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Bollettino U. M. 1.
(8) 8-B (2005), 505-517

On Lattice Properties of S-Permutably Embedded Subgroups
of Finite Soluble Groups.

L. M. EZQUERRO - M. GOMEZ-FERNANDEZ - X. SOLER-ESCRIVA

Sunto. — In questo lavoro proviamo i sequenti risultati. Sia & un insieme di numeri

primi e G un n-gruppo risolubile. Consideriamo U,V < G e H € Hall,(G) tali che
HNVeHall,(V)el#HNU € Hall,(U). Supponiamo anche che HNU sia un -
sottogruppo di Hall di un sottogruppo S-permutabile di G. Allora HNUNV
e Hall,(UNV)e (HNU,HNV) € Hall,((U, V)).
Oltre a cio, l'insieme di tutti © sottogruppi S-permutabilmente immersi di un gruppo
risolubile G in cui un dato sistema di Hall X si riduce e un sottoreticolo del reticolo di
tutti i sottogruppi X-permutabili di G. St verifica anche che due qualsiasi sottogruppi
di questo reticolo di ordint primi fra loro permutano.

Summary. — In this paper we prove the following results. Let 7 be a set of prime numbers

and G a finite n-soluble group. Consider U,V < G and H € Hall,(G) such that
HNV e Hall,(V) and 1 # HNU € Hall,(U). Suppose also HNU is a Hall n-sub-
group of some S-permutable subgroup of G. Then HNU NV € Hall,(UNV) and
(HNU,HNV) e Hall,((U,V)).
Therefore, the set of all S-permutably embedded subgroups of a soluble group G into
which a given Hall system X reduces is a sublattice of the lattice of all X-permutable
subgroups of G. Moreover any two subgroups of this sublattice of coprime orders
permute.

Introduction and statement of results.

All groups considered are finite.
In the last years, many papers have been interested in finding out some
sufficient conditions to obtain affirmative answers of these questions

QUESTIONS. — Let 7 be a set of prime numbers. Suppose that H is a Hall 7-
subgroup of a n-soluble group G, and U and V are two subgroups of G such that
H contains Hall n-subgroups of U and V.

i) Does H contain a Hall n-subgroup of U NV 2
ii) Does H contain a Hall n-subgroup of (U,V)?
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It is well-known that if U and V permute, i. e. if UV is a subgroup of G, then
the answer to both questions is affirmative (see [8; 1,4 Th. 22(b) and Exercise 5]).
However, in general the answer is negative in both cases (see [7; Beispiel 1]). In
most papers (see [7], [3], [2] and [5]) we observe that some embedding properties
like normal embedding or permutable embedding of U and V in G play an im-
portant role to ensure positive answers to our questions.

On the other hand, S-permutable (or S-quasinormal) subgroups of a
group, or subgroups which permute with every Sylow subgroup of the group
were introduced by Kegel in [12] and have been analyzed quite extensively by
some authors (see [6] and [13]). S-permutable subgroups form a sublattice of
the lattice of subnormal subgroups ([12; Satz 2]). Moreover the quotient group
of an S-permutable subgroup over its core in the group is a nilpotent group (see
[6; Th. 1]) and [13; Prop. A]).

Our main interest here is to prove the following.

THEOREM A. — Let n be a set of prime numbers and G a n-soluble group.
Suppose that U is a subgroup of G such that every Hall n-subgroup of U is a
Hall n-subgroup of some subnormal subgroup of G. Assume that V is a subgroup
of G and H is a Hall n-subgroup of G such that HN U € Hall,(U) and
HnNV e Hall,(V).

Then HNU NV € Hall (UNYV).

THEOREM B. — Let 7 be a set of prime numbers and G a n-soluble group.
Suppose that U is a subgroup of G whose Hall n-subgroups are non-trivial and
such that every Hall n-subgroup of U is a Hall n-subgroup of some S-permutable
subgroup of G. Assume that V is a subgroup of G and H is a Hall n-subgroup of
G such that 1 # HN U € Hall,(U) and HNV € Hall, (V).

Then (HNU,HNV) € Hall,((U,V)).

Theorem A improves the main result of [7] and Theorem 5 of [2]. Theorem 5 of
[5] is improved by Theorem B.

