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L p-Boundedness for Pseudodifferential Operators
with non Smooth Symbols and Applications.

GIANLUCA GARELLO (*) - ALESSANDRO MORANDO

Sunto. – Utilizzando una formulazione generalizzata della caratterizzazione per coro-
ne diadiche degli spazi di Sobolev, nel presente lavoro si dimostra la continuità L p

per operatori pseudodifferenziali il cui simbolo a(x , j) non è infinitamente diffe-
renziabile rispetto alla variabile x , mentre le sue derivate rispetto alla variabile j
decadono con ordine r , con 0 ErG1. Viene poi provata una proprietà di algebra
per una classe di spazi di Sobolev pesati, che ben si applica allo studio della regola-
rità delle soluzioni di equazioni semi lineari multi-quasi-ellittiche.

Summary. – Starting from a general formulation of the characterization by dyadic
crowns of Sobolev spaces, the authors give a result of L p continuity for pseudodif-
ferential operators whose symbol a(x , j) is non smooth with respect to x and whose
derivatives with respect to j have a decay of order r with 0 ErG1. The algebra
property for some classes of weighted Sobolev spaces is proved and an application
to multi - quasi - elliptic semilinear equations is given.

1. – Introduction.

The study of the local solvability and regularity of the solutions of general
nonlinear partial differential equations immediately leads to two basic pro-
blems: the algebra properties of some spaces of distributions, for example the
Sobolev or Hölder spaces, and the study of linear partial differential operators
with non smooth coefficients.

In the literature of the last twenty years we find two main approaches to such
problems: the paradifferential calculus introduced by J.M. Bony [3], 1981, and
the theory of pseudodifferential operators with non smooth symbols. More pre-
cisely in this second outlook M. Beals and M.C. Reeds in [1], 1984, check the L 2

continuity and the symbolic calculus for pseudodifferential operators with sym-
bols a(x , j) smooth with respect to j and whose Sobolev norm V QVH s with respect
to the x variable satisfies suitable estimates, at least for great s.

J. Marschall, [17], [18], 1987-88, devotes many efforts in proving the L p

(*) The author was supported by a grant FIRB 2001 of Italian Government.
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properties of pseudodifferential operators with non smooth symbols. He con-
siders the symbols in the classes H r , p S m

r , d characterized by the estimate:

V¯a
j a(x , j)VH r , p Eca (11NjN)m2rNaN1dNbN .(1)

For rD0 suitably large he obtains good results of continuity when 0GdEr41.
But when r becomes strictly less than 1 , Marschall himself must improve the
assumptions on the symbols in H r , p S m

r , d in order to obtain some Sobolev conti-
nuity results, which at any rate are considerably cut down; namely the L p con-
tinuity of the operators with symbol in H r , p S 0

r , 0 , pc2, cannot be assured, also
for great r.

In the present paper we prove the L p continuity, pc2, for a significant
subclass of the pseudodifferential operators whose symbols satisfy (1), with
d40, 0 ErE1.

For the sake of generality we work in the frame of the weighted Sobolev
spaces H s , p

L and the weighted symbols H r , p
L S m

L , where L(j) is a positive
weight function suitably defined, which takes the place of the usual euclidean
norm in Rn

j.
Our main result may be now resumed as follows: for any a(x , j) in a sui-

table subspace of H r , p
L S m

L , 1 EpEQ , m�R and r large, we can show that

a(x , D) : H s1m, p
L KH s , p

L continuously for 0 GsGr .(2)

The work is essentially based on three main tools:

1) the Lizorkin-Marcinckiewicz lemma on continuity of Fourier multi-
pliers, [16], 1963;

2) the characterization of weighted Sobolev and Besov spaces by means
of non-homogeneous partitions of unity, given in Triebel [25]-[29], 1977-
1979;

3) the decomposition of a(x , j) in expansions of elementary symbols
obtained by following a technique of Coifman and Meyer [6], 1978.

The paper is planned as follows: in § 2 we introduce the weight functions
L(j) together with their main properties.

In § 3, 4, 5 the weighted Sobolev spaces are defined and their basic proper-
ties are studied in the more general outlook of Besov and Triebel function
spaces, introduced by means of the non-homogeneous partitions of unity above
quoted.

In the next § 6 we define the symbols with limited smoothness and at the
same time we consider their expansions in elementary symbols.

Finally in § 7 we prove the main result of continuity which we have already
summed up in (2).
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As trivial corollary we can then say that the weighted Sobolev spaces
H s , p

L , for 1 EpEQ and suitably large s , are function algebras.
In the last § 8 a result of local regularity in H s , p

L for semilinear equations
whose linear part is multi-quasi-elliptic is given.

2. – Weight functions.

DEFINITION 2.1. – Let us say that a positive function L(j) �C Q (Rn ) is a
weight function if it fulfills the following assumptions:

1) there exist two constants m 0 F1 and CD1 such that

L(j) F
1

C
(11NjN)m 0 , j�Rn ;(3)

2) for every multi-index g�Z1
n there exists a suitable positive con-

stant Cg such that

»
j41

n

(11j j
2 )g j /2 N¯g L(j)NGCg L(j), j�Rn ;(4)

3) for some CD1 we have

L(tj) GCL(j), t , j�Rn , max
1 G jGn

NtjNG1,(5)

where tj :4 (t1 j 1 , R , tn j n ).

For similar definitions of weight function the reader can see [27] and [11].

Examples

1) The standard elliptic weight function of order m�N

Pm (j) 4g11 !
j41

n

j j
2mh1/2

.

It is asymptotically equivalent to the homogeneous weight ajbm , where here
and in the following we set ajb »4 (11NjN2 )1/2.

2) The quasi-elliptic weight function defined by

PM (j) 4g11 !
j41

n

j j
2mjh

1

2 , M4 (m1 , R , mn ) �Nn , min
j

mj F1.

PM (j) is asymptotically equivalent to the quasi-homogeneous weight [j]M ,

which is the unique positive number satisfying the condition !
j41

n

t 22/mj j j
2 41,

[0]M 40.
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3) The following examples are provided by Triebel [27]:

»
j41

n

(11j j
2 )sj /2 , s4 (s1 , R , sn ) �R1

n , min
1 G jGn

sj F1 ;

ajbs [ log (21 ajb) ]t , s , tF1 .

A more significant example of weight function will be moreover described in
details in § 8.

