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Some Results in Lagrangian Mechanics.

EMANUELE FIORANI (¥)

Sunto. — Associamo ad un’equazione dinamica & tre differenti connessiont e quindi
consideriamo 1l significato dell’ annullarsi della loro curvatura. Alcune peculiarita
del caso di equazione dinamica autonoma polinomiale nelle velocita g vengono evi-
denziate. Finalmente, usando le cosiddette condizioni di Helmholtz, indaghiamo
un particolare esempio.

Summary. — We associate to a dynamic equation & three different connections and then
we consider the meaning of the vanishing of their curvatures. Some peculiarities of
the case of autonomous dynamic equation polynomial in the velocities q are poin-
ted out. Finally, using the so-called Helmholtz conditions, we investigate a particu-
lar example.

1. - Dynamic equations and associated connections.

In this work M will denote a C® connected and noncompact manifold of di-
mension 7 + 1, where » = 1. M will play the role of space-time manifold, and is
assumed to be stratified over R, i.e. M is equipped with a global time

1) t:M—R,

with dt # 0 everywhere on M; a standard reference is [8]. Thus M is a fibred
manifold over R, but not necessarily a bundle. The slices of constant ¢ are clo-
sed and regular hypersurfaces of M, called space slices.

The fibred structure of M leads naturally to the use of the jet prolonga-
tions of M as spaces involved in the Lagrangian formalism; for more details

(*) Comunicazione presentata a Milano in occasione del XVII Congresso
U.M.L
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see [1, 2, 3]. At the second order the framework is

JEPM (' d, )

!
JIM (4% q)
@ | a9
M (tqY)
|t
R ).

DEFINITION 1. — A dynamic equation is a section of the bundle J*M —
JIM, ie.

®3) E:J'M—TPM,  {oE=¢E,

where E" is a local function on J*M.
A solution of the dynamic equation & is a section ¢ : [CR—M of (1) such
that

(4) goé:.é.

Of course, & describes a mechanical system whose motions satisfy (4).

The following proposition allows one to associate a certain connection I to
a dynamic equation & and establishes the link between geodesics of I and sol-
utions of &; for the proof see [7].

ProposITION 1. — Let & be a dynamic equation. Then
1 3&" .
®) ri=~% r=gorig
2 5 i

define a conmection I' on the bundle J*M— M.
Conversely, a connection I' on J'M—M is associated to a dynamical
equation & according to (4) if and only if the following identity holds

ort aort
6) ==+ L.

aq 3¢t
In this case we obtain & by setting
) Er=r§+rIiq.

Geodesics of I' are exactly solutions of &.
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REMARK 1. — It is important to note that (6) has an intrinsic meaning; in es-
sence it is related to the vanishing of a kind of torsion. Indeed, from (6) it follo-
ws the symmetry property

or’ or
®) ! d

o oy

A connection I" satisfying condition (6) is called symmetric. Thus, symmetric
connections are in bijection with dynamical equations according to (5) and (7).

Given a dynamie equation &, in the following four steps we are going to de-
fine a linear connection V on the pull-back vector bundle

9 JIMIETMQJIM.

This connection was first introduced in [6] in a rather different way; as we
shall see, the vanishing its curvature characterizes a certain property of &.

Step 1. Consider the vertical endomorphism v on 7J' M

v|ysly
—

VI'M VI'M

l l

TI'M —2> TJ'M

) .. 0 o) ) 2
(10) v(—)=—q’f, 1)( i):_" v — =0.