Observe that the hypotheses in Theorem B are stronger than in Theorem A.
We will see some examples after the proof of Theorem B to show that these extra
conditions are necessary.

Motivated by these satisfactory results, we focus our attention to subgroups
whose Sylow subgroups are also Sylow subgroups of some S-permutable sub-
groups.

DEFINITION. (See [4]). — Let G be a group. A subgroup V of a group G is said
to be an S-permutably embedded subgroup, or an S-quasinormally embedded
subgroup, of G if for each prime p dividing the order of V, a Sylow p-subgroup of
V is also a Sylow p-subgroup of some S-permutable subgroup of G.
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Normally embedded subgroups and permutably embedded subgroups (see
[2]) are trivial examples of S-permutably embedded subgroups. Notice that any
non-normal subgroup of a p-group is an example of a non-pronormal S-permu-
tably embedded subgroup. In [1] and [4], it becomes clear the influence in the
structure of the group of the fact that some relevant subgroups are S-permutably
embedded in the whole group.

Recall that if G is soluble and X is a Hall system of G, then the set of all
subgroups U of G such that U permutes with all members of X, i. e. the set P(X)
of all X-permutable subgroups of G, is a lattice (see [8; 1,4.29]). The set A'(X) of
all normally embedded subgroups U of G such that X reduces into U is a sub-
lattice of P(X) and any two subgroups of N'(X) permute (see [8; 1,7.10]). We prove
the following.

THEOREM C. -- Let G be a soluble group and X a Hall system of G.

The set SP(X) of all S-permutably embedded subgroups of G into which X
reduces is a sublattice of P(X), the lattice of all X-permutable subgroups of G.

Moreover, if U,V € SP(X) and U and V have coprime orders, then
uv =Vu.

For permutably embedded subgroups, the reference is the elegant paper [2]
by A. Ballester-Bolinches. In this paper the author remarks that if U/ and V are
two permutably embedded subgroups of a soluble group G, then U NV is not a
permutably embedded subgroup in general. An example due to N. It6, which
appears in [12] and in [6], shows a p-group, for p a prime, and two permutable
subgroups whose intersection is not permutable in the group. Hence, in general,
the set of all permutably embedded subgroups into which 2 reduces is not a
lattice.

Furthermore, in [2; Th. 1] it is proved that if U and V are permutably em-
bedded subgroups of a soluble group G such that there exists a Hall system X of
G which reduces into U and V, then U always permutes with V. The corre-
sponding result for S-permutably embedded subgroups is not true in general. All
subgroups of a p-group G, p a prime, are trivially S-permutable in G and they do
not permute in general.

The following Lemma will be very useful in inductive arguments. Its proofis a
routine checking.

LEMMA 1. (see [4; Lemma 1]). -- Let G be a group, two subgroups V and M of G
and a normal subgroup K of G. Then we have
i) if V is S-permutably embedded in G and V < M, then V is S-permu-
tably embedded in M;
ii) i V is S-permutably embedded in G, then VK is S-permutably em-
bedded in G and VK /K is S-permutably embedded in G/K;
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i) if K <V and V/K is S-permutably embedded in G/K, then V is S-
permutably embedded in G.

The proofs.

Before starting the proofs we make with some previous considerations and
calculations. Let N be a normal subgroup of G and consider the quotient group
G = G/N. Denote with a bar the epimorphism G — G = G/N, i. e. if X is a
subgroup of G then X = XN/N. Clearly H € Hall,(G). Suppose that T is a
subnormal subgroup of G such that HNU = HN T € Hall (7).

Observe that if X is any subgroup of G such that H N X € Hall,(X), then
HNX e Hall,(X), and therefore HNX = HNX. In particllar HNU =HNU
€ Hall,(U) and HNV = HNV e Hall,(V). Analogously 7 is a subnormal sub-
group of G and HNT = HNT < Hall,(T).

