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Bollettino U. M. 1.
(8) 9-B (2006), 51-67

On Simple and Stable Homogeneous Bundles.

SIMONA FAINI

Sunto. — Nell’ articolo abbiamo voluto analizzare il rapporto tra i concetti di stabilita e
semplicita per un fibrato vettoriale omogeneo su una varietd proiettiva.
11 teorema principale mostra come un fibrato omogeneo non sia destabilizzato dai
suot sottofibrati omogenei se e solo se esso ¢ il prodotto tensoriale fra un fibrato
omogeneo stabile ed una rappresentazione irriducibile.
Daremo quindi un esempio di un fibrato omogeneo, che visulta semplice, ma non
stabile.

Summary. — In this work we will analyze the relation between the stability and the
simplicity of a homogeneous vector bundle on a projective variety.
Our main theorem shows that a homogeneous bundle is not destabilized by its
homogeneous subbundles if and only if it is the tensor product of a stable homo-
geneous bundle and an irreducible representation.
Then we give an example of a homogeneous bundle, which is simple, but not stable.

1. — Introduction.

In this article we want to examine the relation between the concepts of sta-
bility and simplicity for a homogeneous vector bundle.

We start considering a homogeneous rational variety X := G/P, with G
complex simple Lie group and P a parabolic subgroup; a homogeneous vector
bundle £ on G/P will be then, as we will see later, given by a representation p of
P; thus we’ll can write £ = E, in the just specified sense.

We will define the notions of simplicity and H-stability in section 2; now we
show the results we obtained.

The first result for homogeneous bundles on X = G/P is the Ramanan the-
orem: if p is an irreducible representation of P, then E, is a stable bundle.

From this, we have that symmetric powers of TP", or symmetric powers of
universal and quotient bundle on grassmannians are stable, because for a re-
presentation p of P, we have Egn, ~ S"E,, for all m > 0.

More generally, in [9] Rohmfeld establishes the following semistability-cri-
terion for homogeneous bundles:
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Rohmfeld criterion for semistability: (1) £, is H-semistable <= () <
ur(E,) for every homogeneous subbundle F induced by a subrepresentation of p;

(2) If E, is undecomposable and uy(F) < uy(E,) for every homogeneous
subbundle I of E, induced by a subrepresentation of p, then £, is stable.

Actually Rohmfeld states his theorem in a slightly different form, which is not
suitably written: indeed, the Euler sequence provides a counterexample to the
last statement of [9].

However, the reader can easily check that what really Rohmfeld proved is the
just stated criterion.

Our first result in this work is therefore the next theorem, which is a re-
finement of the preceding criterion:

THEOREM 1. — (Main theorem) Let E be a homogeneous bundle on the
homogeneous rational variety G/P (with the preceding notations); then the two
following conditions are equivalent:

(i) For every F, subbundle of E induced by a subrepresentation of p, we have

g (F) < ug(B);

(ii) there exist an irreducible representation W of G and a stable homo-
geneous subbundle Fy of E, such that

E~W®F,.

We will see later not only the proof of this theorem, but also an application for
the next problem.

It is well known that for every vector bundle, H-stability = simplicity, but for
rank > 3 the viceversa is not true: in [5] a counterexample is constructed (the
simplest one has rk 3 on CP?).

Although the notion of homogeneity for vector bundles is a strong hypothesis,
in the end of this work we will give an example of a rk 15 homogeneous bundle on
CP? such that it is simple, but not stable: doing this, we will use the main
theorem we told before.

We finally remark that all simple homogeneous bundles on CIP? of 7k < 14 are
stable: this is the content of the conclusive tables.