REMARK 1. – For any weight function L(j) we can always find two con-
stants C , m 1 both greater than 1 such that:

L(j) GC(11NjN)m 1 , j�Rn(6)

(see [27] Lemma 2.1/2 (ii)).
As a straightforward consequence of (6) and (4) it follows that for any g�Zn

1

there is a positive Cg such that:

N¯g L(j)NGCg (11NjN)m 1 , j�Rn .

Notice that, using the Faà di Bruno formula, we also obtain from (4)

»
j41

n

(11j 2
j )g j /2 N¯g (L(j)m )NGC 8g L(j)m , j�Rn , g�Zn

1 ,

for every m�R and then, for r»4 max (mm 0 , mm 1 ) we have:

N¯g (L(j)m )NGC 9g (11NjN)r , j�Rn , g�Zn
1 .

3. – Weighted Sobolev spaces.

Hereafter we will write FxKj u(j) 4 u×(j) for the Fourier transform of a
rapidly decreasing function u(x) � S(Rn ) (or a tempered distribution u�
S8 (Rn )) and F 21

jKx u(x) for its inverse Fourier transform.
For a given function a(j) we set a(D) u(x) »4 F 21

jKx (a(j) u×(j) )(x) 4

(F 21
jKx a˜u)(x), for any u(x) � S(Rn ) (or u� S8 (Rn )), provided that all the ex-

pressions involved make sense.
For any weight function L(j) we can define a scale of weighted Sobolev

spaces as follows.

DEFINITION 3.1. – For s�R and 1 EpEQ , H s , p
L is the space of all the tem-

pered distributions u� S8 (Rn ) such that L(D)s u�L p (Rn ).

REMARK 2. – For any s�R and 1 EpEQ , H s , p
L is a Banach space with re-

spect to the norm VuVs , p , L »4VL(D)s uVp ; when p42 it is in particular a Hilbert
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space if equipped with inner product (u , v)s , L »4 (L(D)s u , L(D)s v)2 , u ,
v�H s , 2

L .
Hereafter we write H s

L for H s , 2
L , s�R.

The spaces H s
L are particular cases of the Bony-Chemin Sobolev spaces in-

troduced in [4]; see also [11].
In order to study the relations between the weighted Sobolev spaces H s , p

L ,
H t , p

L for different s and t , we use the following result due to Lizorkin and
Marcinkiewicz (see [16] and [20]).

LEMMA 3.1. – Let m(j) be a continuous function together with its deriva-
tives ¯g m(j) for any g in the set K»4 ]0, 1(n of the multi-indices with all the
components equal to either 0 or 1. If there exists a constant BD0 such
that

Njg ¯g m(j)NGB , j�Rn , g�K ,(7)

then for every 1 EpEQ we can find a constant Ap D0, only depending on p ,
B and the dimension n , such that:

Vm(D) uVp GAp VuVp ,(8)

for any u� S(Rn ).

REMARK 3. – The estimate (8) can immediately be extended by density ar-
guments to any function f�L p (Rn ), 1 EpEQ.

PROPOSITION 3.1. – For s , t�R , sE t , and 1 EpEQ the inclusions
S(Rn ) %H t , p

L %H s , p
L % S8 (Rn ) hold with continuous embedding. Moreover S(Rn )

is dense in H s , p
L .

PROOF. – The inclusions S(Rn ) %H s , p
L % S8 (Rn ) are trivial consequences of

Definition 3.1, Remark 1 and the well-known continuous inclusions S(Rn ) %
L p (Rn ) % S8 (Rn ).

For the remaining embedding, it suffices to write for u� S8 (Rn )

L(D)s u4L(D)s2 t (L(D)t u) 4L(D)s2 t v ,

where v»4L(D)t u and then to observe that L(j)s2 t fulfills estimate (7), since
it satisfies (4) and s2 t is negative.

Thus by Lemma 3.1 for any u�H t , p
L we obtain u�H s , p

L and moreover

VuVs , p , LGCVuVt , p , L

with some constant CD0 independent of u , as v4L(D)t u�L p (Rn ).
In order to prove the last statement, let u be any distribution in H s , p

L . Since
S(Rn ) is dense in L p (Rn ), we can find a sequence of functions vn� S(Rn ) con-
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verging to v»4L(D)s u in L p (Rn ). Let us define un »4L(D)2s vn , n41, 2 , R;
it follows that un� S(Rn ) for any n and the sequence ]un( converges to u in
H s , p

L . r

REMARK 4. – All definitions and results of this section could be stated for a
weight function L(j) FcD0 which satisfies only the assumption 2) of Defini-
tion 2.1.

4. – Partition of unity.

For more details on the partition of unity described below, the reader can
see Triebel [27].

For the sake of brevity, hereafter we write E»4 ]21, 1(n for the set of the
n-ples l4 (l 1 , R , l n ) whose components are all equal to either 21 or 1. Let
HD1 be a fixed constant; for any h�Z1

n and l�E we define:

Ph , l
(H) »4mj�Rn :

1

H
2hj h hj

Gl j j j GH2hj11 j41, 2 , R , nn ,

with h h 421 if h40 and h h 41 if hD0.
We will call non-homogeneous decomposition of Rn the family of n-cubes:

]Ph , l
(H) ( 4 ]Ph , l

(H) (h�Z1
n

l�E
.

PROPOSITION 4.1. – Let ]Ph , l
(H) ( be a non-homogeneous decomposition of Rn.

Then for a suitable integer N0 (H) D0, only depending on H , we have Ph , l
(H) O

Pk , e
(H) 4¯ when Nhj 2kjNDN0 (H) for some j41, 2 , R , n and l , e�E.

PROOF. – Let us recall that two n-cubes Ph , l
(H) and Pk , e

(H) are disjoint when at
least for one direction the corresponding sides do not overlap.

For a fixed 1 G jGn the corresponding sides Ll j , hj
and Le j , kj

of Ph , l
(H) and

Pk , e
(H) are described as it follows

Ll j , hj
4L (H)

l j , hj
»4mj�R ;

1

H
2hj h hj

Gl j j j GH2hj11n
Le j , kj

4L (H)
e j , kj

»4mj�R ,
1

H
2kj h kj

Ge j j j GH2kj11n
(9)

where h hj
and h kj

are defined as before.
Assuming that hj and kj are both strictly positive the inequalities which
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characterize (9) reduce to

1

H
2hj GNj j NGH2hj11 1

H
2kj GNj j NGH2kj11

respectively.
So Ll j , hj

and Le j , kj
are disjoint when H2kj11 E

1

H
2hj or H2hj11 E

1

H
2kj , that

is when Nhj 2kjNDN0 (H) with N0 (H) »4112log2 (H).
We can also check that the same condition Nhj 2kjNDN0 (H) assures

Ll j , hj
OLe j , kj

4¯ when hj 40. This ends the proof. r

DEFINITION 4.1. – For a fixed HD1, F (H) is the set of all the sequences
]W h , l (j)( 4 ]W h , l (j)(h�Z1

n

l�E
of functions W h , l (j) �C0

Q (Rn ) which satisfy the
following:

1) For any h�Z1
n and l�E , supp W h , l%Ph , l

(H) ;
2) For every multi-index a�Z1

n there exists a constant CaD0 such
that:

N¯a
j W h , l (j)NGCa 22h Qa , j�Rn , h�Z1

n , l�E ;(10)

3) For any j�Rn , !
h�Z1

n , l�E
W h , l (j) 41.

