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Bollettino U. M. 1.
(8) 9-B (2006), 267-281

Holder Regularity for Solutions of Mixed Boundary Value
Problems Containing Boundary Terms.

MAUR1Z10 CHICCO - MARINA VENTURINO

Sunto. — Si dimostra la regolarita hilderiana delle soluzionti dei problemi al contorno
misti per una classe di equazioni ellittiche in forma di divergenza, con coefficienti
discontinui e non limitati, in presenza di integrali sulla frontiera del dominio.

Summary. — We prove Hélder regularity for solutions of mixed boundary value problems
for a class of divergence form elliptic equations with discontinuous and unbounded
coefficients, in the presence of boundary integrals.

1. - Introduction.

In this note we want to study the regularity, on the boundary of Q, of the
solutions of a mixed problem for a class of divergence form elliptic equations,
containing integral terms on the boundary.

In particular, given an open set Q of R”, let us consider the subspace V of
HY(Q) defined by

1) V.= {veHl(Q): v =0 on I, in the sense ole(Q)}

where I, is a closed (possibly empty) subset of 92, and consider the bilinear
form

n n
(2)  alu,v) f{ Z iUy Vg, + Z (bjuy,v + djuvy,) + cuv} dx +fg@w do
o \ig=1 i=1 r

where I" := 0Q\T,.
Let w € V be a solution of the equation

3) a(u,v):f{fov+iﬁ,vxi}dx+fhvdo— wev.
=1 I

Q
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We can note that, if the functions we consider are sufficiently regular (for ex-
ample of class C1(Q)), as well as I, then u is a solution of the following problem:

n
Lu=f,—> (), nQ,
i=1

/ n n n
(3) ZaijumiNj+ZdiNiu+gu:h+ZfiNi on [,
ij=1 ) i1

u=0 onlrl,

where N is the normal unit vector to I” (oriented towards the exterior of ) and L
the operator defined by

(4) Z Wi, + Z

ig=1

Uy, +

i

i=1

b — d; — Zaw

In a former work [5] we had supposed £ possibly unbounded and studied minimal
hypotheses on the coefficients of the bilinear form a(.,.) and known terms
fi @=0,1,2,...,7n) and h in order to obtain the boundedness of the same bilinear
form on V x V and a priori inequalities in L>(Q2) for the solutions of the
boundary value problem

5) a(u,v) + A, V)20 :f{]’(,v+2ﬁvx}dx+fhvda Yo eV,
Q

ueV.

In this note we want to study the regularity of solutions in a neighborhood of 0.
In fact, it is well known that, under suitable hypotheses on the coefficients of the
bilinear form a(.,.) and the data, a solution u € V of the equation (3) is Holder
continuous in the interior of Q: see the classical results by De Giorgi [6], later
extended by Stampacchia [17], [18], Moser [14], Ladyzhenskaya—Ural’tseva [11],
Landis [12] and others.

In particular, the regularity of the solutions of a mixed problem has been
studied for example by Fiorenza [7], Novruzov [15], Ibragimov [10], Pacella
and Tricarico [16],..., but in all the works we know there are no integral terms
on I'. In the present note we prove the Holder continuity of the solutions of
the equation (3) also on I" and on I' N I, under suitable hypotheses on the
coefficients of the bilinear form a(.,.), on the data and on the regularity of the
set I'.

In the proofs, we shall follow mainly Stampacchia [18]; therefore, for brevity,
we shall report in detail only the new parts or the differences with respect to this

paper.
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2. - Notations and hypotheses.

Let Q be an open subset of R” (with % > 3 for simplicity); since the regularity
of solutions is a local property, it is not a restriction to suppose Q bounded.

We remark that, under such hypothesis, the spaces X?(Q), X7 (), defined in
[3], both coincide with LP(Q). For the definition of the spaces H'?(£2) we refer for
example to [8], [11].