2. — Notations and preliminaries.
Let X := G/P ahomogeneous rational variety, with G complex Lie group and

P its parabolic subgroup.
We will give now two definitions:
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DEFINITION 1. — Let E be a vector bundle on the homogeneous rational
variety X := G/P, of dimX = d. Fixed H € Pic(X), H ample, E is said to be H-
stable (respectively semistable) if for all subsheaves F of E, 0 # F S E, 1t holds

ug(F) < ug(E)  (respectively <),

where
_HI ey (F)
k=

18 the slope of F with respect to H.
ExampLE. - If G/P = CIPZ, we will take H = O.2(1) = O(1); then, for any
vector bundle E on CIP?, by identifying 7, ~ H2(%, 7) 3 ¢,(E), we have

c1(&)
rk(E)

W(B) = pyy(B) =
DEFINITION 2. — A wvector bundle E on a homogeneous rational variety
X = G/P is said to be simple, if
W(E @ E) =1

REMARK 1. — E is simple <= End(E) = {homotheties of E}.

In this article, we will work essentially with a particular class of vector
bundles on X: the homogeneous bundles.
To define these, we need to introduce before the following construction.

DEFINITION 3. — Let p : P—GL(r, C) a representation of P. We define the
vector bundle E, on G /P as the quotient of G x C", with respect to the equivalence
relation ~, given by

(g,v) ~ (¢',v') & there exist p € P: g =g'p and v =p(p )
REMARK 2.
Eﬂl ®Eﬂ2 = E’plepz;
E/\k(p) ~ /\kE/N
Eﬂl ®Eﬂz = Lip @pys
ESmp ~ SmEp,

E, ~(&,)".
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Now, the previous definition allows us to introduce the concept of homo-
geneity for a vector bundle:

DEFINITION 4. — A vector bundle of vk = r on G/ P, E, is homogeneous, if there
exists a representation p : P—GL(r,C) s.t. E = E,.

REMARK 3. - If E,F are homogeneous bundles on G/P, then E®F, EQF
and E* are homogeneous too.

EXAMPLE. — Ocpr(t), TCP"(t) , S"™(T'CP") are homogeneous vector bundles,
for all £ € Z, for all m € .

Now we begin by introducing some notations, which we will use in the fourth
section: there, we will construct an example of homogeneous vector bundle on
CIP?, which is simple, but not stable.

In that case we will have thus G/P = CIPZ, ie. G =SLEA3,C) and

detA™' | A Y
P.= | A € GL@2,0),(x,y) € C?

0 A

By the definition of the homogeneity of a vector bundle, we are naturally interested
in studying the indecomposable (otherwise, the induced vector bundle is decom-
posable, hence automatically not simple = not stable) representations of P.

At first, we observe that P ~ GL(2, C)x C?, where the structure of semi-
direct product on GL(2,C) x 2% is defined by, for (Axa),Bxf)e€
GL2,C)x 2,

(Axa)-(Bx p):=(A-Bx (Ba) + p),

Here “A - B” indicates the usual row-columns product and Ba := detB - a - B.
So we can find the representations of P, by combining representations of
GL(2,C) and of CZ.
Now, the irreducible representations of GL(2, C) are, for allm € Nand [ € Z,

P GL2,C) — GL(m +1,0)
A (detA) - S"™A

and thus, because of the complete reducibility of GL(2, C), if y : P—GL(r,C) =
Aut(V) is a representation of P, then

J
Ui
YeLe.oxo = @Pmi'
=1
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From all these considerations, we can deduce the following theorem ( see [10]
for more details):

THEOREM 2. — Let w : P—Aut(V) be a representation, such that
J
‘//|GL(2,C)W = G?P%n
=
Then there exist a P-invariant flag
OcVicVe...CcV,=V
such that
(1) ph, = Vi/Viiy =t griV.
Moreover, y|y,, = =: 7 induces, for 1 <r < s < j, operators
s : C2—Hom(griV, gr.V)
and, for 1 < s <r <j, operators s =0 ( x ).

Finally, w is completely reducible < n = 0.

DEFINITION 5. — (fundamental!) Let w be as in the preceding theorem. Then
(pf;“, - ,pﬁilj) 1s the type of w, and j is the index.