We also set F»4 0
HD1

F (H).

REMARK 5. – From Proposition 4.1 it follows that the sum in 3) reduces to a
finite number of terms, say N1 (H), independent of j.

In order to see that F is not empty, see Triebel [27], let us consider a func-
tion c(j) �C0

Q (Rn ) such that 0 Gc(j) G1, c(j) 41 for j�Q0 »4 ]j�Rn :

Nj jNG
1

2
, j41, R , n( and supp c%Q1 »4 ]j�Rn : Nj j NG

K

2
, j41, R , n(,

for some 1 EKE3.
For any h�Z1

n and l�E we define:

c h , l (j) »4c(22h12u h1 (j 1 2l 1 ch1
), R , 22hn2u hn (j n 2l n chn

) ),

where

u h 4
.
/
´

1 if h40

0 if hD0
and ch »4

.
/
´

1

2

3
2h

if h40

if hD0 .
(11)

It is easy to see that the system ]c h , l (j)( satisfies (10); moreover it holds that
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supp c h , l% PA(K)
h , l »4 ]j�Rn : l j j j �JK , hj

, j41, R , n( with

JK , hj
»4

.
/
´

[12K , 11K]

k 32K

2
2hj ,

31K

4
2hj11l

if hj 40

if hj D0 .

Furthermore it holds that 1 G !
h , l

c h , l (j) GN1 (H)C , j�Rn.

Thus setting W h , l (j) »4
c h , l (j)

!
k , e

c k , e (j)
, for any h�Zn

1 and l�E , it turns out

that ]W h , l (j)( belongs to F (H) if we choose a constant HD1 so that 2

32K
E

HE
1

K21
; this is always possible provided that 1 EKE

5

3
.

5. – Besov and Triebel spaces.

Using the above defined non-homogeneous partition of unity, we can now
define two scales of non-homogeneous spaces of Besov and Triebel type relat-
ed to a weight function L(j).

For any 1 GqGQ we denote as usual by l q the space of the sequences of

complex numbers ]cj (j41
Q 4 ]cj ( such that !

j41

Q

NcjN
q EQ (sup

j
NcjNEQ for

q4Q); l q is a Banach space with respect to the norm V]cj (Vl q »4g!
j41

Q

NcjN
qh1/q

(V]cj (Vl q »4 sup
j

NcjN for q4Q).

For any 1 Gp , qGQ , we define l q (L p (Rn ) ) 4 l q (L p ) as the space of the
sequences ] fj(j41

Q 4] fj( of functions fj�L p(Rn) such that ]V fj Vp( belongs to l q.
l q (L p ) realizes to be a Banach space with respect to the norm

V] fj (Vl q (L p ) »4V]V fj Vp (Vl q. Lastly, we denote by L p (Rn ; l q ) 4L p (l q ) the space
of the L p functions taking values in the space l q ; namely the general element
of L p (l q ) is a sequence ] fj ( of measurable functions fj 4 fj (x) in Rn such that
the real valued function x O V] fj (x)(Vl q belongs to L p (Rn ).

When equipped with the norm V] fj (VL p (l q ) »4V V] fj (.)(Vl q Vp , L p (l q ) is a Ba-
nach space. For more details the reader can see Triebel [27].

DEFINITION 5.1. – Let L(j) be a weight function, 1 EpEQ , s�R and
]W h , l (j)( �F (H) , for some HD1. We define:

(i) B s , L
p , q »4 ]u� S8 (Rn ) :]L(c (H)

h , l )s uh , l( � l q (L p )(, 1 GqGQ ;

(ii) F s , L
p , q »4 ]u� S8 (Rn ) :]L(c (H)

h , l )s uh , l( �L p (l q )(, 1 EqEQ ,

where uh , l (x) »4W h , l (D)u(x), x�Rn , and c (H)
h , l is the center of the n-cube P (H)

h , l ,
for any h�Zn

1 and l�E.
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B s , L
p , q and F s , L

p , q are Banach spaces with respect to the norms

VuVB s , L
p , q

»4V]L(c (H)
h , l )s uh , l(Vl q (L p ) 4 g!

h , l
VL(c (H)

h , l )s uh , l V

q
ph1/q

,(12)

for 1 GqEQ (modification for q4Q) and

VuVF s , L
p , q

»4V]L(c (H)
h , l )s uh , l(VL p (l q ) 4 NNg!

h , l
NL(c (H)

h , l )s uh , l Nqh1/q

NN
p
.(13)

At a first glance the norms (12), (13) obviously depend on the system
]W h , l (j)(; anyway it may be shown that for different choices of ]W h , l (j)( �F
they are equivalent, see Triebel [27]. Therefore the spaces B s , L

p , q , F s , L
p , q them-

selves do not depend on the system ]W h , l (j)(.
We have now all the tools to characterize the weighted Sobolev spaces

H s , p
L , introduced in § 3, in terms of a non-homogeneous decomposition of Rn ;

namely

PROPOSITION 5.1. – Let L(j) be a weight function, 1 EpEQ and s�R.
Then

H s , p
L 4F s , L

p , 2 .

More precisely there are two constants c1 , c2 D0 such that for all u�
S8 (Rn ):

c1 VuVF s , L
p , 2

GVuVH s , p
L

Gc2 VuVF s , L
p , 2

.

For the proof the reader can see Triebel [27], where the weighted Sobolev,
Besov and Triebel spaces are defined in the context of a wider class of weight
functions which only satisfy (4).

In what follows we give a number of properties of weighted Sobolev, Besov
and Triebel spaces that will be used in the next sections.