In HY(Q) := H'?(Q) we put by definition

" 1/2
2
%l L2) = {Z [t 720 }

i=1
and assume as a norm for example the quantity

lullzn @) = {lullizi) + ltall 7o}

Now let us suppose a; € L¥(Q) (i,j =1,2,...,m), S a;tit; > olt|* Vt € R"
a.e. in Q, with v a positive constant. Except for further hypotheses, we shall
suppose furthermore that b; € L"(Q), d; € L’(Q), (i =1,2,...,n), ¢ € LP/2(Q),
g € LP(I') with p > n, p:= p(n —1)/n.

If weHYQ), mecR, B is a closed subset of Q, we shall say that
u<m (u=m) on B in the sense of H'(Q) if there exists a sequence
uj € CHQ)NHYQ) (j=1,2,...) such that u; < m (u; =m) in B for any j € N
and lim; [|u — w;l| (g = 0.

Let I, be a closed (possibly empty) subset of 02, and define I" := (OQ)\I". If
T € R" and r > 0, denote by Q(%, ») the open cube with center T and edge 27:

Q@,r):={xeR": |u—-T <r@@=12,...,n)}
Furthermore let us denote

Q@ r):=2nQM,7), r@r)=rnQ,mr).

3. - Hypotheses on the boundary of Q.

In the present note we do not study the regularity of the solution on I, (the
part of 0Q where Dirichlet boundary condition is given), since this problem was
already studied e.g. by Stampacchia [18], Gariepy e Ziemer [9], Maz’'ya [13],
Chicco [2] and others. We suppose that I” is «locally Lipschitz continuous» in the
following sense.

Let Q; be an open subset of R" such that Q c Q;, I' = (9Q;) N (0R), and
therefore I'y = (OQ)\I'. It is clear that the regularity of 92; automatically im-
plies a corresponding regularity of I".
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Let us suppose that there exist two positive constants K, 7 such that, if
X € 08 and with

(6) D:={xeR": |o;—7| <7 i=1,2,...,n—1}

(7 Q@7 :={xeR": |x—7| <7, i=12,...,n}

there exists a function ¢ : D — R such that

8) (@1, Tz, . . ., Ty—1) = T,

©) {Q(%,?)HQI ={x e R":(xy,a,...,2,-1) €D, ®, < Placy,o2,...,%,-1)}
Q@, ") N0 ={x e R": (x1,22,...,2y1) €D, 2y =1, 22, ..., 2,1)}

(10) lp(x) — p@”)| < K|o' —a”| Vo', 2" € D.

Consider now the hypotheses on I'y N I". If a point & € I', N I" we suppose that it
is possible to change the variables by a Lipschitz transformation (with inverse
also Lipschitz), in such a way that both the following conditions a) and b) are
satisfied:

a) there exists a positive number 7 such that

QE, /N cC{reR": x, <0}
QEAHNT Cc{reR": x, =0}

(this is a consequence of the preceding hypothesis on I');
b) there exist a positive number 7, a number p with 1 < p < » and a positive
constant Kj such that

(11) el @ < Killtall oo )

for every p with 0 < p < 7 and every u € HY(Q(%,p)), w =0o0n I',NQT,p) in
the sense of H'(Q(Z, p)).

We can remark that, when 90Q is very regular in a neighborhood of %, as well
as the (n — 2)—dimensional manifold I, N I", we can assume (eventually after a
suitable change of variables by Lipschitz functions) that

QE.PANT,NT C{xeR": x, =xy1 =0}
QENNI,Cc{reR": x, <0, , 1 <0}

Q@ PN c{xeR": x, =0, 2,1 >0}

In this case, by proceeding as in [17] and remembering the results of [18] and
[2], it is possible to verify that property b) above is satisfied.
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4. - Preliminary results.

In the present paragraph we extend some well known results in order to
adapt them to our needs.

LEMMA 1. — There exists a positive number r,, depending only on the re-
gularity of I, such that for every T € T there exists a cube Q with center T and
edge 2r, with the following properties. If u € HY(QNQ), u =0 on d(QNQ\I
in the sense of HY(Q N Q), we have

(12) ]

2z ang < Kelluellr20nq)

where Ky is a constant depending only on n and K (where K is the Lipschitz
constant of I': see (10)) and 2* :=2n/(n — 2).

