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On Singer’s Algebra and Coalgebra Structures.

Luciano A. LOMONACO

Sunto. — Recentemente W. M. Singer ha introdotto le nozioni di algebra con co-
prodotti e di coalgebra con prodotti, indebolendo, in un certo senso, la nozione
di algebra di Hopf (cfr [6]). Nel presente lavoro si considerano alcune parti-
colari algebre di invarianti e si dimostra che esse costituiscono infatti ulteriori
esempt di algebre con coprodotti e di coalgebre con prodotti. St discute inoltre la
stretta relazione fra tali algebre e le strutture considerate da W. M. Singer,
fornendo, in particolare, una descrizione di queste ultime in termini di in-
variantt modulari.

Summary. — Recently W. M. Singer has introduced the notion of algebra with co-
products (and the dual notion of coalgebra with products) by somehow weak-
ening the notion of Hopf algebra (see [6]). In this paper we consider certain
algebras of invariants and show that they are, in fact, further examples of al-
gebras with coproducts and coalgebras with products. Moreover, we discuss the
close relation between such algebras and the structures considered in Singer’s
paper.

Introduction.

W. M. Singer has recently introduced two new algebraic structures: the
structure of algebra with coproducts and the dual structure of coalgebra with
products (see [6]). In that paper he deals, in particular, with two typical ex-
amples. He shows that the algebra B of Steenrod operations in the Fo-term of the
classical Adams spectral sequence is in fact an Fg-algebra with products, and
explicitly constructs its bigraded dual H, a coalgebra with products. In the
present work we consider some algebras of invariants. More precisely, for each
s > 1, we let Ps be the polynomial ring on indeterminates t,,...,¢; (of degree
one) on the field e, and write G for the general linear group GL(s, I2) and T's for
its upper triangular subgroup. There is a standard action of Gs on P, and the
element e, the product of all the nonzero elements of degree one in P, is fixed by
such action. We set

b = Ps[es_l]
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and consider the rings of invariants
Ay =@ Iy = @b
With the notation of [7] (slightly modified though), we have
A =Talv, ... 0515 T =TF2lQy), Qst, - - -, Qus1]
where, in particular, Qo = es. We further consider the graded objects
A={4|s>0}; I'={I,|s>0}

where 4y = 'y = 2 by convention and show that 4, I" and a certain subalgebra
I'~ of I' can be given a structure of coalgebra with products. Moreover we ex-
plicitely construct the dual @ of I', an example of algebra with coproducts.
Finally we discuss the relation between I', I'", @ and the structures B and H
considered by Singer. In particular we introduce a monomorphism

a:H—I'C4

which suggests that each generator ¢; of the dual of the Steenrod algebra A" is
related to a certain family of elements of I, namely {Q,jQs;, s >j}. The
geometric motivation for defining the monomorphism a will be discussed in a
future paper.

1. — Algebras with coproducts and coalgebras with products.

In order to make this paper reasonably self contained, we recall the two main
definitions of [6]. We fix Fy as ground field, and start with the definition of Is-
algebra with coproducts.

DEFINITION 1.1. — An Fa-algebra with coproducts is a bigraded algebra C
together with degree preserving maps & : C..s — Foand y, : Cos — Cos ® C., fOr
each s > 0, such that

(i) C.s1sagraded coalgebra with counit e; and coproduct y,, for each s > 0;
(i) the algebra unit n : I's — C. o is a map of coalgebras;
(i) the multiplication p: @ (Cp ® Cuq) — Cis preserves the coalgebra
structure. Pre=s

The definition of algebra with coproducts is formally dual to the above defi-
nition.

DEFINITION 1.2. — An Fa-coalgebra with products is a bigraded coalgebra IC
together with degree preserving maps n, : o — Ky s and pu, - Kis ® Kis — Ky
for each s > 0, such that
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(i) K.s1sagraded algebra with unit n, and product p, for each s > 0;
(i) the algebra counit ¢ : K. o — Vs is a map of algebras;
(ili) the comultiplicationy : K.s — ] (Kip ® K.q) preserves the algebra
structure. p+q=s

In [6] two typical examples of such structures are provided. The first one is
the algebra B of secondary Steenrod operations in the Es-term of the Adams
spectral sequence: B is generated by symbols Sq°, Sq',S¢?, . .., subject to the
classical Adem relations, but not to the relation Sq° = 1. B is bigraded by
setting |Sq¥| = (k, 1) and is an example of algebra with coproducts. In particular
we have

viS¢ = > S¢ ©Sq (with j, ¢ > 0).

=k
The second example is the algebra H. He defines, for each s > 0,
His =Fallrs, o - Cssl
with |& | = @F —1,5) for each 1 <k < s, and
H={H.|{s>0}

where H. is conventionally taken to be I*; and the unit in H, is & for each
s > 0. Singer proves that M is a coalgebra with products and that B> H, the
bigraded dual of H.

2. — Modular invariants.

In this section we recall some standard facts of modular invariant theory.
With the notation already used in the introduction, we grade each 4; by as-
signing degree 1 to the element v, ; for each j. Consequently, 4 is naturally bi-
graded. As in [2], we define a graded multiplication

WA A—A
by juxtaposition: if
I:(i17~"7ih) aJ:(j17"')jk)

are multi-indices and we let v!, v/ denote the monomials vy, € 4y, and
V) € Ay, we set

J _ AR ) i, i1 ik
v v = ' @) = Va1 - - 'vh+k,hv7h+k,h+1 = 'v]h+k,h+k € Ay -

With respect to this algebra structure, we consider the two-sided ideal (1) in 4
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and the quotient
Q=4/(Ty).

