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Bollettino U. M. 1.
(8) 9-B (2006), 183-195

Inverse Results for Generalized
Favard-Kantorovich and Favard-Durrmeyer
Operators in Weighted Function Spaces.

GRZEGORZ NOWAK

Sunto. — Consideriamo le modificaziont di tipo Kantorovich e Durrmeyer degli operatori
generalizzati di Favard e proviamo 1 teoremi tnhwerst di approssimazione per fun-
zioni f tali che wey, f€LP(R), dove 1 < p < oo e wap(x) = (1 —0—902’”)71, m € Ny.

Summary. — We consider the Kantorovich and the Durrmeyer type modifications of the
generalized Favard operators and we prove itnverse approximation theorems for func-
tions f such that wey, f € LP(R), where 1 < p < 0o and wep, (x) = (1 + xZT")’l, m € Ny.

1. - Preliminaries.

Let
Lgm(R) = {f ||w2mf||p < OO} for 1< p < oo

be the weighted function space, where
00 1/p
lgll, = ( f IQ(x)Ipdac> if 1<p < oo,

9l = essup |g(@)],
reR

and wsy,(x) = (1 + xzm)fl, m € Ngp = N U{0}. Let us introduce, formally, the
generalized Favard operators F),, for functions f: R — R:

Fof@ =" fl/mp,sle;7)  @eRmeN),

k=—00
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(x~ )—#ex _L(E_x>2
P\ 5 Y _nyn\/Z_n p 2))% n

and y = (y,),~ is a positive sequence convergent to zero (see [7]). In the case
where yfl = 6/(2n) with a positive constant 6, F,, become the known Favard
operators introduced by J. Favard [6] as discrete analogs of the singular
Weierstrass integral. Some approximation properties of the classical Favard
operators for continuous functions f on R are presented in [1], [2], and for the
generalized operators F, are given e.g. in [7], [11]. Denote by F the

Kantorovich-type modification of operators F,, defined by

where

(k+1)/

—annkxy f f (x e R,m € N),

k/n

and by f’n the generalized Durrmeyer-type modification of operators F,:

F.f —%ka%yfpwk(t (x € R,n € N),
k=—00
where f € L2m (R). Some estimates concerning the rate of pointwise convergence

of I f and Fn f can be found in [9], [10].
Let 7 be a positive integer. Define the »-th weighted modulus of smoothness
of a function f € L, (R), m € Ny, 1 <p < o0, as

(5 0)2mp = sup ||w2mA2f”p7
|i|<d

where

P

i) =3 (F) (= Vifw+ hor/2 — )

i=0

and let us introduce the Lipschitz classes

Lip ,(a;2m,p) = {f € L2m (R): r(f;0)2mp =000") as 0 — 0+},

where 0 < a <. In [8] we presented the direct theorems for the Favard-
Kantorovich and Favard-Durrmeyer operators on L) (R). Namely, under the
assumption 72 > ¢ for all n € N, with a positive absolute constant ¢, we proved
that

[wem (Fi f =P, < K, )2 (f5 7)2mp + 72 llwen f1],)
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and
||w2m(an *f)”p < K(WL, C)(Q)Z(f; Vn)2m‘p + V%L”mepr)

where K(m, ¢) denotes some positive constant depending only on m and c. In this
paper we present inverse theorems for these operators.

Throughout the paper, the symbols K(r,m,c), K;(r,m,c) (j =1,2,...) will
mean some positive constants, not necessarily the same at each occurrence,
depending only on the parameters indicated in parentheses.

2. = Preliminary results.
Let y = (y,);°, be a positive sequence and let n)2 > ¢ for all n € N, where ¢

is a positive absolute constant. As it is known [11], for v € Nyo,n € N,x € R we
have

(1)

pnk(m 7) < 154, ( ) VvV 2o)ly,,

koo‘

where A, = max{1, (2c7%)'}. A simple calculation and the known Schwarz in-
equality lead to

D e

Let us choose n € N,j € Ny and let us write

puslt:p)dt < /@) % ke ).