Proor. — By the results of [5], there exists a positive number 7, depending
only on I, such that if
(13) 9 :=min{1/2, 1/@Kvn —1)}
(14) Q@ 7) :={xeR": |o;—%| <o (i=1,2,....n—1), |@, —Ty| <7}
the set Qs(x,7) N Q2 is converted, by the change of variables

{yi:(xi_@)/a (i=12,...,n—-1)

(15) o o _
Yn = 27 — 2F(xy, — Ty +7)/[P(21, 22, . .., Xp—1) — Ty + 7]

into the cube

(16) Qo,7):={yeR": |y| <7 (=12 ,1n—-1),0 <y, <27}
Consider now the cube Q(«, 07). It turns out simply (see (18) in [5])
(17) R, 07 C Qs@,7) C Q,7)

If u € HY(Q(x, 7)), u = 0on (Q(x,57)\I” (in the sense of H'(Q(%, 67))), we can
extend the definition of u in Qs(®,7) N Q\Q(X, 67) by defining it equal to zero
there, in such a way that, denoting again the function so extended by u, we have
u € HY(Qs@,7) N Q) and

(18) l[%]] g (Qs@PNQ) — ll2]| g2 (QE,67)

From our hypotheses, the function % (obtained by transforming « through the
change of variables) is zero on all the faces of Q except the one corresponding to
I'NQ, ie. where y,, = 0.

Let us consider now the parallelepiped

(19) P={yeR": |ly|<7(@=12,...;n—1), |y, <27}
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in which we extend the definition of the function % by putting, for —27 < y,, < 0:
(20) 71(?117?/27---,?/n) = /&(y17y27"'7_y1l)

(that is we extend u as an «even function» with respect to the variable y,,). From
the theory of Sobolev spaces and our hypotheses it follows that the function u, as
extended by (20), belongs to H }) (P), therefore from known results it turns out

(21) 2l 2 ) < Ksllthel| 2p)
where K3 depends only » (see e.g. [8]). From (20), (21) we deduce easily that
(22) H@HLZ*(Q) < K3||71x||L2(Q)

and finally, by applying the change of variables inverse of (15), we deduce the
inequality

(23) [

2z @anne < Kelltell @m0

where, as we have seen, the constant K2 depends on # and K, Lipschitz constant
of the function which represents I" in a neighborhood of . From (23), re-
membering (18), we get the conclusion, where we choose 7,:= 07 and
Q := Q(x, o7). O

LEMMA 2. - There exists a positive number ¥ depending only on the re-
gularity of I, such that if & € T we can find a cube Q with center T and edge 27
having the following properties. If u € H**(QNQ), u =0 on A QN Q\I in the
sense of HY*(Q N Q), with 1 < s < n, we have

(24) [l v rrgy < Kalltbal 1s0ng)
where Ky is a constant depending only on s, n and K (Lipschitz constant of I':

see (10)).

PROOF. - Proceeding in a similar way to the preceding lemma, through a
Lipschitz change of variables (with an inverse Lipschitz also) we can consider only
the case in which the function % (obtained from « by the variable transformation)
is defined in the cube Q (see (16)), where % = 0 on all the faces of the cube except
(eventually) the one where y,, = 0. From (36) of [5] we deduce

(25) ||170||Lsmf1)/mfs;((3Q)m{y: Yn=0})
<{1+m-— 1)Kz}(%—S)/Zs(ﬂ—ﬂ[{;ﬁ[(l/?)HZNLHLS(Q) + ”71?/||L8(Q)]

where the constant K5 depends only on s and . Now remark that if instead of the
cube @ defined by (16) we consider the new cube

(26) Q={yeR": |y| <Fi=12....0n—-1),0<y, <2i7}
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with 4 > 1 constant, the function u, extended equal to zero in QA\Q, clearly be-
longs to H'*(Q;). Therefore we can rewrite (25) with A7 instead of 7, i.e.