For the intersection, notice that

HNnUNV=HNUNHNV=HNUNHNV)N
and UNV = UNVN, by the Dedekind law. Moreover

(1) [UNV:-HNnUNV|=|UNVN:HnUNHNV)N|

\[UNVN :HNUNHNV)N|
UNN:HNUNN

=|(UNVN)N:(HNnUNHNV)N)N| =

Concerning the join, we observe that (HNU,HNV)=(HNU,HNV) and
(U,V) = (U, V). Moreover

(2) (O, V)Y: (HNUHOV) = (U, V): (HNUHNV)

KU, VYy: (HNU,HNV)]
KU VYNN:(HNU,HNV)NN|’

(U, V)N : (HNU,HNV)N| =

Proof of Theorem A.

Assume that the result is false and let G be a counterexample of minimal
order. Then there exist a Hall n-subgroup H of G and an ordered pair of sub-
groups (A4, B) such that every Hall z-subgroup of A is a Hall z-subgroup of some
subnormal subgroup of G, HNA € Hall,(A) and HNB € Hall,(B) but
HnNAnB¢Hall, (AN B). Among all such pairs of subgroups, we choose (U, V)
such that the pair (|G : UN V|, |U| + |V|) is minimal with respect to the lexico-
graphical order.

Let N be any minimal normal subgroup of G. Since G is n-soluble, then N is
either a n-group or a 7/-group. All hypotheses hold in G. By minimality of G, the
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Theorem is true for the quotient group G = G/N. Therefore (U NV : HNU NV
is a 7’-number.

If N is a #/-group, then HNV € Hall,(V) C Hall,(VN) and HNnV
=HNHNV)N. Now, in (1) we have that [UNVN:HNUN(HNV)N|
=|UNVN:HnUNV|is aa/-number and so is |[UNV : HN U NV]; in other
words HNU NV € Hall,(UNV). This is a contradiction. Therefore O, (G) = 1.
Thus, N is a n-group. Suppose that N < U. Then N < HN U. In this case in (1)
we have that

[UNV:HnNnUNV|=|UNVN:HNU)NHNV)N|
—(UNV)N: (HNUNV)N|

is a 7/-number. A simple calculation shows that (UNV)N :(HNUNV)N|
=|lUNV:HNnUNV| and then HNU NV € Hall,(UNYV). This is a contra-
diction. Hence U is a core-free subgroup of G.

Suppose now that UNnV =UNNV. It is easy to see that the pair
(UN,VN) satisfies the hypotheses of the Theorem. Observe that since U is
core-free in G, we have that U NV is a proper subgroup of N(U NV). Hence
UNV <NUNV)=NUNNV)=UNnNVN. By the minimal election of the
pair (U,V), we have that HNUNNVN =HNNUNV)=NHNUNV)is a
Hall z-subgroup of UNNVN =N(UNYV). Since N < H, this implies that
HNUNYV is a Hall z-subgroup of U NV, a contradiction.

Therefore U NV is a proper subgroup of UN NV. Now, we notice that the
pair (UN, V) satisfies the hypotheses of the Theorem and by the minimal election
of the pair (U, V), we have that H N UN NV € Hall,(UN N V). This implies that
the pair (U, UN NV) satisfies the hypotheses of the Theorem. If UNNV is a
proper subgroup of V, then, by minimality of (U,V), we have that
HNUNUNNV =HnNUNV isaHall z-subgroupof UNUNNV =UNV,a
contradiction. Therefore UN NV =V, or, in other words V < UN.

Notice that HNUN = (HnN U)N € Hall,(UN). If UN were a proper sub-
group of G, then, by minimality of G, we would reach a contradiction. Therefore
G = UN, with N a soluble minimal normal subgroup of G. Since U is core-free in
G, we have indeed that U is maximal in G and G is a primitive group with abelian
socle. Then, the minimal normal subgroup N is self-centralizing in G.

Let T be a subnormal subgroup of G such that H N U € Hall, (7). It is clear
that O,(T) <HNU. If p is the prime dividing |N|, then N = 0,(G), and
NNT =0,(T). But observe that O,(T) < NNOT)<NNU=1. Hence
N N T = 1. By awell-known theorem of Wielandt (see [15; Satz 12.8, p. 454] or [8;
A,14.3]), the minimal normal subgroup N normalizes 7. Hence NT' =N x T.
This implies that 7 < C;(N) = N. Hence T = 1. But then U is a n’-group and so
is U NV. Trivially in this case 1 = H N U NV is a Hall z-subgroup of U N V. This
is the final contradiction. |
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Proof of Theorem B.