Notice that v2=0. Let & be a dynamic equation and let I be its associated
connection (5) on J*M — M. It is possible to introduce the vertical connection
VI of I': given the composite bundle

(11) VyJ'M—J'M—M,

VT is the connection on (11) whose coordinate expression is

oart ..
(12) vr=|ri, 9 Ld ).
a¢

Note that VI projects over I.
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Step 2. Since J' M — M is affine, from VI" we get the following linear con-
nection T on Vy,J'M—J'M

- 0 — 0 = 0
(18) Vs _— = = )fj—, V_

; =0.
Eald 3" i A7

Thus the corresponding parameters are

h .
(14) r=T o,

. Y

oq

where the dot means that the first subscript ¢ refers to vertical fields.
VI turns out to be the so-called composite connection of I' on the affine
bundle J'M — M with T on the vector bundle Vy,J'M—J'M.

Step 3. Now consider the splitting associated to I" of TJ'M

TJ'M=HJ'M ® Vy,J'M
JM

) .2 o) 0
(15) —l:hz—rﬁ ~ S =
aq aqz aqz aq1
5:h0+q1hL

Using & and the vertical endomorphism v (10), we get the further split-
ting

HI'M=R&V,J'M,
J'M

(16) (& h) = (s, > )
aq

Taking the trivial connection on the line bundle J!M x R—J'M, the linear
connection V (13) induces on the horizontal subbundle

anm HI'M—J'M

the following linear connection V

(18) ﬁihlz_ﬁlh/lm VLGZVahzﬁsé::O.
2 2
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In essence, V is a natural extension of V (13) to HJ'M —J' M. However,
since
k
_ or’
3§

T

we have lost information with respect to the original connection I". We can re-
cover this information by adding to V the canonical soldering form associated
to the vertical projection of the splitting (15), i.e.

19) (dq' — I dg*) @dt Q.
The resulting linear connection V on HJ'M—J'M reads

20) Vo hy=—-Thhy,, Vaoh=0, Vs E&=-Tih, VsE=h.

g% 3t ag* a5t

Step 4. Finally, consider the isomorphism

HJ1M<—>J1M1>éTM

)
21 hy<> —
21) Qe
and note that we have
a .. 0
22 <> = — 4+ —.
(22) 3 pri 30"

Thus the connection V (using the same symbol) on (9) induced by this iso-
morphism reads

0 —, 0
@23 V., .Z—Fﬁ'—hy Vs
7 9q Jq ad?

) = 0
_:—(rﬁ—q]l_gf)—’ Vs :0
ot 9" — 9q*

oq

REMARK 2. — From the identity T}; = I'f — ¢ T; we see that the following
symmetry property holds:

aqt aqM J aql

REMARK 3. — Note that V restricts to a linear connection V on the
subbundle

(25) JIMEVM—>J1M
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of J1M1>‘} TM—J'M given by

-, 9 = )
:_I—illj_h, Vo — =03
aq st aq7

0
(26) vV, —
ag* aq]

recalling that Vy, J'M =J'M X VM, we see that the connections (13) and (26)

coincide (indeed, we have used the same symbol).
Let us summarize the main objects we have obtained up to now, starting
with the original connection I" and its associated vertical connection VI

® [ defined in (5) on the affine bundle J'M— M,

® V defined in (23) on the pull-back vector bundle J!M x T™ —J'M
and

® its restriction V defined on (26) on the subbundle J!M EVM —
JIM.

REMARK 4. — In particular, consider the case in which & is quadratic in ¢’,
for which

@27 r'=Khly+Kpy, Tti=Kiq +Ky, Ki=Kj.

Then I' is the restriction of a linear connection K on M compatible with ¢,
ie.

(28) K)=0.

It is clear from (23) that in this case V is merely the pull-back of K and V is the
pull-back of the restriction of K to VM —M.
2. — Vanishing of curvature.