In [5] P. May considered an algebra, which we call the universal Steenrod al-
gebra and indicate by @, with generators xy, k € 7 and generalized Adem re-
lations

n—1—7 ,
Xok—1—np = Z( i ]) Xok—-1-jTkrj—n (k€ Z, n € Np)

and we have
Q=Q,

an isomorphism being induced by the map ackn—w’ffll (see [2]). In [7T] a coalgebra
structure has been considered in 4 by introducing a coproduct

vid—AR 4
induced by the maps
Wige © A= An @ Ay,

where y;, (' x v') = v @ v/, In fact, I' is a subcoalgebra of 4. More explicitely,
we have

R
Uik @uikd) = Y Qho Qs i ® Q-

Jj=0

3. — Some new examples.

Let us consider the coalgebra 4. More precisely, we consider the comulti-
plication y in 4, but not the graded multiplication x. Moreover, for each s > 0, we
let

Uyt As @ Ag— A

be the usual multiplication. In other words, if v, ... v% and 0"} ... " are in 4,
we consider the product

/fg. M1

My l1+my
vs,l

_ Ls+mg
- vs,l 8,8 .

v LUV

2 £, my Msy _ o401
(U - VS @V V) =0 IV

* s
Finally, we define ¢: 49 — Iy and, for each s > 0, 7, : 'a — 4, in the obvious

way: ¢ is the identity map and 7, is the natural embedding.

THEOREM 3.1. — With the above operations, 4 is a coalgebra with products
(over the field Fy).
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Proor. — The first two axioms of Definition 1.2 are trivially verified. As far
as Axiom (iii) is concerned, we notice that it is enough to check that for each
hk>0

Wige * Ahre—An & Ay

I e A, and v/ v € 4, with

is a map of graded algebras. If v/, v
I=C(y,....5), I'=0,....,0), J =01, Ju), I =L, Jk)
we write
T+1 =G+, in+3), J+J =G+, Je +70)
and
() = Ciryeesin, 1y Ji)s AT =@ 0, 01,30 -
In particular v =o' x v/. We have

(U(I’J) . U(I’.,J’)) (U(I+I’,J+J’))

Yik =Yk

! U
— o g

= (' &) (W @)

=Whk (’U(I’J)) Wik (’U(F’J,))

It has been observed that I is a subcoalgebra of 4. Therefore
COROLLARY 3.2. — I" is a sub-(coalgebra with products) of A.

ProoF. — An easy consequence of the above theorem and the fact that I"is a
subcoalgebra of 4. [ ]

We would like to introduce a further example of coalgebra with products. For
each s > 0, we set

F; = FZ[Q;(%QS,LQ;(%QSAM s ?Q;SQ&S*]J Q;é]
and
I ={r; {s=0}.

COROLLARY 3.3. — I~ 15 a sub-(coalgebra with products) of A and I.

PRrOOF. — Again, the only nontrivial fact to check is that the coproduct in I
restricts to a coproduct in 77~. To this extent, we observe that, for each 2,k > 0
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and for each nonnegative ¢ < h + k, we have

-1 2k -1 2k 9/ ~2
Wik (Qnieo@iski) = (@0 ® Qo)™ - Y Qo7 Qi ® Quj
0<j<i
—2 2 -1
= Z Qo Q. ® QroQr.j
0<j<i

= (Qib@n))” ©Qb@Qej e Iy @ T

0<j<i

as we wanted. [ |

Now we would like to exhibit an example of algebra with coproducts, and, at
the same time, show the connection between our examples and those introduced
in [6]. First we construct a homomorphism

a: H—A.
We set
a(&s) = Q0 Qs.j-

The map a is a bidegree preserving homomorphism (up to a sign). In fact
|&s] = @ —1,5), while |Q,§Q; ;| =1 —2/,5). Moreover, a is clearly a mono-
morphism and we have

ima=1".
Therefore I'~ can be seen as an invariant theoretic description of . Obviously,
we find examples of algebras with coproducts by looking at the bigraded dual
structures 4, I', I~ of 4, I', I’ respectively, equipped with epimorphisms onto 5,
as B has been proven to be isomorphic to the dual H of H. We want to explicitly
describe I". We already know that the algebra @ maps epimorphically onto B, as
B is isomorphic to a quotient of @ described in [3] (see also below). But @ is not
the dual of I, and there is no consistent structure of @ involving a comultipli-
cation. Instead, we consider a completion of @), as described in [4]. We set, for
each k € Z,
Jip = (@1, %%-2,...)

the two-sided ideal of @ generated by a;_1,2;_2,... Then B = @Q/Jy, an iso-
morphism w being obtained by setting w(S¢/) = [%;], the class of x; modulo Jo. We
indicate by

the epimorphism induced by the identity map @ — Q. The announced completion
is then

Q =1lim (Q/Je ).
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In [1] it has been proven that D.(Q) = I', where D, indicates the diagonal
homology functor, while in [4] the diagonal cohomology of @ has been computed
and it turns out that D*(Q) = Q. As we are working with coefficients in a field,
namely g, the cohomology of @ is the bigraded dual of the homology of Q. Hence
we have shown the following

THEOREM 3.4. — The completion Q of the algebra Q described above is iso-
morphic to the bigraded dual of I" and such isomorphism gives Q the structure of
algebra with coproducts.

We remark that, if we write y,, for the coproducts in @, the coproduct formula
for each generator x;, is given by an infinite sum:

pi) = Y a @,

JHl=k

as it is immediate to check. In particular, for £ > 0 we have

(@) = o @ &g + X1 @ &1 + - -+ + &g @ X
+ terms involving generators x; with j < 0.

and we see how this corresponds to the usual coproduct in B through w.
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