L I

< {1+ (= DR EOVES A 0PN 0 ) + iy )]
from which, by letting 1 tend to infinity, we deduce
28)  lallovmsoginys ooy < (14 0= DEF" = EODKs ity |

Finally, by applying the change of variables inverse of the one we used before,
from (28) we easily arrive at the conclusion. O

THEOREM 1. — Constder the bilinear form

n

alu,v) ::f{ En: iUV + Z (b, v + djuvy,) + cm)} dx +fgm) do
I

o \lig=1 =1

in which we assume b;,d; € L"(Q) (i=1,2,...,n), c e L"3(Q), g e L"X(I).
Then there exists a positive number ¥ such that, if Q s a cube with edge 2r < 2r
and center T € T, the bilinear form al.,.) is coercitive on

Vo:={v e H(QNQ): v=00nd@QNAQ\I in the sense of H(QNQ)}

ProoF. — We must prove that there exists a positive constant Kg, depending
on the coefficients of the bilinear form a(., .), on # and on K (Lipschitz constant of
the function which represents locally I"), such that

(29) aw,v) > Kel[vlfniong Y0 € Vo

as soon as ) is chosen as explained above.

This inequality can be easily obtained remembering the hypotheses on
the coefficients and lemmata 1 and 2. In fact, let us choose the positive
number 7 so small that lemmata 1 and 2 are applicable for the cube
Q:={reR": |, -7 <7 (@=1,2,...,m)}. By taking into account also
Hoélder’s inequality we have

n

Z f bivg,v do

1=1 onQ

n

< Z 10ill Ln2ng 1V | 200 101l 22 (@)
=1

1=

(30)

n

2
<K Z 103l 2 @ng 102|220
=1
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n n
6) Y [ dwavde <3 1lmoq ol 0l wrg
1=1 QnQ i=1
- 2
<K Z il Lnang 1V 720nq)
-1
2 2
(32) f cv” dr| < HC”Lw/z(mQ)||”||L2*<mQ) < KgHC”Ln/z(szmQ)H%HLZ(mQ)
onQ

while from lemma 2 with s = 2 we have

f gv* do

e

2 2
(33) < K91l o1 rrg 1021 7200g)

From our hypotheses on the functions b;, d;, ¢, g it follows easily that there
exists a positive number 7 (depending on these coefficients) such that, even sat-
isfying the preceding choice, if 0 < < 7 and if the cube Q, with centre Z € I, has
edge 2r, we have

n n
34 K (Z 10ill @nq + D I1illr@nq + K2||C|L'l/2(QnQ)>
i=1 i=1

2
+ K9l i1 rng) < v/4

From (30), (31),..., (34), and taking into account the uniform ellipticity and lemma
1, we get the conclusion with K = v/2. d

5. = Local behavior of subsolutions.

In this paragraph we want to study how to apply to our situation the results of
[18] in order to obtain some a priori inequality for the essential supremum of
subsolutions in subsets of 2 with small measure.

LEMMA 3. — There exist two positive constants 7, Kz, depending onn, I and
the coefficients of the bilinear form al(.,.), such that what follows is true. Let
zel,uecHY(Q®P) u <0on Q@ )\,

alu,v) < f {fov+iﬁvxi}d9¢+ f hvdo
@,7) i=1 @)

ol I,

for any v € H(Q@,7)), v >0 in Q@,7), v=0 on IQE,7)\I" in the sense of
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HY(Q@, 7). Then if v is such that 0 < r <7 we have

n
1—
(35) esssupwu < Kr ||| foll pwiosnio@m) + Z 1 fill ooy + 12l @) |7 e

Q,r) i=1

Proor. — By a simple change of variables (dilation) we see that it is sufficient
to prove the result when » = 7. For this purpose we choose 7 as in the preceding
theorem in such a way that the bilinear form a(., .) is coercitive on

Vo:={ve H(Q2NQ) :v=00ndQNQN\I in the sense of H(QNQ)}
where ) is the cube with center ¥ and edge 27, that is
(36) aw,v) > Kel[v|fniong Y0 € Vo
From theorem 3 of [5], where we put m = 0, we have
(37) esssupu < Kg|[u™" || g1 gng) + Ko
QN
where we have defined ' := max (u, 0) and Kg, Ky are the constants of [5]. From
(36) with v = u* (allowable since ™ € V) we deduce
(38) e Iz onq < Ks 'atu”, u)
whence, remembering that a(u,u™) = a(u™, u™), it follows
n
39) [ Prong < Ks' [ f foutdae+ f Filu ), dee + f bt da]
QNQ i=1 onQ e
From this inequality, remembering lemmata 1 and 2 (with s = 2) we easily get
(40) [[u*lgrong < Ks ! [K2|ﬁ>||L2n/m+2>(gnQ) + Z Ifill L2ng) + K4||h||L'n1<mQ)]
i=1