PROPOSITION 5.2. – Let L(j) be a weight function, 1 EpEQ and s�R.
Then the following inclusions hold with continuous embeddings

1) If 1 EqEQ , then

B s , L
p , min(p , q) %F s , L

p , q %B s , L
p , max(p , q) .(14)

2)

S(Rn ) %B s , L
p , q1

%B s , L
p , q2

% S8 (Rn ) if 1 Gq1 Eq2 GQ ;(15)

S(Rn ) %F s , L
p , q1

%F s , L
p , q2

% S8 (Rn ) if 1 Eq1 Eq2 EQ .(16)
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3) For any eD0, then:

B s1e , L
p , q1

%B s , L
p , q2

, if 1 Gq1 , q2 GQ ;(17)

F s1e , L
p , q1

%F s , L
p , q2

, if 1 Eq1 , q2 EQ .(18)

PROOF. – The inclusions (14)-(16) are proved in Triebel [27].
To prove inclusions (17) and (18) it suffices to observe that for any

sequence ]bh , l( of positive numbers the following estimates hold for all

1 Gq1 , q2 EQ , HD1 and Aq2 , e »4 g!
h , l

L(c (H)
h , l )2eq2h1/q2

:

(19) g!
h , l

L(c (H)
h , l )sq2 bh , l

q2 h1/q2

GAq2 , e sup
h , l

L(c (H)
h , l )s1e bh , lG

Aq2 , e Cq1
g!

h , l
L(c (H)

h , l )(s1e)q1 bh , l
q1 h1/q1

,

.
since V . Vl Q GCV . Vl q1 and Aq2 , eEQ (obvious modifications for q2 4Q). In order
to show the convergence of the above expansion, notice that the center c (H)

h , l of
the cube P (H)

h , l has coordinates c (H)
h , l 4 (l 1 c1, H 2h1 ; R ; l n cn , H 2hn ) and the num-

bers cj , H , 1 G jGn are equal to either H1
1

2H
or H2

1

2H
.

From (3) it follows that there exists a number CH D0 such that:

L(c (H)
h , l ) FCHg11 !

l41

n

2hlhm 0

, h�Zn
1 , l�E .

Thus we have

!
h , l

L(c (H)
h , l )2eq2 GC 8H , e , q2

!
l
!

h

1

g11 !
l41

n

2hlhm 0 eq2
G

C 8H , e , q2
2n !

h140

Q 1

(2h1 )m 0 eq2
R !

hn40

Q 1

(2hn )m 0 eq2

and !
hj40

Q 1

(2hj )m 0 eq2
EQ.

We immediately get inclusion (17) by setting bh , l4Vuh , l Vp , while inclusion
(18) follows by setting bh , l4Nuh , l (x)N and taking the L p norm of the first and
last sides of (19). r

REMARK 6. – The characterization of Sobolev spaces given by Proposition
5.1, jointly with the continuous embeddings in (14), gives

B s , L
p , min(p , 2 ) %H s

p , L%B s , L
p , max(p , 2 ) , with continuous embeddings .
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PROPOSITION 5.3. – Let L(j) be a weight function, s�R , 1 Ep1 Ep2 EQ

and 1 GqGQ. Then

B
s1

n

m 0
g 1

p1
2

1

p2
h, L

p1 , q %B s , L
p2 , q ,

holds with continuous embedding.

To prove this proposition, we have to slightly modify the Nikol’skij inequa-
lities, given in Triebel [24].

LEMMA 5.1. – Let a be a multi-index, 1 GpGqGQ and HD1. Then there
exists a constant CaD0, only depending on a , p, q, n and H such that

VD a f Vq GCa 2
h Qa1g 1

p
2

1

q
hNhN

V f Vp ,(20)

for every function f�L p (Rn ) such that supp f× %P (H)
h , l , h�Z1

n and l�E.

PROOF. – For sake of simplicity, suppose that hj D0 for all j.
Let us define the function gh (x) by:

gh (x) »4 f(22h1 x1 , R , 22hn xn ), x4 (x1 , R , xn ) �Rn .

From well-known properties of the Fourier transform, it follows that

gh×(j) 42NhN f×(2h1 j 1 , R , 2hn j n ), j4 (j 1 , R , j n ) �Rn

so that supp gh× %P (H) »4 [22H , 2H]n.
From the Nikol’skij inequalities we know there exists a constant Ca , only

depending on a , p , q , n and the compact P (H) such that:

VD a gh Vq GCa Vgh Vp .(21)

But D a gh (x) 422h Qa (D a f )(22h1 x1 , R , 22hn xn ), whence Vgh Vp 42
NhN

1

p
V f Vp and

VD a gh Vq 422h Qa 2
NhN

1

q
VD a f Vq .

Thus inequality (20) follows from (21) by replacing the previous expres-
sions for VD a gh Vq and Vgh Vp . r

PROOF. – (of Proposition 5.3)
Let u be a distribution in B

s1
n

m 0
g 1

p1
2

1

p2
h, L

p1 , q ; then

VuV

q

B
s1

n

m 0
g 1

p1
2

1

p2
h, L

p1, q

»4 !
h , l

L(c (H)
h , l )ks1

n

m 0
g 1

p1
2

1

p2
hlq

Vuh , l V

q
p1

EQ .

In view of Lemma 5.1 there exists a constant CD0, independent of u , h and l ,
such that:

Vuh , l Vp2
GC2

NhNg 1

p1
2

1

p2
h
Vuh , l Vp1

.(22)
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On the other hand (3) yields that 2m 0 hj G (11Nc (H)
h , l N)m 0

GCH L(c (H)
h , l ) and

then

2NhNGCH , n L(c (H)
h , l )

n

m 0 , h�Zn
1 , l�E .(23)

The above estimate, jointly with (22), implies that

!
h , l

L(c (H)
h , l )sq

Vuh , l Vp2
q GC1 !

h , l
L(c (H)

h , l )ks1
n

m 0
g 1

p1
2

1

p2
hl q

Vuh , l V

q
p1

. r

COROLLARY 5.1. – Let L(j) be a weight function, s�R , 1 Ep1 EpEp2 EQ

and d 1 , d 2 D0. Then the following inclusions hold with continuous embed-
ding

B
s1

n

m 0
g 1

p1
2

1

p
h1d 1 , L

p1 , p %H s , p
L %B

s2
n

m 0
g 1

p
2

1

p2
h2d 2 , L

p2 , p .(24)

PROOF. – By the propositions 5.3 (with p instead of both p2 and q , s1d 1

instead of s), 5.1 and 5.2 we obtain the continuous embeddings

B
s1

n

m 0
g 1

p1
2

1

p
h1d 1 , L

p1 , p %B s1d 1 , L
p , p %B s , L

p , min(p , 2 ) %F s , L
p , 2 4H s , p

L ; this proves the left
inclusion.