THEOREM 3. — Define Q = TIP*(—1). If pl, is an irreducible representation of
P, then

ME,; ~ S"TPX1 —m) ~ S"Q()

@) = p ™.

REMARK 4. — The type of a representation of P doesn’t determine uniquely the
P-invariant flag of theorem 2, in general: this depends on the fact that, when we
have three or more irreducible components of y|gre o) (& J > 3), = we can
arrange on the matrix associated to y the correspondent diagonal blocks in many
different ways (provided we still have a representation, t.e. m.s =0 for all
1 <s < r <, as we said before in (x)).

Now, we will display some results, which will help us to write the matrix-form
for a representation of P; the first is the

THEOREM 4. — (see [10]) Let w : P — Aut (V) be a representation of P, of type
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(pﬁ}“ , pﬁ?lz ); if v is indecomposable, then necessarily we have

l=4L+1, if m <mg
|mg —my| =1 and )
lo =101 +2, U me <my.

Moreover, the operator mip is uniquely determined, up to a scalar factor /. € C¥,
as follows: for (x,y) € C*
1) if my < mg, we call m = my and

m+1)-x Y
m 2y 0 )
= me(®,y) = 0 } ) = D"+
X (m+1)-y
s a (m+1) x (m + 2) matrix;
(ii) if mg < my, we call now m = mg
Y
—x Y 0
= m2(@,y) = —x . = [
0 Y
—x

s a(m+1) x (m+2) matrix.

As a consequence of this theorem, one can verify that in both previous cases it
holds

3
’u(Epf%Z) = ’u(Eﬂf}Ll) + 5

DEFINITION 6. — In theorem 4 (where v is indecomposable! ), nio 1s said a
connection-operator.

We reported this theorem, because it is the point of departure to prove the
following more general results:

PROPOSITION 1. — (see [10]) Let v be an indecomposable representation of P,
of type (pl}, . P2, .- Pl ) we call n:= min{m; | i =1,...,t} and N := maz{m; |
i=1,..,t}. Then

() for each irreducible component p', of w, with m # n,N, there exist

hke{1,..,t} st

my, =m —1 and my =m+ 1;
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(ii) for m = n, N, there exist h,k € {1,...,t} s.t.

my=n+1 and my =N — 1.

In conclusion, the proposition says that the set { m; |1 =1,...,¢ } is con-
nected.

THEOREM 5. — (see [10]) Let y be an indecomposable representation of P, of
index t. Then there exists an uniquely determained filtration

OcVicVoc..CcV,

with the following properties:
WH; =V;/Vi1 = @ngi[)%zj, where M; C {1,...,t} is such that

WH;) = ﬂ(pﬁilj) = constant (with respect to 7)

forallj e My

@) uH;) = wH;_1) +3 forallie{2,...k};

3) Wlig, i 2 induces, foreach i € {1,....k — 1}, a homogeneous not-trivial
operator of degree 1

0; : C2— Hom (H;.1, H;).

DEFINITION 7. — In the same hypothesis of theorem 5, we call we~(H7,
Hy, ..., Hy) the u-filtration of the representation y.

COROLLARY 1. — Let y be an indecomposable representation of P, with u-

0 6
0 6 0
eap = Vg2
0 0 Oy
0

Here and in the following we will intend V as in CIP? = P(V); now let 1”9V be
the irreducible representation of SL(V) corresponding to the Young diagram
with p boxes in the first row, and q boxes in the second one.

This is all what we need to know to compute the cohomology groups we said;
in fact, we have the following well known results:

PROPOSITION 2. — Let pl be the irreducible representation of P defining
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SmQ); then, if we identify p., with the homogeneous bundle it induces,

1 cl(pfn) = <;m + l> A(m+ 1);

)

@) ulpl,) = (%m + l).