From (37) and (40), remembering the results of [5] and that p > n, we reach the
conclusion in the form

(41) es;:;pu < K7 [||f0|Lw/m+p>(QmQ) + Z Hfi”Lp(QmQ) + ||h|LF(FmQ)]
i=1
where, as we have said, p := p(rn — 1) /% (see [5]) and
Q:= {%GRn: le; — ;| <7 (2=1,2,...,m)}
Now let 0 < » < 7 and define

QT ::{xeR”: |9€7j—%i|<7”(2.=1,2,...,7’&)}



276 MAURIZIO CHICCO - MARINA VENTURINO

then from (41) with a simple dilation we get

n
1—7
(42)  esssupu < Kz || foll puwsomang) + Z I fill ooy + 1Bl 7 rng) | 7 /P

2NQ, i=1

where the constant K; depends on n, I",7 and the coefficients of the bilinear
form af(.,.), but depends neither on « nor on » (as long as 0 < » < #). The precise
dependence of the constant K7 on the coefficients of a(.,.) may be easily deduced
from the results of [5]. In fact, we have already remarked that, since Q is sup-
posed bounded, it turns out X?(Q) = X/(Q) = L”(Q). O

The preceding lemma gives an evaluation of the subsolutions (and therefore
of the solutions) not positive on a part of the boundary of Q. Nevertheless,
proceeding like in [18], it is necessary also to find some local inequality in L™
without knowing the behavior of the solutions on the boundary of 2 N @ (except
the fact of being zero on I',). In other words, in similarity of theorem 5.5 of [18], it
is useful to prove the following

THEOREM 2. — There exists a positive number 7, depending on I' and the
coefficients of al., .), such that ifx € 0Q andu € H'(Qx, 7)), u = 0on 'y N Qx,7)
1s solution of the inequality

n
au,v) < f {fOUJerivxi}dij f hw do
foleikn) =1 r@m
for any v € H(Q@,7)), v> 0 in Q,7), v=0 on OQE, )\, and r <7, we

have

(43) esssupu < Kol |Ifo | an/(wmer)]?”l_"/ b
QNQ,2

_|_

n
—n/2 _
> fillerg, + llzzrag) + 7~ ||u||L2(QmQ1~)‘|T1 N
i=1

where we have defined for brevity @, := Q(, ) and Kj is a constant depending
only on n, I' and the coefficients of a(.,.).

PRrOOF. — The theorem is an extension of theorem 5.5 of [18] (and more pre-
cisely it coincides with it when I', N Q(%,7) = (022) N Q(Z, 7)). The proof also may
follow that of [18], with obvious changes; for example the preceding lemma will be
used instead of theorem 4.2 of [18]. On the other hand, theorems 5.1, 5.2, 5.3 of [18]
and their corollaries are consequences of lemma 5.2 of [18] and Sobolev and
Holder inequalities; in conclusion it will be sufficient to prove the analogous of
lemma 5.2 of [18], that is the following:
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LEMMA 4. — Let @ € 092. There exists a positive number 7, depending on I’
and the coefficients of a(, .,), such that if u € HY(QX, 7)), u > 0in Q@,7), u =0
on I'yNQ@,7) in the sense of HY(Qx,7)), and it turns out alu,v) <0 for all
v € H(Q®,7)), v =0 on 0(Q®,7))\I" in the sense of H(Q(x, 7)), v > 0 in QT,7)
and furthermore a € CL(QZ, 7)), a = 0 on J(Q@, T )\8!2 we h(we

(44) [ e <Ky [ @+ a2ndde

Q,r) Qx,r)

where Kj; is a constant depending on », I', 7 and the coefficients of a(., .).