Similarly we have H s , p
L %B s , L

p , max(p , 2 ) %B s2d 2 , L
p , p %B

s2
n

m 0
g 1

p
2

1

p2
h2d 2 , L

p2 , p which
shows the right inclusion. r

PROPOSITION 5.4. – Let us consider 1 EpEQ , s�R and HD1. Then we
can find a constant M4Mp , n , s , H D0 such that for every u� S8 (Rn ):

Vuh , l VQGMVuVH s , p
L

L(c (H)
h , l )2s 2

NhN

p , h�Z1
n , l�E ,(25)

where uh , l (x) »4W h , l (D) u(x) and ]W h , l( is any system in F (H).

PROOF. – From Proposition 5.2 it follows that H s , p
L %B s , L

p , max(p , 2 ) %B s , L
p , Q with

continuous embeddings; this just means that, given a system ]W h , l( �F (H) ,
any u�H s , p

L fulfills the following estimates:

Vuh , l Vp GM 8 VuVH s , p
L

L(c (H)
h , l )2s , h�Zn

1 , l�E ,

with some positive M 8 depending on p , H , s , the dimension n and independent
of u. To get estimates (25), it suffices now to apply Lemma 5.1 with q4Q, a40
and f (x) 4uh , l (x).

These estimates are clearly trivial when the distribution u does not belong
to H s , p

L . r
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REMARK 7. – In view of inequality (23) we easily obtain from estimate (25)
the following:

sup
h , l

L(c (H)
h , l )

s2
n

m 0 p
Vuh , l VQGMVuVH s , p

L
,(26)

for every u� S8 (Rn ).
Notice also that the inequality

g!
h , l

VL(c (H)
h , l )

s2
n

m 0
g 1

p
2

1

p2
h2d 2 uh , l Vp2

p h
1

p
GMVuVH s , p

L
,(27)

arising from the right inclusion in (24), can be extended from p2 EQ to p2 4Q

as a consequence of (26) and the arguments used in the proof of point 3) of
Proposition 5.2.

More precisely, it suffices to argue on the first inequality in (19), with
s2 n

m 0p
2d 2 instead of s , e4d 2, q24p, bh, l4Vuh, lVQ, jointly with estimate (26).

The following is essentially the Hilbert space version of Lemma 3.1 (see
Triebel [27], Stein [20] and Lizorkin [16] for a proof in the context of a generic
Hilbert space H).

THEOREM 5.1. – Let mj , l (j) ( j , l41, 2 , R) be some n times continuously

differentiable functions defined in Rn 0A , where A»4 ]j�Rn : »
j41

n

j j 40(. As-
sume that there exists a constant BD0 such that:

NjgNg !
j , l41

Q

ND g mj , l (j)N2h
1

2

GB , j�Rn 0A ,(28)

for all the multi-indices g�Z1
n with g j � ]0, 1( ( j41, R , n).

If 1 EpEQ then there exists a positive number c , only depending on p
and the dimension n , such that for all the sequences ] fj (j41

Q of functions
fj (x) � S(Rn ), satisfying fj (x) 40 with exception of a finite number of j ,

NNmFjKx
21 g!

l41

Q

mj , l (j) f×l (j)h (x)n
j
NN

L p (l 2 )
GcBV] fj (x)(VL p (l 2 )(29)

holds.

6. – Elementary symbols.

Through this Section X is a Banach space with norm V . V and L(j) is a
weight function according to Definition 2.1.
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DEFINITION 6.1. – We say that a measurable function a(x , j) on Rn
x 3Rn

j

belongs to the symbol class XM m
L , where m�R , if for any multi-index

g�Zn
1 there exists a positive constant Cg such that the following estimates

hold

»
j41

n

(11j j
2 )

g j

2 N¯j
g a(x , j)NGCg L(j)m ,

»
j41

n

(11j j
2 )

g j

2
V¯j

g a(Q, j)VGCg L(j)m ,

x , j�Rn ;

j�Rn .
(30)

REMARK 8. – Since L(j) satisfies (3) and (6), setting g40 in (30) we see
that a(x , j) has at most a polynomial growth in (x , j) and so it belongs to
S8 (Rn

x 3Rn
j ).

From (30) we also obtain that, for any j�Rn , ¯g
j a(. , j) �L Q (Rn )OX.

DEFINITION 6.2. – We say that a measurable function a(x , j) is an elemen-
tary symbol on X if it may be represented as follows

a(x , j) 4 !
h�Z1

n , l�E
dh , l (x) c h , l (j) ,(31)

where ]dh , l( 4 ]dh , l (x)(h�Z1
n , l�E is a sequence of functions in L QOX , such

that for some MD0

Ndh , l (x)NGM , x�Rn , Vdh , lVGM , h�Z1
n , l�E .

]c h , l( 4 ]c h , l(h�Z1
n , l�E is a sequence of smooth functions satisfying the fol-

lowing conditions:

1) supp c h , l%P (H)
h , l , for any h�Z1

n , l�E and some HD1;

2) for any a�Z1
n there exists a positive constant Ca such that

N¯a c h , l (j)NGCa 22h Qa , for any j�Rn , h�Zn
1 , l�E .

REMARK 9. – Definition 6.2 is well-posed, since for a fixed j�Rn all but a fi-
nite number of terms in (31) are zero.

Moreover thanks to the assumptions 1) and 2) it is easy to see that an ele-
mentary symbol belongs to the symbol class XM 0

L .
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PROPOSITION 6.1. – Let a(x , j) be a symbol in XM 0
L . Then there exists a se-

quence of elementary symbols am (x , j), m�Zn , such that

a(x , j) 4 !
m�Zn

1

(11NmN2 )2n
am (x , j), x , j�Rn ,

with absolute convergence in L Q (Rx
n 3Rj

n ).

LEMMA 6.1. – For ]W h , l( �F (H) , HD1, a(x , j) �XM 0
L let us set

ah , l (x , j) »4W h , l (j) a(x , j), h�Z1
n , l�E .

Then the following statements hold, for any a , h�Zn
1 , l�E and some

CaD0:

ah , l (x , j) 40, for x�Rn and j�P (H)
h , l ;

N¯ j
a ah , l (x , j)NGCa 22a Qh , x , j�Rn ;(32)

V¯ j
a ah , l (. , j)VGCa 22a Qh , j�Rn .

PROOF. – Since supp W h , l%P (H)
h , l , the first statement is obviously true. By

Leibnitz formula we get for any a�Z1
n

N¯ j
a ah , l (x , j)NG !

bGa
ga

b
hN¯b

j a(x , j)NN¯a2b
j W h , l (j)N , x , j�Rn .