Assume that the result is false and let G be a counterexample of minimal
order. Then there exist a Hall n-subgroup H of G, and an ordered pair of sub-
groups (A, B) such that every Hall z-subgroup of A is a Hall z-subgroup of some
S-permutable subgroup of G, 1 # HNA € Hall,(A) and H N B € Hall,(B) but
(HNA,HnB)¢Hall,((A,B)). Among all such pairs of subgroups, we choose
(U,V) such that |G : U| + |V] is minimal.

Let N be any minimal normal subgroup of G. Since G is n-soluble, then N is
either a p-group, for some prime p € x, or a 7’-group. All hypotheses hold in
G = G/N. By minimality of G, the Theorem is true the for quotient group G.
Therefore |(U,V) : (HNU,H N V)| is a #/-number.

If N is a #’-group, then (U, V)NN: (HNU,HNV)NN|=|(U,V)NN|isa
7'-number. In (2) we have that [(U,V): (HNU,HNV)|is a 7/-number. Then
(HNU,HNYV) e Hall,((U,V)). This is a contradiction. Therefore O,(G) = 1.

Thus N is a p-group, for some prime p € n. Suppose that N < U.
Then N < HNU. Now in (2) we have that

(O V) (HnT,HOV)| = |[(U.V): (HONU,HNV)|

is a 7'-number and (HNU,HNV) e Hall,((U,V)). This is a contradiction.
Hence U is a core-free subgroup of G. Suppose that 7' is an S-permutable sub-
group of G such that HNU = HN T € Hall (7).

IfN<T,then N<HNT=HnNU < U, a contradiction. Hence T is core-
free in G and therefore 7' is nilpotent. Moreover, since T is subnormal and
0, (G) = 1, we have that O,(T) = 1. Hence T is a nilpotent z-group. This is to say
that H N U = T is an S-permutable subgroup of G. In particular, H N U is sub-
normal in G and is the normal Hall z-subgroup of U.

Consider now the subgroup M = (U, V)N. Observe that

H = (HNU,HNV)N

is a Hall n-subgroup of M, by the above-exposed calculations. Moreover
HNnU=HNU and H* NV = HNV. Furthermore, since T=HNU <M,
then T is an S-permutable subgroup of M. If M is a proper subgroup of G, then,
by minimality of G, we have that (HNU,HNV) € Hall,((U,V)), a contra-
diction. Hence G = (U, V)N and H* = H.

Suppose that (U,V) is a proper subgroup of G. Since, by the above
arguments, G = (U, V)N for any minimal normal subgroup N of G, we have
that (U,V) is a core-free maximal subgroup of G and G is a primitive group.
Hence there exists a unique minimal normal subgroup N in G such that N
is soluble and (U,V)NN=1=(HNU,HNV)NN. Therefore |G:H|
=|(U,V): (HNU,HNYV)|is a #’-number. This is a contradiction. Therefore
G=(U,V).
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Denote U, = U N H and V, = V N H. Notice that the Hall 7-subgroup H of G
is factorized as H = (U, V)N for every minimal normal subgroup N of G. In
particular (U, V;) is a core-free subgroup of G.

Let U, be a Hall n-complement of U. Let G, be a Hall #’-subgroup of G such
that U, < G,. Since U, is S-permutable in G, U* = U,G, is a subgroup of G.
Suppose that U < U*. Observe that H N U* = U, € Hall,(U*). Then by minim-
ality of |G : U| + |V, we have that (H N U,H NV) € Hall,(G), a contradiction.
Hence U = U* = U,G,. Observe that U, is normalized by G,.

Suppose that V, <V. By minimality of |G:U|+ |V|, we have that
(Uyr, Vy)y € Hall,((U, V). Write (U,V,) = (U, V:)Gry =X and observe that
XN = HG, = G.If G = X, then (U, V;) € Hall;(G), a contradiction. Hence X is
a maximal subgroup of G. This implies that X N N = 1. This is true for any
minimal normal subgroup N of G. Hence X is core-free in G and G is
primitive. Since U, is a nontrivial subnormal z-subgroup of G, then 1 # U,
< X NO0.(G) =1, a contradiction. Hence V =V, i. e. V is a n-group.