ProoF. — This lemma also can be proved in the same way as the corresponding
lemma 5.2 of [18], by using inequalities (12), (24) instead of the usual theorems of
Sobolev. For simplicity we shall treat only the integral on I". We have (see (38)
in [5])

< Kpolg,n—1,v/1+ n— DK2@P" )

_ 2 2
< [/ low||F2oam + 1@l 720w m)]

(45) a*u? do

I'(xr)

where Kjs is a constant depending only on % and K. Therefore it is possible to
determine 7 in such a way that

(46) K olg,n —1,/1+ (n — DK22P" ) < v/16

so from (45) we deduce

f ga®u? do

I'(x,r)

2 2
< Kysllloull72067) + llowtllz2o@ 7] + (©0/8) ||0”M||L2 QG )

where K3 is a constant depending on the same quantities of Ki» and on 7. We
remark that, from our hypotheses, the function a?u is non negative and equal to
zero on J(Qx,7))\I" (in the sense of Q(x,7)); therefore it can replace v as a test
function in the inequality a(u,v) < 0. So we can proceed as in [18]; from (47) and
from similar inequalities, obtained as in [18] it is easy to arrive at the conclusion.

O

6. - Regularity of subsolutions.

In the present paragraph we briefly describe the procedure that leads to the
holderness of solutions, under suitable hypotheses on the coefficients.
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THEOREM 3. — Let Q be an open subset of R" and suppose that the hypotheses
on 0 mentioned in paragraph 3 are satisfied. Let u € V be a solution of the
equation

(48) a(u,v):f{ﬁv+iﬁvx,}dx+fhvda wev
Q i=1 r

where we suppose that the coefficients of the bilinear form al.,.) satisfy the same
hypotheses of paragraph 2, and furthermore f, € LP?(Q), f; € LP(Q)
(i=1,2,...,n), h € LP(I') withp > n, p:=pn —1)/n. Finally let % € 0Q. Then
there exist three positive constants Kiy, 7, 1 (with 1 < 1), depending on the
coefficients of al, .,) and on 0K, such that

(49)  |ul@) — uw@)| < Kuall|wll 20a@m) + 1l 50rGm)

n
-y
+ 1 follprwromo@my + Z Wfill oo @ mylle — |
f

for any x € Qx,7)

PROOF. — As in [18] the proof can be achieved through several steps:
1) by supposing temporarilyc=d; =g=h=f;=0(=0,1,2,...,n);
2) by supposing still c=d; =¢g=0(@=1,2,...,n) but letting &, f;
(t=0,1,2,...,n) to be eventually non zero;
3) considering the general case.

Let us begin by supposing c=d;=g=h=f;=00@=0,1,2,...,n). If
xel 0\7, the result is known (see for example [18]). So let us suppose z € I'. If
% € I', one can choose a number 7 > 0 such that Q(X%,7) N I" C I" and that the set
Q(x,7) N Q can be transformed in a parallelepiped P by a change of variables with a
Lipschitz function, having inverse function also Lipschitz (please note that a si-
milar operation has already been made in lemmata 1 and 2, and is possible because
of our hypotheses on I"). More precisely, let us suppose that, after the change of
variables, the point X coincide with the origin of the coordinates and it turns out

(50) QNQ={xeR": x| <7(@=12,...,n—-1), —F <, <0}

So, proceeding as in [1], we can extend the definition of the function  as an «even
function» with respect to the variable «x,, that is by putting

(B1)  wulwy, 2, ..,2,) = uly,22,...,—%y)
for |x;| <7 (1=1,2,...,m—1), 0<ux, <7}
in such a way that the function u is defined in all the cube

Q:{:}CER% |9€1|<7(1:1,277n)}
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from known properties of Sobolev spaces, we can prove that the function u,
extended as before, belongs to H'(Q) and is a solution of the equation

(52) au,v) =0  wweH\Q)

provided we extend the definition of the coefficients of the bilinear form a(., .) to
all Q in a suitable way, as in [1]. By this procedure we get the Holder continuity of
the function u, since it is a solution of the equation (52), and applying the results
(for example) of [18].