From (30) it follows that for any x�Rn and j�supp W h , l

N¯b
j a(x , j)NGCbg»

j41

n

(11j 2
j )

b j

2 h21

GH NbN 22h Qb .

On the other hand N¯ j
a2b W h , l (j)NGCa2b 22h Q (a2b) , j�Rn , then (32) is

proved.
The last assertion follows as a repetition of the above argument, where the

absolute value N . N is replaced by the norm V . V in X. r

PROOF (of Proposition 6.1). – For ]W h , l( �F (H) and ah , l (x , j) as in Lemma
6.1 we have:

a(x , j) 4 !
h , l

ah , l (x , j), x , j�Rn .(33)

For every h�Z1
n and l�E let us set

bh , l (x , j) »4ah , l (x , 2h11u h1 j 1 1l 1 ch1
, R , 2hn1u hn j n 1l n chn

) ,(34)

where u h and ch are defined by (11).



GIANLUCA GARELLO - ALESSANDRO MORANDO476

For any a , h�Zn
1 , l�E and some constants CaD0, K4K(H) D1, we can

easily deduce from Lemma 6.1 the following properties of bh , l (x , j):

bh , l (x , j) 40, when x�Rn and j�Q1 »4 k2
K

2
,

K

2
ln

;

N¯j
a bh , l (x , j)NGCa , x , j�Rn ;(35)

V¯j
a bh , l (. , j)VGCa , j�Rn .(36)

Arguing now as in Coifman-Meyer [6], we can choose the constant KD1 so
that Q1 % [2p , p]n and set for any h�Z1

n and l�E

Bh , l (x , j) »4 !
m�Zn

bh , l (x , j22mp), x , j�Rn .(37)

The above function is well-defined since for every (x , j) �Rn
x 3Rn

j , all terms
but one in the right-hand side of (37) are equal to zero.

Bh , l (x , j) is nothing else but the 2p-periodic function in the j variable ob-
tained by extension of bh , l(x , j) on each n-cube of Rj

n with sides of length 2p.
Moreover if f(j) �C0

Q (Rn ) vanishes outside [2p , p]n and is equal to 1 on
Q1 , we have

bh , l (x , j) 4f(j) Bh , l (x , j), x , j�Rn .(38)

For any fixed x�Rn , we can write Bh , l (x , j) in terms of its Fourier
expansion:

Bh , l (x , j) 4 !
m�Zn

e im Qj s
[2p , p]n

Bh , l (x , h) e 2im Qh dh

4 !
m�Zn

e im Qj s
[2p , p]n

bh , l (x , h) e 2im Qh dh ,

with convergence in L 2 ( [2p , p]n) with respect to j, where dh4(2p)2n dh.
Integrating by parts we can write Bh , l (x , j) as

!
m�Zn

e im Qj 1

(11NmN2 )2n
(11NmN2 )2n s

[2p , p]n

bh , l (x , h) e 2im Qh dh4

4 !
m�Zn

e im Qj 1

(11NmN2 )2n s
[2p , p]n

(I2D h )2n bh , l (x , h) e 2im Qh dh ,

where D h »4 !
j41

n

¯ 2
h j

.
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For any m�Zn , h�Zn
1 and l�E let us define

d m
h , l (x) »4 s

[2p , p]n

(I2D h )2n bh , l (x , h) e 2im Qh dh , x�Rn .(39)

From (35) we obtain for any h�Zn
1 , m�Zn , l�E and Cn D0 depending only

on the dimension n:

Nd m
h , l (x)NG s

[2p , p]n

N(I2D h )2n bh , l (x , h)NdhGCn , x�Rn ;

so we have that ]d m
h , l (x)(h , l is a bounded sequence in L Q (Rn ).

If we look at the right-hand side in (39) as an integral of a measurable
function taking its values in a Banach space X , arguing on (36) as before we
have dh , l

m �X and Vdh , l
m

VGCn for all h�Z1
n , m�Zn and l�E.

At this point, we may represent Bh , l (x , j) as follows

Bh , l (x , j) 4 !
m�Zn

1

(11NmN2 )2n
e im Qj d m

h , l (x).

Let us remark that the above expansion is convergent in L 2 ( [2p , p]n ) with
respect to j for any x�Rn and actually converges to Bh , l (x , j) uniformly in
Rx

n 3Rj
n .

In fact for every m�Zn :

N 1

(11NmN2 )2n
e im Qj d m

h , l (x) N G
1

(11NmN2 )2n
Cn , x , j�Rn .

Setting for any m�Zn f m (j) »4e im Qj f(j), from (38) we obtain:

bh , l (x , j) 4 !
m�Zn

1

(11NmN2 )2n
f m (j) d m

h , l (x), x , j�Rn ,(40)

with uniform convergence on Rx
n 3Rj

n .
With the change of variables z j 42hj1u hj j j 1l j chj

, j41, R , n , where u hj

and chj
are defined by (11), we get from (40) the following representation for

ah , l (x , j):

ah , l (x , z) 4 !
m�Zn

1

(11NmN2 )2n
d m

h , l (x) c m , h , l (z) , x , z�Rn ,(41)

with c m , h , l (z) 4f m (22h12u h1 (z 1 2l 1 ch1
), R , 22h12u h1 (z 1 2l 1 ch1

) ). The con-
vergence in (41) is uniform on Rx

n 3Rz
n .

It is easy to check that for every m�Zn the function sequence ]c m , h , l (z)(
satisfies conditions 1) and 2) of Definition 6.2. More precisely the following
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statements hold, for every h�Zn
1 , l�E and some Ca , m D0:

supp c m , h , l%P (H)
h , l , m�Zn ;

N¯a
j c m , h , l (j)NGCa , m 22h Qa , j�Rn ;

Deeply arguing on the functions c m , h , l (j) we get for some M0 D0:

!
h�Z1

n , l�E
Nc m , h , l (j)NGM0 , for every j�Rn and m�Zn .(42)

Replacing now in (33) the expression of ah , l (x , j) given in (41) we obtain for
x , j�Rn

a(x , j) 4 !
h�Z1

n , l�E
!

m�Zn

1

(11NmN2 )2n
d m

h , l (x) c m , h , l (j).(43)

The expansion is absolutely convergent in Rn
x 3Rn

j , since using (42)

!
h�Z1

n , l�E
!

m�Zn

1

(11NmN2 )2n
Nd m

h , l (x)NNc m , h , l (j)NG

Cn M0 !
m�Zn

1

(11NmN2 )2n
GCCn M0 .