THEOREM 6. — The first cohomology-groups of E; are

HO(Eplm) ~ [varl,lV;
Hl(Epin) ~ rnl_l’l+m+lv;

HXE, )~ =33y,

3. — Stability of homogeneous vector bundles.

The goal of this section is the proof of the main theorem (see Introduction):
however, we need before the Ramanan construction of «CS-subbundle» ([9]).

It allows us to verify the failure of H-stability of a homogeneous vector bundle
on its homogeneous subbundles, instead of on all its subsheaves (thus we call
«CS-subbundles» those ones which are contradicting stability).

We're going now to introduce some results, which the reader could find in [9]
in a more detailed way:

DEFINITION 8. — Let E be a not-stable homogeneous vector bundle. A coherent
subsheaf0 # F ¢ E is said to be SCS (i.e., «strong contradicting stability») in E, if
the two following conditions are fulfilled:

(i) F is H-stable and E/F is torsion-free;

(ii) for all coherent subsheaf @, with 0 # Q S E/F, we have

1 Q) < uy(F).

LEMMA 1. — Let 0 # Uy, Uz G E be two coherent subsheaves of E, with E /U,
and E/Us torsion-free. If Uy is H-stable and Uy satisfies condition (1) of the
preceding definition, then

UinUs 20  and Uy ZUs = pp(Uy) < ug(Us)
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LEMMA 2. — Let E be a vector bundle on G/P and
M :={c(F)|0#FSE, F coherent subheaf of E}
Then sup M < +oo and sup M = maxM.

PROPOSITION 3. — (Euxistence of SCS-subsheaves) Let E be a H-not stable
vector bundle; then E contains a SCS-subsheaf F.

THEOREM 7. — (Uniqueness of SCS-sheaves) Let E be a H-not stable vector
bundle on G/P, and let 0+ Uy, UsSE be two SCS-subsheaves of E, s.t.
UiNnUs #0. Then it is Uy = Us.

With the assumption that £ is not H-stable, we now define the not-empty ( by
proposition 3) set

My = {SCS — subsheaves of E, with minimal rank =: #, and maximal slope zx}.

Proposition 3 and theorem 7 say us that M contains SCS-subsheaves of E, for
which every two intersect only trivially ().
Now we call

F = @ (F;,

where I is the maximal set of indices for elements of M, which form a direct sum;
since rkE is finite and by (x), then I is finite too.

Now, if M € My — { F; | i €I }, then it is M N F # 0; in fact, if M N F =0,
then we have to add a new element for M to I, because of the maximality of I with
respect to this property ().

Moreover, the sheaf F' has maximal slope uy(F) = p; therefore F satisfies
condition (ii) of the definition of SCS-subsheaf. By lemma 1, we have M C F and
thus the subsheaf F is uniquely determined.

Finally, we have only to show the properties which characterize our F: in
particular, in the second of the following theorems we’ll see that F' is a homo-
geneous H-semistable subbundle of E. Once again, here we quote some results
from [9]:

PROPOSITION 4. — If F is defined as above and A € My, then there exists i € I
st A~ FL‘.

THEOREM 8. — If F is as above, then F is a homogeneous H-semistable vector
subbundle of E, with iy (F) > uy(E).

DEFINITION 9. — Let F be as above; we call it the CS-subbundle of E.
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From this construction of F, it follows the next

COROLLARY 2. — Let H be an ample fixed element in Pic(G/P). If E, is a H-
not stable homogeneous vector bundle on G/P, then E, contains a homogeneous
CS-subbundle; i.e., there exists a homogeneous subbundle F = @®;(F; induced
by a subrepresentation of p, s.t.

ﬂH(F) Z /,lH(E/,)7

where the F;’s are homogeneous subbundles of E,, H-stable and with the same
slope and rank.

COROLLARY 3. — (see [6]) uy(F) > uy(E,) for every F, homogeneous subbun-
dle induced by a subrepresentation of p < E, is H-semistable.

