem 2,
we easily get the following

COROLLARY 2. — If f € BV,(I), where I =[0,00),p >1, and if 0 <a <1,
then for all © >0 and n > 144(1 + x)/x,
UOf @) —27f@+) — (1 -2 f@—)|
16(1 + 8y, () 1
<
(\/ﬁ)1+1/p kZ; (\/E)l—l/p
Vg D+ (S ) o]+ eI @ D,

where v, (x) is given by (14).

Vi(ge; Yo(1/VE, 1/VE)
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