So we may change the order of the two sums in (43) and conclude

a(x , j) 4 !
m�Zn

1

(11NmN2 )2n
am (x , j), x , j�Rn ,(44)

where the functions am (x , j) »4 !
h , l

d m
h , l (x) c m , h , l (j), m�Zn are elementary

symbols.
Since Nam (x , j)NGM0 Cn , for all m�Zn , the series in (44) is absolutely

convergent to a(x , j) in L Q (Rx
n 3Rn

j ). r

7. – Action on Sobolev spaces.

For any symbol a(x , j) in the class XM m
L , m�R , we can define as usual the

pseudodifferential operator:

a(x , D) u(x) »4 (2p)2nse ix Qj a(x , j) u×(j) dj , u� S(Rn ) .(45)

REMARK 10. – In view of Remark 8, the integral on the right-hand side of
(45) is well-defined in classical sense and moreover a(x , D) : S(Rn ) KL Q (Rn )
continuously.

This section will be devoted to prove the following mapping property of
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pseudodifferential operators whose symbol belongs to the classes H r , p
L M m

L ,
L(j) weight function, r�R , 1 EpEQ.

THEOREM 7.1. – Let L(j) be a weight function and assume moreover that
there exists a number 0 EdE1 such that for some CD0

L(j1h) GC(L(j)1L(h)1L(j)d L(h)d ) , j , h�Rn .(46)

Let a(x , j) be a symbol in H r , p
L M m

L with rD
n

(12d) m 0 p
, 1 EpEQ and m�R.

Then:

a(x , D) : H s1m , p
L KH s , p

L ,(47)

continuously for every 0 GsGr.

Before starting the proof of Theorem 7.1, let us make some useful
remarks.

1) The proof of Theorem 7.1 may be restricted to the case m40. It suf-
fices to observe that, for any m�R , L(D)m : H s1m , p

L KH s , p
L continuously for

all s�R , 1 EpEQ (cf. [11]) and a(x , D)L(D)2m has symbol a(x , j)
L(j)2m �H r , p

L M 0
L .

So a(x , D) 4 (a(x , D)L(D)2m )(L(D)m ) maps continuously H s1m , p
L into

H s , p
L , when 0 GsGr.

2) In view of Proposition 6.1 and the dominated convergence theorem it
comes that a pseudodifferential operator a(x , D) with symbol a(x , j) �
H r , p

L M 0
L can be written for any u(x) � S(Rn ):

a(x , D)u(x) 4 !
m�Zn

1

(11NmN2 )2n
am (x , D) u(x),(48)

where am (x , j), m�Zn are elementary symbols and the convergence is given
in S8 (Rx

n ).
At first we prove Theorem 7.1 for a(x , j) 4 !

h , l
dh , l (x) c h , l (j), elementary

symbol.

3) For every u(x) � S(Rn ), we can show that for any elementary symbol
a(x , j) we have:

a(x , D) u(x) 4 !
h , l

dh , l (x) uh , l (x),(49)

with absolute convergence in L Q (Rn ).
In fact since !

h , l
Ndh , l (x)NNc h , l (j)NGMCN1 (H) for any x , j�Rn (here

N1 (H) is the number of terms in the sum which do not vanish), it follows that
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for u(x) � S(Rn )

a(x , D) u(x) 4 (2p)2nse ix Qj !
h , l

dh , l (x) c h , l (j) u×(j) dj4

(2p)2n !
h , l

dh , l (x)se ix Qj c h , l (j) u×(j) dj4 !
h , l

dh , l (x) uh , l (x).

Moreover for any h�Zn
1 , l�E and TD0 we also have

Vuh , l VQGCsNc h , l (j) u×(j)NdjGC s
P (H)

h , l

(11NjN2 )T Nc h , l (j)N
Nu×(j)N

(11NjN2 )T
djG

C

g11
1

H 2
!

j41

n

x hj
22hjhT s(11NjN2 )T Nu×(j)NdjGCT ah1

R ahn
,

with a suitable CD0, where CT »4 s(11NjN2 )T Nu×(j)Ndj and

x h »4
.
/
´

0, h40

1, hD0,
ah »4

.
/
´

1, h40,

1
1

H 2
2

2hM

n

, hD0.(50)

Thus !
h , l

Vdh , l VQ Vuh , l VQGM2n CT !
h140

Q

ah1
R !

hn40

Q

ahn
EQ , which shows that (49)

is absolutely convergent in L Q (Rn ).

4) By a similar argument, for ]W h , l (j)( �F (H) and v� S8 (Rn ) it holds:

v4 !
h , l

W h , l (D) v4 !
h , l

vh , l , with convergence in S8 (Rn ).(51)

5) For ]f k , e (j)(k , e�F (K) , KD1, we may apply the decomposition (51) to
each term dh , l (x) �H r , p

L in (49). Then, by setting dh , l
k , e (x) »4f k , e (D) dh , l (x),

we get

a(x , D) u(x) 4 !
h , l

!
k , e

d k , e
h , l (x) uh , l (x) .(52)

For rD
n

m 0 p
the expansion (52) is absolutely convergent in L Q (Rx

n ). Since

]dh , l( is bounded in H r , p
L , we can in fact find, in view of Proposition 5.4, a

number MD0 such that for any h , k�Z1
n and l�E: Vd k , e

h , l VQG

ML(c (K), k , e )
2(r2

n

m 0 p
)
.

Thus for ahj
defined by (50), j41, R , n , and provided r2

n

m 0 p
D0 we can
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show that !
h , l

!
k , e

Vd k , e
h , l VQ Vuh , l VQ is bounded by:

M2n !
k , e

L(c (K)
k , e )

2(r2
n

m 0 p
) !

h140

Q

ah1
R !

hn40

Q

ahn
EQ .

6) The absolute convergence of the series in the right hand-side of (52)
makes possible to change its terms according to a useful order.