- (k+1)/n

J
(3) G;] =N Z pnk x5 V) <_ — 90) f f(t) dt
k=00 k/n
and
(4) njf =n ankxy<__x> fpnkty )dt
k=—00

where f € Lb (R), 1 <p <oco. Obviously G of(@)=F, f(x) and C~¥n‘o f(x)
nf(x)-

LEMMA 1. — Let y = (y,),—, be a positive sequence convergent to 0 and let
ny2 > ¢ for all n € N, where ¢ is a positive absolute constant. Then for
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J € No,f € Loy, »(R),m € Ny,1 < p < oo, we have

(5) [wom Gy £l < Km, c)\/ @ + 4m)! y3 |z £ 1],
6) oG fll, < Klm,€)\/ (2 + 4m)! y3 ez £1],-

PRrROOF. - In view of the definition (3),

(14 &™) ‘Gn; )|

00 i j (ktD/n
< D Pusle V>(1+902’”)1’%_“ (1 21+ )7 | it
f=moo k/n

xj<1 + ('MJ 1)%)

3 ~1lk
s Z Pugl@; ) (1 + 2*™) 1 ke

k=—
(e+1)/n
f (1 + &7V £(0)]dt
k/n
<"§:p (ac-y><(1+32m)k o+ xﬁz’”)
> ',k \s — -
[ n
(k+1)/n
f (1 + %) 2| F(b)|dt.
k/n

From (2), we have

2 Gy £1l, < (1 + 8203/ ] + 82/ @) + dmll ")
(k+1)/n

f: f (1 + &)Y ()| dt

f=—00 k/n

((1+32m)_|_32m m \/W}’n |w2mf||

However for p = oo, from (1) it follows that
j+2m> )

[[102 G 5 fll oo
k
< HwZWLf” Sup< Z pnk x;y) ((1 +32m> n X
Finally by the Riesz-Thorin theorem and the boundedness of the sequence (y,,)
we have (5).

+32m|2 g
n

k=—00

<15/ + 4m)! (1 + 82™) + 822" Ay |[wayn o
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In view of the definition (4)

(1 +x2m |G ]f |

o0 Lk i
<n Y purlay)(1+a™") 1’_
k=—00
r k k 2m

00 L J
< max{1;3*" 1in Z P (a0; y)‘n —x

=—00

fpnk <1+‘E—t

Applying (1) and (2), we get

2m

i
n

2m
) (1 + 2™ f ()|t

[02,Grj flly < 154 max{1; 32"}/ + 4m)1 ] (1 + 2)2™) w2 f Iy

and

200G j flloe < 154, max{1; 3% 1}\/@7 + dm)! (1 + 22™) [y £

Finally by the Riesz-Thorin theorem and the boundedness of the sequence (y,,)
we have (6).
LEMMA 2. -Let reN,0<a<r, 0<h<1l 0<6<1 f€Ly,R),
m € Ny, 1 < p < oco. If the inequality
o (f; h)Zm,p <K@©O"+h"+ (h/5)1w1(f7 5)2m,p)

1s true for certain constant K, then f € Lip, (a; 2m, p).

The proof of this Lemma is similar to that of Lemma in [3] (p. 696).

LEMMA 3. — Suppose that y = (y,),.; is a positive sequence convergent to 0
and that ny/*™ > cK(r), where r € N,» > 2, K(r) = mz}\),({ /2 Y and ¢ is posi-
ne.

tive absolute constant. Let a, =1 for even r and a, =2 for odd r. Then for
f € Loy, p(R),m € Ny,1 < p < oo, we have

(7) ez (5 )7 = (0fa) Fr 4y, Pll, < Ky, 0w £,
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for all n € N such that ny, > 2(a,)*r% and
(8) w2 (F )" = /@) Fody ), )], < Klr,m, 0wz £,

for all n € N such that ny, > r*/4.