Observe that G = (U, V) = (U,,V,Gy). Since G, normalizes U,, the normal
closure of U, in G, (U,Z>G, is a subgroup of (U, V) = (U, V). Since U, # 1, then
(U, H)G is a nontrivial normal subgroup. But (U, V) is core-free in G. This is the
final contradiction. |

Remarks and examples.

(1) Theorem B fails when U is a #’-group.

Consider the alternating group of 4 letters G = Alt(4) and the subgroups
U = ((123)), isomorphic to a cyclic group of order 3, and V = ((12)(34)), iso-
morphic to a group of order 2. Let P be any Sylow 2-subgroup of G. Then
1=PnU € Syly(U) but all the other hypotheses of Theorem B are fulfilled.
Observe that G = (U, V). Clearly (PN U,PNV) =V ¢Syl(G).

(2) Theorem B does not hold if we assume that every Hall z-subgroup of U is a
Hall 7n-subgroup of some subnormal subgroup of G as in Theorem A. The fol-
lowing example shows that we cannot deduce even the weaker conclusion
Hn{(U,V) e Hall,((U, V)).

Consider the alternating group A on 4 letters. Then A is generated by two
elements a = (12)(34) and ¢ = (123). If we write b = a® = (23)(14), the subgroup
Q = {(a,b) = (a) x (b) is the unique minimal normal subgroup of A.There exists
an irreducible and faithful A-module W over GF(3) (see [8; B,10.7]). Construct
the semidirect product S = [W]A. If C = (d : d® = 1) =~ Cj is a cyclic group of
order 5, we consider the wreath product G = C S with respect to the regular
action. Then G = [C*]S and (" is an |S|-dimensional S-module over GF(5) with
the following action: there exists a basis {d, : « € S}, such that d¥ = d,,, for
each y € S.
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Consider the subnormal subgroup 7 =[C*]W(a). Clearly U = (a)
€ Syly(T). Therefore U is a Sylow 2-subgroup of a subnormal subgroup of G.
Consider V € Syls(S). It is clear that S = (U,V). Consider the element
g =did, € C°. Observe that ¢° =d,dz =d.dy =g, i. e. g€ Cgla). Then
Q7 = (a,b9) is a Sylow 2-subgroup of G such that @ N Q = U, since b/ ¢ Q. We
have that U is a Sylow 2-subgroup of a subnormal subgroup of G,
QRINU=UecSyLU) and @Q'NV =1¢€SylL(V). However U=@Q'NS
=QI'N(U,V)=(QNU,QI N V)¢SyL,(U,V)).

Proof of Theorem C. (1) The set SP(X) of all S-permutably embedded sub-
groups of G into which 2 reduces is a lattice.

Let U and V be two S-permutably embedded subgroups of G into which X~
reduces. If p is a prime dividing |G|, denote by P the Sylow p-subgroup of G in 2.
Let T? be an S-permutable subgroup of G such that PN TP = PN U and let SP be
an S-permutable subgroup of G such that PN SP = PN V. Since S-permutable
subgroups form a lattice, by [12; Satz 2], the subgroups (S?, T?) and T? N SP are
S-permutable in G.

By Theorem A, PN U NV = PN TP NSPisa Sylow p-subgroup of U NV and
of TP N .SP. This is true for any prime p and then the subgroup U NV is S-per-
mutably embedded in G.

If U and V are p’-groups, then (U,V) < Gy, where G, is the Hall p-com-
plement of G in 2. Hence, if p divides the order of (U, V), then p divides the
order of U or the order of V.

Thus, let p be a prime dividing the order of (U, V). Since either PN U # 1 or
PNV #1, we can apply Theorem B and deduce that (PNU,PNV)
=(PNTP,PNSP) is a Sylow p-subgroup of (U, V) and of (77, SP). Hence the
subgroup (U, V) is S-permutably embedded in G.

Therefore, the set SP(X) of all S-permutably embedded subgroups of G into
which X reduces is a lattice.

(2) If U and V are subgroups in SP(X) with coprime orders, then U permutes
with V.

Suppose that the result is not true and consider a soluble group G, minimal
counterexample. Let S be the non-empty set composed by all pairs of subgroups
{U,V?} of G such that

i) U and V are S-permutably embedded subgroups of G,

ii) ged(|U|,|V]) =1,
iii) there exists a Hall system 2 of G which reduces into U and V,
iv) UV is not a subgroup of G.