The curvature R of the connection I" (5) is the map

1 e 2
R= ER{;dx’l/\dx"@F:JlM—>/\T*M®VM,
qY/

where

h L h
(29) R}, = oy _ or + Ik o —rk ors
gt ag" 3¢ " 8¢
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In particular we have

or  grt or’ or'’
‘ aq aq
ort art or: or®
Rly= — —— +It—=—rf—.
aq dq ) ('Ik 9 qk

The curvature o of the linear connection V (23) is the map

2
0:J'M—>NA\NT*J'MQRT*MQVM ,

with
ayh 8yh
oo Ho Aa E b .k .k
Qdua = W aqﬂ +yla7/,uk )/ﬂay/lka
. oyt
Q/}lb’ia: - ./L‘ ’
¢
=0
and
or’ ory ..
=l =n- Ty
3§ By

In particular, we have

) 9y ZO _ dy %0

. kb ok ok

Ou0 = 3" 3" T VY k= Y0 ik
i _ 3k ko h ko, h

Qﬁm’= W - 8q"1 TVUaVue =~ ViV k=
I 2 i

- aRf” + 1k afr’; —-rk 8'” .
aq 3¢' 3¢k 3¢'agk

LEMMA 1. — We have the following relations between the two curvatures R
and o:

(30) Rﬁt = Q%,u() + Qﬁqul’

(31) 0o+ 04aq' = 0.
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REMARK 5. — Suppose that g = 0. Then

. aZFh
Qf{l]:_ - /1'209
3§ 9

i.e. I'is affine in ¢’ and (27) holds. Thus

Ve =Kl
are local functions on M. Note that
(32) Ol =0,
which follows from the identity (31). Moreover, from (30) we get
(33) R}, = 0l
In conclusion:
® if o =0 the connection I" is affine and we have

1 , ) 2
R=90=—olyde* Ndz"®@ —: M—> ANT*MQVM ;
2" dq"

® of course, o = 0 implies ¢ = 0 and hence R = 0 because I is affine. No-
te that this fact also follows directly from (30);

® the converse is not true: B = 0 does not implies ¢ = 0, of course when
I' is not affine; see Proposition 5.

The following propositions and remarks clarify the meaning of the curvatu-

res ¢ and g.

PROPOSITION 2. — Let I' be a connection on J* M — M with ¢ = 0. Then I is
affine and there exists an atlas of charts (t, q*) on M such that

(34) Kli=K}=0,
where K is the connection tntroduced in (27), (28).
REMARK 6. — In charts (¢, ¢') in which (34) holds, we can take t as

the standard coordinate on R. In these charts, only the following components
of the curvature o do not vanish:

0Ky
aqt

(35) olo=—00n=
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Note that the dynamic equation & reads simply
(36) E" =K,

i.e. & does not depend on ¢'.

Conversely, if there exists an atlas of charts (¢, ¢%) in which the dynamic
equation & reads as in (36), then K} =0 and g = 0; note that such a £ is neces-
sarily quadratic in ¢'.

PROPOSITION 3. — Let I be a connection on J* M — M with 0 = 0. Then I is
affine and there exists an atlas of charts (t, q') on M such that

(37) Kl =K} =0,
where K is the connection tntroduced in (27), (28).

REMARK 7. — In these new charts the dynamic equation & reads as a free
motion equation

(38) Eh=0.

Conversely, if there exists an atlas of charts (¢, ¢%) in which the dynamic
equation & reads as in (38), then K,{L =0 and o = 0; note that such a & is neces-
sarily quadratic in ¢'.

Consider M = R x R coordinated by (¢, q). Consider also the following au-
tonomous dynamic equation written formally

(39) Eq, =2 a,(@q", q,qeR.

n=0
Note that in this case we only have
1 0&
3q

(40) I'= ,  Ty=£&-17.

o |

From (29) we see that the curvature R of I reduces to

or or or
(41) R=a—°+l“—°—1“0—.

q g 9q

The following proposition partially clarify the meaning of the curvature E.
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PROPOSITION 4. — Suppose that & as in (39) is polynomial in q, i.e. there is
N =0 such that
a,=0 ifn=N+1
and that its curvature R vanishes identically.

