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Bollettino U. M. 1.
(8) 9-B (2006), 261-265

Holomorphic Vector Bundles on Certain
Holomorphically Convex Complex Manifolds.

ED0ARDO BALLICO (*)

Sunto. — Qui proviamo lesistenza di fibrati vettoriali olomorfi non triviali su ogni
varieta complessa 0-convessa ma non Stein e su certe classi di varietd complesse
olomorficamente convesse.

Summary. — Here we prove the existence of non-trivial holomorphic vector bundles on
every 0-convex but not Stein complex manifold and on certain classes of holomor-
phically convex complex manifolds.

1. — Introduction.

A famous theorem of Grauert states that on a complex Stein space the ho-
lomorphic and the topological classification of vector bundles are the same. In
particular every holomorphic vector bundle on a one-dimensional or a con-
tractible Stein space is holomorphically trivial. A suitable extension of Grauert’s
theorem to 0-convex complex manifolds was proved by G. Henkin and J. Leiterer
(see [6] and [4]). We just recall that a 0-convex space is a proper modification at
finitely many points of a Stein space; these objects are called 1-convex spaces in
[1]. In section 2 we will prove the following result.

THEOREM 1. — Let X be a smooth n-dimensional 0-convex complex manifold
which is not Stein. Then there exists a non-trivial holomorphic vector bundle E
on X such that rank(¥) < n.

J. Winkelmann proved that on any n-dimensional compact manifold there is a
non-trivial holomorphic vector bundle of rank at most » ([10] and [11], Th. 7.13.1).
In section 2 we will also prove the following result.

(*) The author was partially supported by MIUR and GNSAGA of INdAM (Italy).
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THEOREM 2. — Let X be a connected and holomorphically convex complex
manifold such that its Remmert reduction f : X — Z satisfies the inequalities
1 < dim(X) — dim(Z) < 2. Then either its tangent bundle TX is not holomor-
phically trivial or there is a holomorphic line bundle on X which is topologically
trivial but not holomorphically trivial. In particular there is a holomorphic
vector bundle E on X such that rank(E) < dim(X) and E is not holomorphically
trivial.

REMARK 1. — Let X be a connected 2-dimensional 0-convex manifold which is
neither Stein nor compact. We claim the existence of a holomorphic line bundle on
X which is not topologically trivial. Indeed, since X is neither Stein nor compact,
its Remmert reduction f : X — Z is a modification and there is at least one ir-
reducible compact curve C C X contracted by f. Any such curve C has C? < 0, i.e.
the normal bundle of C in X has degree C? < 0. Thus Ox(C)|C is not topologically
trivial. Thus Ox(C) is not topologically trivial.

We want to thank very much the referee. His/her remarks completely
changed the shape of this paper: the sequence of the sections, very often the
exposition, often the proofs and sometimes even the statements.

2. — Proofs of Theorems 1 and 2.

ProOF oF THEOREM 1. We may assume that X is connected. By [11] we may
assume that X is not compact, i.e. that its Remmert reduction f : X — Z is not
constant. Let A be the union of all positive-dimensional compact complex subspaces
of X. Since X is 0-convex but neither Stein nor compact, then A # X, f is a mod-
ification, f|(X\A) is an isomorphism onto Z\ f(A) and f contracts each connected
component of A to a different point of Z. If the tangent bundle 7'X is not trivial, then
we take E := TX. Hence we may assume 7X = OF". Thus Q% =~ OF". We dis-
tinguish two cases:

(i) Here we assume that each irreducible component of A has codimension
one in X, i.e. we assume that A is a Cartier divisor of X. Let H be any irreducible
component of A. If Ox(H) is not holomorphically trivial, then we are done. If
Ox(H) is holomorphically trivial, then there is a holomorphic function % on X
whose zero-locus is exactly H. Thus there is a holomorphie function v on Z which
vanishes exactly at the point f(H). Since the scheme-theoretic zero-locus of a
holomorphie function is a Cartier divisor and dim(Z) = dim(X) > 2, we obtained
a contradiction.

(ii) Here we assume the existence of an irreducible component of A with
codimension at least two in X. Since A has no isolated point, this implies n > 3.
Since X is normal, the universal property of the Remmert reduction implies that
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Z is normal. Hence the tangent sheaf TZ := (Q},)" is the unique reflexive ex-
tension to Z of the tangent bundle 7Z,,, of Z,,. Since f induces an isomorphism
between X\A and Z\ f(A), we have T(Z\ f(4)) = (’)?{lf( 1)+ Since 035" is a reflexive
extension of O\, we obtain 7Z = Oy". In particular 77 is locally free. Since
Z\ f(A) is smooth and f(A) is the union of finitely many points, Sing(Z) has co-
dimension at least n > 3 in X. Hence the local freeness of 77 implies that Z is
smooth ([5], Corollary at p. 318). Hence Q% is locally free. Thus the natural map
v f*(Q) — Q) is a map between holomorphic vector bundles with the same
rank. Hence y is an isomorphism around @ € Y if and only if det(y)(Q) # 0. Since
X\A = {Q € X : wis an isomorphism at @} and {det(y) = 0} is a Cartier divisor
of X, we obtain that A is a Cartier divisor of X, contradiction.