We consider a pair {U,V} € S such that |U| + |V] is minimum.
Let N be any minimal normal subgroup of G. All hypotheses hold in the
quotient group G/N. Therefore, by minimality of G, the subgroup UN/N
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permutes with VN/N. That means that (UN)(VN) = V(UN) = H is a sub-
group of G. By Lemma 1(3i) the subgroups U and V are S-permutably em-
bedded in H. Since by ([8; 1,4.22(b)]) 2 reduces into H, all hypotheses of the
Theorem hold in H. Consequently, if H is a proper subgroup of G, the sub-
groups U and V permute, by minimality of G. But this cannot occur and this
means that G = H = V(UN).

Let q be a prime dividing |V| and consider the Sylow g-subgroup V, of V
which is in 2 NV. If V, is a proper subgroup of V, then by minimality of
|U| + |V, it follows that V, permute with U. Therefore all Sylow subgroups of V'
permute with U and then V permute with U. Thus necessarily, V is a ¢q-group.

Analogously, U is an r-group, for some prime r such that » # q.

Now we fix a minimal normal subgroup N of G and suppose that N is a p-
group, for a prime p. Since U and V have coprime orders, we can assume that V'
is a p’-group, that is, p # q.

If p#r, then U € Syl.(G) and V € Syl (G), since G = V(UN). Moreover
U,V € X. Hence U and V permute, a contradiction. Therefore » = p and U is a
p-group. This implies that UN € Syl,(G) and V' € Syl (G). Since U is S-permu-
tably embedded in G, there exists an S-permutable subgroup 7' of G such that
U € Syl (T). It follows that 7'V is a subgroup of G. Notice that

TV : U| = |TV : T||T : U|

is a g-power. Therefore U € Syl (TV). Moreover, V € Syl (TV). Then TV = UV
is a subgroup of G. This is the final contradiction.

(3) If U is an S-permutably embedded subgroup of G such that X reduces into
U, then U permutes with each member of 2, i. e. U is 2-permutable.

Let G, and G, denote the Hall n-subgroup and the Hall #’-subgroup re-
spectively of G in X, for any set 7 of prime numbers. Then, by (2), we have that
(U,Gp) ={UNGp,G,;) =UNGy)G, =UG,. Hence U permutes with all
members of X, that is U is 2-permutable. |

Remarks and examples.

(1) In the proof of Theorem C we need permutability with at least Sylow
subgroups. A similar result for subnormally embedded subgroups is not true.

In G = Alt(4), the alternating group of degree 4, if X' is a Hall system of G,
then the Sylow 3-subgroup of G in 2 and any subgroup of order 2 are Sylow
subgroups of subnormal subgroups of G into which X reduces. However, G
possesses no subgroups of order 6.

(2) In the general non-soluble case we have that a Sylow 5-subgroup and a
Sylow 2-subgroup of the alternating group of degree 5 are S-permutably em-
bedded subgroups of Alt(5) of coprime orders and they do not permute.
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Some final considerations and remarks

The fact that two S-permutably embedded subgroups of coprime orders
such that the same Hall system reduces into both permute, by Theorem C,
allows us to describe all S-permutably embedded subgroups of a soluble
group. In [8; 1,7. Exercise 4] appears a method, due to Fischer, to describe
the set of all normally embedded subgroups of a soluble group. Later, an
alternative description is given in [9]. For permutably embedded subgroups,
Ballester-Bolinches gives in [2; Th. 2] a similar characterization. We can
obtain an analogous result for S-permutably embedded subgroups of finite
soluble groups.

PROPOSITION 1. — Let G be a soluble group.

A subgroup V is S-permutably embedded in G if and only if for every Hall
system 2 = {G, / = C n(G)} such that X reduces into V, there exists a family of
S-permutable subgroups {T? / p € n(G)} of G such that

V=1[G,n1.
PlGl

The proof runs parallel to the one in [9] or in [2; Th. 2] taking into account the
factorization of two S-permutably embedded subgroups of coprime orders
proved in Theorem C. |

We can also obtain a «dual» description. A description of normally em-
bedded subgroups in a class U of non-necessarily finite groups appears in [14;
Lemma 2.5]. The finite soluble groups are exactly all finite groups in the class
U. Therefore this Tomkinson description holds for finite soluble groups. We
extend this result to S-permutably embedded subgroups of finite soluble
groups.