Now let us suppose € I N I',; from our hypotheses, by means of a change of
Lipschitz continuous variables and having an inverse also Lipschitz continuous,
we can suppose that & coincides with the origin of coordinates and

Qo,HNRc{xeR": x, <0}
I'nQ,7) c {x e R": x, =0}
By hypothesis, also condition b) of paragraph 2 (inequality (11)) is valid.
First of all let us extend the definition of « to all of @ N {x € R" : x, < 0} by
putting u(x) = 0ifx € QN {x € R"™: @, < 0}\Q. For our previous hypotheses it
turns out (0Q2) NQ N {x € R" : &, < 0} C I', hence it follows that the function u
extended in this way belongs to H1(Q N {x € R" : x, < 0}).

Furthermore, let us extend the definition of the function « to all of @ by
putting, as in (51),

(53)  ulwy, 2, ..., 2,) = ulry, 2, ..., —xy)
when || <7 (i=1,2,....n—-1), 0<a, <7

then the function u, extended in this way, clearly belongs to H'(Q). Let us define

also
A= {%ER”: (xl,xz,...,—xn)EQﬂQ}

Q" :=interior of (QUI'UA)NQ
So, from hypothesis b) of paragraph 2 (formula (11)), it follows:
(54) ol e @ 0p) < Ky ”uCUHLP(.Q*(o,/)))
for any p with 0 < p < 7, where we have defined
Q(0,p) == Q2" NQ(o,p)

The function u, as extended by (563), is evidently zero on (9Q") N Q(o, p) (with
0 < p < 7), and is solution, in Q*, of the equation

(55) alu,v) =0 Vo€ H:(QY)

after extending the coefficients of the bilinear form af(.,.) to Q*\Q as in [1].
Therefore, by taking into account (55) and the results of [2], [18], ... we deduce
again the Holder regularity of the solution # in o. The case c=d;=¢
=h=fi=00@=0,1,...,n)is completely proved.
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2) Now let us suppose, following again Stampacchia [18], that c=g¢
=d;=001@=1,2,...,n)but h, f; 1=0,1,2,... %) not necessarily zero. Let us
fix 7 as in 1), and consider the solution v of the boundary value problem

) a(v,qb):Qf{ﬁ;¢+§;ﬁ¢xi}dac+—[h¢do 6 e Vs

veVz
where we have defined
Vi = {¢ € H(Q@,7): ¢ =0 on (0QF,7)\I in the sense of H (Q(Z,7))}

Since the bilinear form af.,.) is coercitive on V5 (for the choice of 7, see the-
orem 1), the problem (56) has one and only one solution v. If we define
w = u — v, it clearly turns out that w is a solution of the equation

(57) alw, ) =0  Voe Vi

therefore w is Holder continuous in & according to what we have proved in
part 1). As for function v, it belongs to V7, therefore we can apply to it lemma 3,
obtaining the existence of a constant K7, depending on %, I" and on the coeffi-
cients of the bilinear form af(.,.), such that for any » with 0 < » <7 it turns out

n
(58) ll~imm < Krlllfollpwonieam + D Ifilliremm + 1llmergml ™"
i=1
From the preceding arguments we arrive at the conclusion by proceeding for
example as in [18].
3) Finally, it remains to consider the general case, when also the coefficients
g, ¢, d; (i =1,2 ... n)of the bilinear form a(.,.) may be different from zero. To
this end we can proceed once more as in [18]. Because of theorem 2, the solution %
of the equaztion (48) is essentially bounded in a neighborhood U of %, so that we
can rewrite (48) in the form

n n
(59) f { Z QiU Vg + Z biuxiv} dx
o lij=1 i=1
n n
= f (fov + Z five, — Z diuv,, — cuv) dx + f (hv — guv) do
Q i=1 i=1 o

Yo e H(QNU), v=0o0n (0Q N U\I"

Formula (59) is an equation of the same kind of (48), but the coefficients
d; (t =1,2...,n)and the functions ¢, ¢gin it are zero. Furthermore, according to
what we have already remarked, % is essentially bounded in U, in such a way that
dau € LP(U), ¢ € LP2(U), gu € LP(UNT). The situation is now the same of
case 2), so the conclusion follows. |
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