We are now ready to prove the next

THEOREM 9. — (Main theorem) Let E = E, be a homogeneous vector bundle
on G /P; the following conditions are equivalent:

(i) For every homogeneous subbundle F' given by a subrepresentation of p, we
have py(F) < uy(E);

(ii) There exist an irreducible representation W of G and a homogeneous H-
stable (= simple) bundle (not necessarily a homogeneous subbundle) Fy of E, s.t.

E=W&F,.

Proor:

((?) = (12)) We only have the two following possibilities:

(a) E is H-stable, and we have already finished, because £ = £ @ C;

(b) Otherwise ¥ is H-not stable, and therefore, by hypothesis (i) and corollary
2, it is necessarily F' = E, where F is as in the same corollary.

Now, F' = ®;c/F; and in this direct sum we can group the F;’s which result
isomorphic; thus we get

F=0,W;,®F;,

with W; vector spaces and F; pairwise not isomorphic. Now, by using the H-
semistability of F, we will prove that there is only one summand in the above
direct sum.

In fact, if there were at least two distinct F; ® W; in F, then each of these
would be a homogeneous subbundle of £ (using for this the same Rohmfeld’s
argument, with the p-invariance and the Krull-Schmidt theorem’s application
which is in [2]), of rank < 7k(&), but with uy(F; @ W;) = uy(F;) = uy(E), in op-
position to the assumption.

Hence E = F = Fy ® W, where F is one fixed of the F’s.
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The stability of Fy is directly given by corollary 2; therefore we only have to
show that W is an irreducible representation of G.

e To prove that W is a representation, we need at first to define an action of G
on W: but we can do this in a natural way, after we observed that

Hom (Fy,F) = Hom (Fo,W @ Fo) = W @ Hom (Fy,Fo) ~ W

because of the simplicity of F{.

The first term of this chain is Hom(F, F) ~ H(F; @ F), on which there is
already a natural action of G; therefore W is a representation.

e Now, by contradiction, if W wasn’t irreducible, then it would be decom-
posable, that is we would have W = Wy & Ws, with W, not-trivial subbundles.

Butsoitwerealso E =Fo@W =Fy@ W; & Fy® Ws, where the Fy @ W,’s
are both homogeneous (again by [2]) proper subbundles of E, with
ug(Fo @ W) = uy(E). Hence we found a contradiction to the hypothesis and
therefore (i) = (ii) also in the H-not stable case.

((?) < (17)) We can suppose E not H-stable, because otherwise the thesis is
obvious. Hence, let £ be not-stable.

By (ii), we have immediately the H-semistability of £; so, it suffices to show
that the only homogeneous subbundle of E, given by a subrepresentation of p,
with slope py(E) is E itself.

Hence, let £’ be another subbundle of £, induced by a subrepresentation of p,
with uy(E) = uy(E'): we can assume that rk £’ is minimal with respect to the
subbundles of E with the same properties.

Thus £’ satisfies (i) and so, just by applying the first part of the proof, we
know that £ = W' ® F|,, with F|, homogeneous and stable. Now, from the
morphism

1t WeFy—FyoW
(induced by the inclusion £’ — FE), it follows the existence of a not-zero
¢ € Hom (F}), F).

But Hom (F,Fy) is one dimensional, because both Fy and F|, are stable
bundles, with the same slope; thus ¢ itself is an isomorphism, so that

Hom (F)), Fy) ~ Hom (Fjy, F))® ~ C,

by the stability (= simplicity) of Fy; here by Hom (F{),FO)G we mean the G-in-
variant subspace.
Finally, coming back to the morphism ¢, we can say that it induces a G-in-
variant map W — W and this implies W' = W, by using the Schur’s lemma.
Thus we've got

E=FyoW =FyoW=E,

which is our thesis.
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4. — A simple homogeneous bundle, which is not-stable.

In this final section, we will discuss the key-example of a homogeneous,
simple, but not-stable vector bundle; we will construct this bundle on
G/P = CIP?, so that in this case we will have G = SL(3, C) and

det A1 x Y
P.= | A € GL@2,0),(x,y) € C?