PROPOSITION 2. — Let G be a soluble group. A subgroup V is S-permutably
embedded i G if and only if for every Hall system X = {G, / n C n(G)} such
that X reduces into V, there exists a family of S-permutable subgroups
{T? / p € n(G)} of G such that

V=)GyT".
Pl

Moreover, for every p, TP is such that V, =V NG, € Syl,(V) N Syl,(T?).
Proor. — Let us suppose that V is S-permutably embedded in G and consider

2 ={G,; / n C n(G)} be a Hall system of G such that 2 reduces into V. Write
Vy =V NG, for every prime p dividing |G|.
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For every p € n(G), we choose an S-permutable subgroup 77 of G such that
V, € Syl,(V) N Syl,(T?). Since TP is subnormal in G, every Hall system reduces
into it and we have V,, =V NG, = TP N G,.

On the other hand, since G is a product of Sylow subgroups of G, it follows
that 7% permutes with G,y and X reduces into 7°G,. Thus, T°G, NG, = TP NG,
is a Sylow p-subgroup of TPG,. Now, since 2 reduces into the p-group
TPGy N Gy, it follows that

TPGy NG, < Gy < TG,

for any prime g # p. Therefore,

"Gy NG, < [\ TGy and W%m%:(ﬂﬁ@)n%.
q#p qliGl

Then, we have
(17”G¢——II[<()7WG¢>wa¢]_.II(]WGWrwGN__II(TPmc%)_lﬁ
qlGl| pllGI L \qllG| plIGI plIG]

Conversely, let 2 ={G,/nCn(G)} be a Hall system of G and
V =gj¢ G¢ T, where {T? / q € n(G)} is a family of S-permutable subgroups of
G. Notice that 2 reduces into V. Then, arguing as before, we have

VnG,= (ﬂ quT‘I) NG, =G, T" NG, =T NG, € Syl,(T?) N Syl, (V).
qlG|

That is, V is S-permutably embedded in G. |

FINAL REMARK. — We observe that the only properties of S-permutably
embedded subgroups we have used in the proof of Theorem C are their defini-
tion, the basic embedding properties of Lemma 1 and the fact that S-permutable
subgroups form a sublattice of the lattice of subnormal subgroups. This means
that Theorem C remains true for some other types of subgroups satisfying the
same properties.

More precisely, given a group G, let £L(G) be a sublattice of the lattice of all S-
permutable subgroups of G satisfying that

i) if T € L(G) and M is a subgroup of G, then TN M € L(M),

ii) if T € £(G) and N is a normal subgroup of G, then TN /N € L(G/N).
Consider the set of all locally £(G)-subgroups, i. e. the set of all subgroups V of G
such that for each prime p dividing the order of V, a Sylow p-subgroup of V is also
a Sylow p-subgroup of some subgroup of L(G).

Then we can deduce with the previous arguments that if G is soluble and X is
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a Hall system of G, then the set of all locally £(G)-subgroups into which X re-
duces is a lattice.

Let us examine an example of such a lattice. Given any group G, if § is a
saturated formation, the set of all ¥-hypercentrally embedded subgroups in G, i.
e. those subgroups T whose section (T%)/Coreq(T) is }-hypercentral in G, is a
lattice satisfying (i) and (ii), (see [10]). Hence if G is soluble, the set of all locally S-
permutable F-hypercentrally embedded subgroups into which a fixed Hall sys-
tem of G reduces, is a lattice.

The particular case of the class It of nilpotent groups is especially interesting
since all Yt-hypercentrally embedded subgroups (or simply hypercentrally em-
bedded subgroups) are S-permut-able (see [13]).

THEOREM C'. Let G be a soluble group and X a Hall system of G.

The set LZ(X) of all locally hypercentrally embedded subgroups of G into
which X reduces is a sublattice of the lattice of all X-permutable subgroups of G.

Moreover, if U,V € LZ(X) and have coprime orders, then UV = VU.
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