PRrOOF. - We consider an even r. Let » = 21, with v, € N. Then

WA, f)

- o (k+r1—i+1)/n
T Z( 1) | s
k= —00 =0 (k+r1—i)/n
) (k+1)/
71
qu+12( ) (—1) ank ri(7) f f
= k/n
. (k+1)/
211 1 21 2r1
pat Y S e [ g0
— 1 —1 =
o k=—o0 k/n
) (k+1)/n
71
+n27‘1+1< > —n Z Do Jo—ry+i (a5 7) f @
k=—o00 k/n
s .y N (k+1)/
1
Z”HZ( ) "> Puein-n @)+ Pussin o) [ f
k=—00 k/n
. 5 (k+1)/n
"
|2l Z ( 1> 1" Py ) f f®
f=—o00 k/n

It is easy to see that

Pre—(r—) (@3 )+ Dot —1) (5 )

= Puilac; y)ex notfk_, G rexp(- Dt (B _n—if

= Pnk(;7)Q€XP w2 \n 2n2)2 P ny2 \n 2n%y2
)2 : 2n [k ! 2n [k !

pnkxy)Zp( 27&2)/2 ){<_rl_i(ﬁ_x>+l>+<Tl—i<%_x>+1)}

21 [1/2] l 2in2 [l 2
e F R ) B (e
zz(; ! ]Z:(; 2} (m-d¥\n

= D' 1N k & 20-2j
=puste) 3 (o) 2 () st
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Consequently, using the definition (3), we get

oo_[1/2] l92j+1-1 11—
L —1)'2% Z 2r
— n2(71+]721)y;2l(.)7' ( 1)( — 1) ( )Zl 27G7L ij( )
E : =

=1 j=0 @) — 2))! i
r—1 %% (k+1)/
+ 2n271+1 Z ( 1) Z P 90 y f f(t)dt
=0 h=—o00 k/n
) 2 (k+1)/n
241 1 1 .
Y (ﬁ>( D" P (s ) f ftdt
=0 k/n
2 [1/2] ) ( _ 1) 227+1 1 m-1 o
= I A ( 1> 1 21-2j (3
= 0 T @i — 2j)! ; i ) Ve~ ) i @)
oo /2] loj41-1 n-1
o (—1)297 27 12
p2+i-, 21(7 < )(_1)( P
lzzﬁ:ﬂjz(; n @)l — 2! ; 1 wzif @

= Snlf(x) + Sn,Zf(x)

In view of (5),

/ 2 A 4 +4m
HWZ’M/STL,Zf”p < K(m, C)HWmeHpélrl’}’Lzrll Z " 12l2l Z .7 2] 2]4]
27'1+1

Using the Stirling formula we obtain

o0 (72/2)1 [Z/Z] . .
20802, < Kalr,m, O fll,027 > 220> " (0%97) 64

l
1=2r+1 (n2y2) j=0
(87_2)27'1+1 9 (o] 87_2 l
< Ky(r,m,c)||won f|| { —5——s- + 0" —1) %
mJ Alp n2 %2171 +2 lzzzﬁ;rz ny,
Assuming (87%) /(ny,) < 1 and using the condition nﬂl” > cK(r) we get
||7/U2mSn72pr S Kg(r,m,c)mepr-
From the mean value theorem

7'171 :
2ry i a2 [0 if 0<s <,
Z( i )(_1) (r —i)" = @r)/2 if s =1

1=0
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Therefore

Sn lf(x)

2ry [1/2] 2j+1—1
1)'22%+ l 21, 20-2f v
ZZ l|n2l 2j— 271y21 (2]> Z ( 1 >(_ 1) ( ) ]Gn27f( )

l=r j=0

R ot et Ve A (r +z) 'S <2fr1) PG
n,2j

2[+2
=0 =0 (r+ DnEy =0

)27‘1 l (2/}/‘1) )
z(; yin=2l 212 — 25)!Gn,2jf(90).

It is easy to see, by the method of induction, that

[v/2] | i
0 (:7) = s ) S (-1 1 [k
10 o) = paslesy 2o — 20120 2% \n

v—21
- x) for ve N.