Proor oF THEOREM 2. If H'(X, Ox) # 0, then the exponential sequence
1) 0-Z—-0x—0y—0

implies the existence of a holomorphic line bundle on X which is topologically
trivial but not holomorphically trivial. Hence the goal is to obtain H'(X, Ox) # 0
under the assumption that 7X is holomorphically trivial. Since f is proper,
R/f.(Ox) is coherent for every j > 0. Hence the Leray spectral sequence of the
map f gives H'(X, Ox) = HY(Z, R'f.(Ox)). Since Z is Stein, to conclude it is
sufficient to prove that R'f,(Ox) # 0 (Cartan’s Theorem A). Thus it is sufficient
to show that Rf.(Ox) has positive rank at a general point P of Z. By Sard’s
Lemma the smoothness of X implies that for a sufficiently general P € Z the
fiber f~1(P) is smooth. Since f is proper, f is smooth in a neighborhood of such a
fiber f~1(P). Since f is the Remmert reduction of X, f~1(P) is connected.

(i) Here we assume dim(Z) = dim(X) — 1. Thus f~1(P) is a connected smooth
curve. Since f is smooth near f~1(P), the normal bundle of f~1(P) in X is trivial.
Since TX is trivial, we obtain that Tf~1(P) is trivial, i.e. that f~1(P) is an elliptic
curve. Thus the coherent sheaf Rf,(Ox) has rank one in a neighborhood of P and
in particular it is non-zero.

(ii) Here we assume dim(Z) = dim(X) — 2. Since f is smooth near f~1(P), the
normal bundle of f ~1(P) in X is trivial. Since TX is trivial, we obtain that Tf~1(P)
is trivial, i.e. that f~}(P) is a compact surface of the form G/I" with G a two-
dimensional simply connected complex Lie group and I a discrete cocompact
subgroup of G. If G # G', where G’ is the commutator subgroup of G, then the
Albanese torus Alb(G/I) of G/I' is non-trivial and HYG/I',Ogr) # 0.
Furthermore, the integer-valued function ' (f~1(Q), Of-1(g)) is a constant func-
tion of @ in a neighborhood of P. Hence R'f.(Ox) has rank h(G/I", Og,r) > 0
around P in this case. Now assume G = (7, i.e. assume G semi-simple. Hence the
Lie algebra of G is semi-simple. Thus the Lie algebra of G is a product of simple
Lie algebras. By the classification of all simple Lie algebras ([8],p. 74), every
simple Lie algebra has dimension at least 3. Hence dim(G) > 3, contradiction.
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REMARK 2. — Let X be a connected 3-dimensional holomorphically convex
manifold which is neither Stein nor compact. We claim the existence of a
holomorphic vector bundle £ on X such that rank(¥) < 3 and £ is not holo-
morphically trivial. Indeed, let f : X — Z be the Remmert reduction of X and
B C X the union of all positive-dimensional compact subvarieties of X. Since
X is not compact, dim(Z) > 0. The cases dim(Z) =1 and dim(Z) = 2 are just
Theorem 2. Hence we may assume dim(Z) = 3. Since X is not Stein, f(B) # 0.
If f(B) is finite, then X is 0-convex and hence we may apply Theorem 1.
Hence we may assume the existence of a one-dimensional irreducible
component of f(B). Since dim(f1(P)) > 0 for every P € f(B), we obtain the
existence of an irreducible hypersurface H of X such that H C B and f(H) is a
curve. If Ox(H) is not holomorphically trivial, then we are done. Assume that
Ox(H) is holomorphically trivial. Thus there exists a holomorphic function on
X whose zero-locus is exactly H, i.e. a holomorphic function on Z whose zero-
locus is exactly f(H). Since f(H) is a non-empty curve and dim(Z) = 3, this is
absurd.

PROPOSITION 1. — Let X be a connected 2-dimensional complex manifold
which is neither Stein nor compact. Then there is a holomorphic vector bundle E
on X such that rank(F) < 2 and E is not holomorphically trivial.