0 A

With the notations introduced in section 2, we consider the representation y of P
of type (12,00 @ p3* @ py %, p3).

We want to write the matrix-form of this y, determined by its type: by the
results we indicated in second section, we obtain a first matrix

_pl_z L|D:|olo]
010 |0]0
A:=101|0 [p'| 0 |Ds
0100 |p? L

L 00 [0 | 0p]

Hence the matrix-form of y is (by abuse of notation)

2| L | D | 0 | LDuDs)
0 [ Q1| o 0 0
(2) y=expA=| 0 | pt| 0 D;
0 [ 0] 0 | p I

L 0| 0] 0 0 M

This matrix is important, because it allows us to investigate the not-sta-
bility of E: in fact, by corollary 2, if £ is not-stable, then it contains the CS-
subbundle, which is induced by a subrepresentation of y. So, examining all the
subrepresentation of y and calculating the slope of each of these (or better, the
slope of each bundle by these induced), we can find a destabilizing subbundle
of K.

Recalling (see [10]) that two similar matrices associated to representations of
P induce the same bundle, we are able to find a destabilizing subbundle of £,
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considering the following matrix, which is similar to w

2| De | 0 | iy | 1]
0 | st | 0 Dy |0
3) 0 0 | p2 I 0
o | o |o P 0

Lo 0 | o 0 |

and its submatrix

pfz D2 0 %DzDg
0 | pt | o Dy
4) pi= 2
0 0 N z 1,
0 0 | o P

Now, if F := E,, then

-~ 31
W) =17, > ¢ = uE)

and we conclude the not-stability of E.
Finally, we have to show the simplicity of £'; we start with the following exact
sequence, obtained out of the filtration of y:

(5) 0—F—E-—0—0

We want to compute H°(E); hence we need before some information about the
first cohomology groups of F.

Let F' and F” be the homogeneous subbundles of F, given by sub-
representations of type (p;2, py1) and (p;2, p3) respectively ( F' < (p;2,p;1) and
F"  (p;2,p%)); then we have

(6) 0—F —SF—F'—0

and now we have to compute H°, H'(F"), H, H'(F").
(a) F':

O—>pf2—>F’—>p£1—>O
=0—0—HF)—0—C—H\F')—0— H*F')—0

= H'F)=0, H(F") ~ C,H*(F") =0
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(b) F":

O—>p;2—>F”—>pg—>0

) = 00— H@E" L 33y 1 3y L gty o

By Schur’s lemma, a is = 0, or it is an isomorphism.

If a is an isomorphism, then we have y = 0 and hence f is surjective; therefore
p is an isomorphism, i.e. HO(F") ~ 33V .

Substituting this in the cohomology sequence associated to (6), we get

0—0— HF) -5 33V 5 ¢ 5 H\(F)— I3V —0

By the Schur’s lemma ¢ must be an isomorphism; hence H'(F) ~ I'*3V and
then 7 = 0: this is a contradiction, because ¢ = 0, by the same lemma.

Hence a isn’t an isomorphism, but a = 0.

This implies H'(F") = 0, because of the surjectivity of a, and thus sequence
(7) becomes

00— HF") L 33y 2 33y 4,

= 7 is an isomorphism, f = 0 and H(F") = 0.
Coming back now to the cohomology sequence of ( 6),

0—-H'F)—-0—-C—HF) -0,

we finally obtain H'(F) ~ C and H°(F) = 0.
Hence, with this results the cohomology sequence of (5) is

0 H'BE) S D o H' @\ —0

Now, since 6 # 0,0 must be an isomorphism. = v =0, = 0 and H*(E) = 0.

We will use this information later, to compute H(E @ E*).