Therefore

Sn lf(%) =

n_ -1 V1+122]+1 =r /e Jrl -l /o
Z ( 1 ) < l) _ 1 )27‘1+2l 27Grl 2]f(x)+
i=

21—2j 2[+2’r‘1
1=0 =0 (11 + D=2y 0

+ (F f ()@

Consequently, from (9),

rn—1 n

|(F )2 () — P F A7 f ()] < Ko (r ZZ e 27,1 G, oif @) + [Su2f @)].

7=0 l=j+1 nyﬁ In

The condition ny)1+ 1> ¢K(r) and the boundedness of the sequence (y,,) lead to

’)11

|(F5, )0 @) — 0P i £ F@)] < K(r,0) Y 9, 71Gr 5 f @] + S 2.f @),
7=0

Collecting the results we obtain the estimate (7) for even r.
Now, we will prove inequality (7) for odd r. Let » = 212 + 1,7 € N. Then

W F (4, f @) =
(k+1)/n

. 2r2+1
22+ZZ Z( ? ) 1)’ (p— 2r2+1—2i)(95§3/)_pn,k+(2rg+172i)(x§V))ff(t)dt-

1=0 k=—00 k/n
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It is easy to see that

P je—2ro+1-21) (90' 7) — D je+@ry+1— 21')(90; 7)

_ 1)l+1 [(-1)/2] I biial k 2j+1 n2+1-2
= x; . AR [ _ )
p’VLk 7) Z ' FZO (27 + 1) (/n ) y%l(27/'2 + 1 o 21:)2]72#%1

Consequently
11 n'F, (4, f(x))
2rp+1 [(-1)/2] ( _ 1)l+122j+271

_ 2ry+2 22,2
Z " Z T Qi -2 — 1)

) Z (27"2 + 1>( . 1)7,(27/,2 41— 21)2l 2j— IG* 27+1f

. 1
=0
o -/ (1)Hgzie
i n2ret? n 222 __ .
l:;ﬁz ,z:; & 27+ DI —25 — 1)

2 /2 1 ; 202
'Z( e )( S D@+ 1- 202V, )
=0

= 8,1 @) + 8,/ @
A simple calculation, the Stirling formula and (5) give

”wzmS:L,Zf”p < K3(7'7 m, C)Hw2mf||p

for n € N such that (8%)/(ny,) < 1. Next, in view of (10) and the equality

2 (21 +1 i . 25-1__ |0 fo<s<re+1,

we obtain

Sy (@)
e -1 r2Ho2j+1—1—r
e I I 27”2+1 Oy 420-2j-+1
= 1) (2 1—-27)" J
ZZ i+ DU +72—2))! L - (—1)'2rp+1-2i)

. G;27+1f %) - 221~2+1 (F:Lf)(ZW‘ngl)(x).

Using (11) and the condition nyff*g/ 2 > cK(r) we have

7‘2—1
ik T * ik 1
|(F;;f)<2 2 () — (n/2)? 2+1F%Ag/§z+1f x)|< K(rs,¢) E yzf“ |G, o1 f @) +]S;, 2 f (@)].
=0 Vn

Applying (5), we get (7) for odd r. Therefore inequality (7) is proved.
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Now we will prove (8). Let » = 21,71 € N. Simple calculation and the equality
pn,k(t —(r - Z)/?’L, y) = pn,k+r171’(t§ 7), give

W (4, f @)

r—-1 oo

2r
=Py ( 1) (= 1" Pr ety —@5 7) + P05 7) fpnktyf(t)dt

=0 k=—o00

L (zﬁ> (— Dipupla:) f Pt Df (Dt

k=—o0

The estimate (8) follows now on the same way as (7).

3. = Main results.