ProOF. — We may assume that every holomorphic line bundle on X is trivial.
Hence by the exponential sequence we may assume H' (X, Ox) = 0. Fix a discrete
subset 7' of X with T # (. Consider all extensions

2) 0—-0Ox—F—Ir—0

of Zp by Ox. Since T is a two-dimensional locally complete intersection in X, we
have Ext'(Zr, Ox) = Ext(Ox, Ox) = Op, Ext"(Z;, Ox) = Ext’(Ox, Ox) = Oy
and Ext'(T 7, Ox) = 0 for every 1 > 2. Since dim(X) = 2 and X is not compact, we
have H?(X,G) = 0 for every coherent analytic sheaf G on X and in particular
H?(X,Ox) = 0 ([7], p. 236, Probleme 1, or [9]). Thus the local to global spectral
sequence of the Ext-functors gives Ext'(X;Zp, Ox) = Op. In this isomorphism
the middle term, F', of an extension (2) is locally free if and only if it corresponds to
anowhere vanishing section of O7. We stress that here we just use local duality on
the two-dimensional regular local ring Ox p, i.e. essentially the adjunction for-
mula wr = (wx)|T @ det(N7 x), where N7y is the normal bundle of 7' in X. Hence
for any 7' # () we may find an extension (2) whose middle term is locally free (see
e.g. [2], pp. 9-10). Assume F' =2 (’)}?2. Hence the injective map Ox — F' in (2) is
induced by two holomorphic functions f1, f> on X such that 7 = {f; = fo = 0}. We
want to check that X is holomorphically convex; by Theorems 1 and 2 this would
be sufficient to conclude. Set D := {f; = 0}. Since T # 0, D is a non-empty
effective Cartier divisor. By construction we have Ox(— D)= Ox. Thus
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H'(X,Ox(— D)) = 0. From the exact sequence
3) 0—Ox(=D)—Ox —0Op—0

we obtain the surjectivity of the restriction map p : H*(X, Ox) — H%(D, Op). Let
R be the union of all positive-dimensional compact irreducible components of D.
Since X is connected, two-dimensional and non-compact, we have H*(X, F) =0
for every coherent analytic sheaf F on X. Hence H%(X, Ox( — D)) = 0. Hence (3)
gives (D, Op) = 0. Since T = {f; = f> = 0}, T is scheme-theoretically given by
an equation on D. Thus Op(— T) = Op. Hence h'(D, Op( — T)) = 0. From the
exact sequence

4) 0—-0p(—T)—0Op—0p—0

we obtain the surjectivity of the restriction map #: H%(D,Op) — H%T, Oy).
Hence the restriction map 5 o p : H'(X, Ox) — H(T, Oy) is surjective. Since this
is true for every discrete subset T of X, X is holomorphically convex, as wanted.

O

REFERENCES

[1] A. ANDREOTTI and H. GRAUERT, Théoremes de finitude pour la cohomologie des
espaces complexes, Bull. Soc. Math. France 90 (1962), 193-259.

[2] C. BanicA and J. LE POTIER, Sur lexistence des fibrés holomorphes sur une surface
non-algébrique, J. Reine Angew. Math. 378 (1987), 1-31.

[3] J. BINGENER, Uber formale komplexe Rdwme, Manuscripta Math. 24 (1978), 253-293.

[4] M. CoLto1u, On the Oka-Grauert principle for 1-convex manifolds, Math. Ann. 310
(1998), 561-569.

[5] H. FLENNER, Euxtendability of differential forms on mon-isolated singularities,
Invent. Math. 94 (1988), 317-326.

[6] G. HENKIN and J. LEITERER, The Oka-Grauert principle without induction over the
base dimension, Math. Ann. 311 (1998), 71-93.

[7]1 B. MALGRANGE, Faisceaux sur les variétés analytique-reélles, Bull. Soc. Math.
France 85 (1957), 231-2317.

[8] H. SAMELSON, Notes on Lie Algebras, Universitext, Springer, 1990.

[9] Y.-T. Siu, Analytic sheaf cohomology groups of dimension n of n-dimensional
complex spaces, Trans. Amer. Math. Soc. 143 (1969), 77-94.

[10] J. WINKELMANN, Every compact complex manifold admits a holomorphic vector
bundle, Revue Roum. Math. Pures et Appl. 38 (1993), 743-744.
[11] J. WINKELMANN, Complex analytic geometry of complex parallelizable manifolds,

Mémoires Soc. Math. France 72-73, 1998.

Dept. of Mathematics, University of Trento
38050 Povo (TN), Italy
E-mail address: ballico@science.unitn.it

Pervenuta in Redazione
il 25 marzo 2003 e in forma rivista il 17 aprile 2004