Now we examine the bundle F < (p12, p51, p;2, p3), induced by matrix (4):
with the same method exposed before to search for the subrepresentations of y,
we can find all subbundles of F' given by sub-representations, and verify that
they all have slope < u(F):

a) Index 3: (1) Gy < (p12,p31, p;?), which is decomposable.

-3 3 _
= u(Gy) =15 < ﬁzﬂ(F)

b) Index 2: (1) Gz < (py%, py1). Then

3 3 =
wGe) = ~5 < u- 1(F);
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() G3 < (p12, p;®). Then

3 3 -

w(Gs) = — <ﬁ=ﬂ(F);
¢) Index 1: (1) G4 = Ep;z = Q( — 2). Therefore
3 3 -

,u(G4) = _é <ﬂ:ﬂ(F)§

@) Gs = Ep;z = S*Q(—2). Then
3 _
wGs) =0 < u= u(F).

This computation tells us by corollary 3 that F' is semistable. Now, just by
using the main theorem we can conclude the stability (= simplicity ) of F: by
contradiction, if F' isn’t stable, then by the main theorem in the expression
F =W ®F,, Fyis aproper homogeneous subbundle of F, because F is stable,
while F is not by assumption.

Therefore rk(F) = 14 = rkW - rk(F,) and we have only three possibilities:

1) rk(W) =2 and rk(Fy) = 7; but so

W) = u() = 2 & 7.5 (Fo) = o
Thus this possibility leads to a contradiction;
@) rk(W) =T and rk(Fy) = 2; in this case

/’t(FO):/’{(F):ﬁ@ABCI(FO)—$

and, as above, this case isn’t possible;
@3) rk(W) = 14 and rk(Fy) = 1; but

m_ 3 3
ﬂ(FO):ﬂ(F):ﬁ<=>2961(F0)_ﬂ

But this is another contradiction, and hence F' is stable.
We are now finally ready to compute H°(End (E)).
Starting from (5), and tensoring it with £*, we get

(8) 0—F @ E*—End (B)—E*—0,

Thus we need to study () F @ E* and (i) £*: )
(i) If we take the dual of (5) and afterwards we tensor by F, we obtain

0—F—E"QF —End(F)—0
and its cohomology sequence

9) 0—0—HFE)-L C-—5 C— ...
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where we used the simplicity of F/, H'(F) =0 and HY(F) ~ C. But 7 is an iso-
morphism; = ¢ = 0 and, by its injectivity, H'(F @ E*) = 0.
(ii) The dual of (5) is

(10) 0—O0O—E —F—0
Hence, to estimate_ H° HY(E*), we need some information about the first coho-
mology groups of .

With the same techniques used for H°, H*(F'), we can compute H'(F") = 0.
Finally, coming back to the cohomology sequence of (10), we have

0—C— HE)—0
= H'EH)~C.
= from (8) we see that H'(End (E)) ~ C, i.e. E is simple.
As conclusion to the article, we report some lists, in which we display the

results we obtained in all cases of homogeneous vector bundles on CIP?, of
rk < 15:

Homogeneous bundles of index 3

p-filtration Stable Simple
(oL, phLy, phi) for m > 0 yes yes
(Pl 2y, plyiys PL2) for m > 0 yes yes
0, @ phts, ph ) no, but it is semistable < no
(1P @ phity) no, but it is semistable < no

for I € Z and m € N.

Homogeneous bundles of index 4 and rank 10

u -filtration Stable | Simple
(ot ®pstipy) | yes yes
Wy ®ptpl@pd) | yes yes

(7L, b @ p3, ph) no no
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Homogeneous bundles of index 5 and rank 15

u-filtration Stable Simple
(o, pr Py @ Pyt p3) no yes
(oL, 00 @ p3t, Pk @ pY) no ?
(Pl @ pztsp1 @ P, ) no no
(1% 00 @ Pyt 18, P1) no no
(012,00 ® py" © pi ) no yes
(0§ @ py% Pt @ P8, 3) yes yes
(b ®pS @ pit, i @ ph) yes yes
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