As it is known ([5]), the weighted modulus of smoothness w,(f;¢)2mp of

f € Lb, (R), defined in Section 1, is equivalent to the weighted K-functional
KUf582mp = 0f {0 (f = ), + ¢ llwzng 39 € LA
Where LY (R) denotes the class of all functions g € L} (R) possessing derivative

1 Jocally absolutely continuous on R and such that g L (R). Then there
exists a constant M > 0, independent of f/ and ¢, such that

M_lw’r(.ﬂ t)Zm,p < K (f; tr)2m.,p < Mw,(f; t)Zm,p for t> 0.

Using this equivalence we present the following

THEOREM. Let r € N,»r > 2,a € (0;7) and let y = (y,),.; be a positive null

sequence complying with the following inequality nyf/ 2> cK(r ), forallm € N

with some ¢ > 0, where K(r) max{y’/2 1} Letf e Ly, (R),m € Ny,1 <p < oo

and let n € N be such that ny, > 2(a?)r%, where a, =2 for odd r, a, =1 for
even r. Then, the rate of approximation

(12) wom (Ey f =D, = O0G5)  or  ||wsn( F.f - =P, =007)

implies f € Lip, (a;2m, p).
PrOOF. — Ttis easy toseethatfor0 < 2 <land0<d <1

ol < 32 (7)sa (o + (5 - ) | <2 maxte 1+ 2 23,
=0
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and
52 9/2

w2mff Flotsi+---+s8)dsi---ds,|| < (1-+max{1;22" 1 3r2) 6" ||y f 1],
—3/2 —o/2

P
Applying these inequalites and (12), we get
l[wemdy flp < lwomdy F f = Pl + l1wem B F5. £ 1],

< 2" max{2; 1 + 72" )2} | wep (F?: f =P,

h/2 h/2
+ |[ w2 f e f (F: )" (0 481+ +s)dsy - - ds,
—hj2 —h/2 »
< K(r,m)ys + Ky (r, m)l" | w (F, £) 7],
Let n € N and let g, be a function of class L%(R) for which
Using (10), we have
ez 5 )7,
[r/2] , rgi (k+D/n
w2mz (r—2 2@ Tl yzy 217@ Z W ACH (_—O) f ftdt
k=— k/n »
In view of (5),
) [r/2] ! 1
||’M)2m(an) ”p < ;( —2)! (21)” —2i meGn,T—%
= P
[r/2]
< 7"![7"/2] Z m ||w2mG7*¢,’,~727j||p < K3(7"7ma C)V;T‘w%zf'p-
i=0 /n

Next, in view of (7) and the above inequality,
1w Fy £) 7], < Mo P (f — gn>“‘>||p + [z (/@) Fy (A, g))]],
+ ||w2m( ann TL/CL»,- TF* (Aa /ngn ||p

S Kg(’l", mv C)%;Tszm(f - g’i’b)”p + K('I", ’}’}’L)”’M)sz;gg)”p
+ K(r,m, o)|[wen(f — g, + Kr,m, ¢)|[wem f1],-
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Using (5) for j = 0, we have
02 (3 )71,y < Kalr,m, 007, (w2 (f = gadll, + 7 02y |, + 7% 02 f1],)
< Ks(r,m, ¢)y," (Ko (f5 9 2mp + Vpllwen f1,)
< Ke(r,m, ¢)y, " (@ (f5 p)zmp + 7 l[wam f1])-
Consequently

[womd [, < K(r,m)y;, + Ki(r,m, Ry, (@ (f57,)2mp + vpllwem f1],)

< K7(7. m, C) Vn h/yn w?“(fv yn 2m.p + Vn)

Applying Lemma 2, we can prove the Theorem for F7; f.

On the same way we can prove the Theorem for F, f, using (6) and (8).
From this Theorem and [8], we have

COROLLARY. Lety = (y,);°; be a positive null sequence satisfying ny> > ¢ for
all n € N with some ¢ >0, f € LY (R),m € No,1 < p < oc. Then, for n € N
such that wy, > 8 and o € (0;2) the following assertions are equivalent:

@) s FLf =P, =068 or wsn(Fuf =, =005
b) f € Lip, (a;2m, p).
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