Then & is mecessarily quadratic in ¢, i.e. N =2,

&q, 9 = ap(@) + a,(q) ¢ +ax(q) ¢,
with

q q u
1
ay(q) = eXp[ faz(u) du]- [ao(qo) - ZaffeXp l - faz(v) dv] du] ,

9 do q0
a,(q) = a; arbitrary constant,

as(q) = arbitrary.

REMARK 8. — Consider the following quadratic dynamic equation:

(42) &g, 9 =—¢

For this £ we have R =0 and ¢ = 0. In the following proposition, by adding to
(42) a perturbative term, we produce a (nonpolynomial) example of & with R =
0 but o #0.

PropoSITION 5. — The dynamic equation

. . 2n —5)!! .
@) g = - e D E : 2 g -
n=3 n.
6 2 2 3
_o 2 . _ 20 5\
=2q¢+ e q+ ey 8ze4q(1+286 B

verifies R = 0 but, obviously, o # 0 since it is not quadratic in q because of the
last term in (43).
3. — The role of the metric and Helmholtz conditions.

Let & be a dynamic equation and let I" be its associated connection on
J'M— M as given in (5). For our purposes it is convenient to introduce the
nonholonomic basis of 7J'M

(44) ‘S) hi’
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and the dual basis of T*J'M

(45) e, 0, I

where

0 ] .
hy=— +17} yo E=hy+ 4 hy,
dq j

aq"

Ol=dq'—q¢'dt, T'=dq —TIidq".
Using (45) the curvature R (29) of I reads
)
R=R"®@ —
aq"
where

A 1. y
R"=RI'O'Ndt+ =REO'ANG, Rl!=Rb+{§RL
2 7 L)

The two following projections over J!'M will play a role

(46) 6, I':TJ'M—VyJ'M
9 S

=00 —, I=I'®—.

3¢ 3¢’

REMARK 9. — Let g be a metric on the vertical bundle Vy;J' M —J!' M, that is

9=9;49 AT,  g;=9;,

where g;; are local functions over J'M. Recall that Vy,J'M =J'M X VM.
Then we define the following 2-form w over J'M

47 o(u, v) =g(lu, 6v) — g(lv, Ou),

where u and v are vector fields over J!' M. Its local expression looks particu-
larly simple using the nonholonomic basis (45):

w=g;T"N6".

It is easily seen that w is of maximal rank 2n. The main facts about this w

are collected in the two following propositions; similar results appear in
[4,5,9].
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PROPOSITION 6. — It can be shown that the closure condition dw = 0 is equi-
valent to the so-called Helmholtz conditions

dg;  au,
) o
¢~ ¢
(49) Egi+onll+gull=0,
(50) gihth = gthih-

ProposSITION 7. — The two following facts are equivalent
(i) dw =0;
(ii) there exists a sheaf of local Lagrangians £ for the dynamic equa-
tion E&.
REMARK 10. — The dynamic equation &(q, §) = — ¢* (42) verifies Helmholtz
conditions with metric g(q, §) =e??; a possible Lagrangian is L(q, ) =
leszqz. We want to investigate whether the dynamic equation given in (43)

2
verifies Helmholtz conditions and, if so, we want to find a Lagrangian for it.

Note that the only condition to be checked in this case is (49), which redu-
ces to

(51) i]—+§a—‘?+ga—§=0.

% 8¢ 3

We look for a solution g of the form

9(q, q) = Z bn(q) ('In’

n=0

where the functions b, have the form

bn(q) :ﬁn87262(7z+1)q’ nz0.

PRrROPOSITION 8. — The metric

2n +1)!
(52) o, = o2 2 (—1y Ee DL

P 2 ) (ee21q)" =

3
=e®(1+2ee%q) =
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verifies Helmholtz condition (51). A possible Lagrangian 1is

1
. 1 . - , .
(53) L(q, (]) — EequZ_ 23 2 en—ZeZq(nfl)(z q)n —
n=

n

—2q 1 A

=L [1-a+zeergz]+ L.
& e
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