For this purpose, let us introduce some preliminary notations.
Let N0 �N be given and h�Z1 arbitrary; we set

E (N0 )
1 , h »4

.
/
´

¯ , hGN0 ;

Z1O [0 , h2N0 [ , hDN0 ;
(53)

E (N0 )
2 , h »4Z1O [h2N0 , h1N0 [ ;(54)

E (N0 )
3 , h »4Z1O [h1N0 , Q[ .(55)

Moreover, we denote by B A the set of all functions s : AKB with A»4

]1, 2 , R , n( and B»4 ]1, 2 , 3(.
For any h4 (h1 , h2 , R , hn ) �Z1

n and s�B A we set:

E (N0 )
s , h »4E (N0 )

s(1), h1
3E (N0 )

s(2), h2
3R3E (N0 )

s(n), hn
.(56)

According to notations (53)-(56), we can write (52) as follows

a(x , D) u(x) 4 !
s�B A

!
h , l

!
k�E (N0)

s , h , e�E
d k , e

h , l (x) uh , l (x).(57)

7) For every h , k�Z1
n and l , e�E: supp (d k , e

h , l uh , l
×) %P (K)

k , e 1P (H)
h , l , for some

K , HD1.
Given r , s�Z1 and s , d� ]21, 1(, according to the notations introduced

in (9) we can say that the n-cubes P (H)
h , l and P (K)

k , e are obtained as superposition
of n intervals of the type L (H)

r , s and L (K)
s , d . Therefore we may restrict to argue on

the sum L (H)
r , s 1L (K)

s , d .
Let us then prove the following technical lemma.

LEMMA 7.1. – Let us consider r , s�Z1 , s , d� ]21, 1(, H , K greater than
1. For any N0 positive integer, N0 D log2 (2HK), we can always find two posi-

tive constants T , M such that TDH1K , 1

T
E minm 1

K
2

2H

2N0
, 1

H
2

2K

2N0
n and

MD2N011 K12H , which fulfill the following statements:

(a) if s�E (N0 )
1 , r and rDN0 then

L (H)
r , s 1L (K)

s , d %mu�R :
2r h r

T
GsuGT2r11n4: L (T)

r , s ;(58)
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(b) if s�E (N0 )
2 , r then

L (H)
r , s 1L (K)

s , d % ]u�R : NuNGM2r ( 4: [2M2r , M2r ] ;(59)

(c) if s�E (N0 )
3 , r then

L (H)
r , s 1L (K)

s , d %mu�R :
2s h s

T
GduGT2s11n4: L (T)

s , d .(60)

Here h h 421 if h40 and h h 41 if hD0.

PROOF. – At a first glance, we have to distinguish four cases:

(i)

(iii)

: (s , d) 4 (1 , 1 );

: (s , d) 4 (21, 21);

(ii)

(iv)

: (s , d) 4 (21, 1 );

: (s , d) 4 (1 , 21).

It is easy see that u�L (H)
r , s 1L (K)

s , d for (s , d) 4 (1 , 1 ) [or (21, 1 )] if and only if
2u�L (H)

r , s 1L (K)
s , d for (s , d) 4 (21, 21) [or (1 , 21)]. So we are actually re-

duced to argue on the cases (i) and (ii).
For the sub-case (a-i) suppose firstly that s40. It easily follows:

L (H)
r , 1 1L (K)

0 , 1 %mu�R : 2
1

K
1

1

H
2r GuG2K1H2r11n .

From rDN0 it comes that

2
1

K
1

1

H
2r 4g2

1

K2r
1

1

H
h 2r Dg2

1

K2N0
1

1

H
h 2r ;

on the other hand, 2K1H2r11 E (K1H) 2r11.
The inclusion (58) then follows by choosing a constant T with the required

properties; let us notice in particular that N0Dlog2(2HK) yields 2
2K

2N0
1

1

H
D0

and then we can always find T such that 1

T
E2

2K

2N0
1

1

H
E2

1

K2N0
1

1

H
.

We get L (H)
r , 1 1L (K)

s , 1 %mu�R : 1

K
2s1

1

H
2rGuGK2s111H2r11n when sD0;

then (58) easily follows with the same T before considered, since sEr2N0 .
Let us assume now sD0 in the sub-case (a-ii), then we have

L (H)
r , 21 1L (K)

s , 1 %mu�R :
1

K
2s 2H2r11 GuGK2s11 2

1

H
2rn .

Inclusion (58) follows by observing that for sEr2N0 : K2s11 2
1

H
2r E

g 2K

2N0
2

1

H
h 2r E2

1

T
2r and 1

K
2s 2H2r11 D2(H1K) 2r11 D2T2r11 , with the



L p-BOUNDEDNESS FOR PSEUDODIFFERENTIAL OPERATORS ETC. 483

same T of case (a-i). By means of similar computations the statement
follows also for s40.

In the case (b-i) we can see that for s40:

L (H)
r , 1 1L (K)

0 , 1 % k2g 1

H
1

1

K
h2r , (H1K) 2r11l ,

while for sD0 from r2N0 GsEr1N0 we get:

L (H)
r , 1 1L (K)

s , 1 % k2g 1

H
2

1

2N0 K
h 2r , (2N0 K1H) 2r11l .

In the case (b-ii), for s40 we obtain

L (H)
r , 21 1L (K)

0 , 1 % k2gH1
1

K
h2r11 , g2K1

1

H
h 2rl ;

for sD0 it follows

L (H)
r , 21 1L (K)

s , 1 % k2gH2
1

2N011 K
h 2r11 , g2N011 K1

1

H
h2rl ;

let us notice that 1

H
2

1

2N0 K
and H2

1

2N011 K
are positive as N0 D

log2 (2HK).
Thus inclusion (59) holds in both cases (b-i) and (b-ii), for MD2N011K12H.
Finally, inclusion (60) easily follows by observing that sFr1N0 if and

only if rGs2N0 and then arguing as in (a) with r and s , s and d , H and K
interchanged.

Let us remark, at the end, that we may always find M4T satisfying the in-
clusions (58)-(60). r

Coming back to (57), it follows from Lemma 7.1 that the support of d k , e
h , l uh , l
×

is contained in the product of n real intervals of type (58)-(60).
This suggests to split B A in the following way:

C1 »4 ]s�B A : s (A) 4 ]1(( ;

C2 »4 ]s�B A : s (A) 4 ]2(( ;

C3 »4 ]s�B A : s (A) 4 ]3(( ;

C4 »4 ]s�B A : s (A) 4 ]1, 2(( ;

C5 »4 ]s�B A : s (A) 4 ]1, 3(( ;

C6 »4 ]s�B A : s (A) 4 ]2, 3(( ;

C7 »4 ]s�B A : s (A) 4 ]1, 2 , 3(( .
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The sets C1 , C2 and C3 reduce to a single constant function s , while C4-C7 con-
tain several functions, for any dimension nF2.

For any elementary symbol in H r , p
l M 0

l we can write:

a(x , D) u(x) 4 !
j41

7

Tj u(x) ,

where for j41, 2 , R , 7:

Tj u(x) »4 !
s�Cj

!
h , l

!
k�E (N0)

s , h , e�E
d k , e

h , l (x) uh , l (x), u� S(Rn ) .

In the following Propositions 7.1-7.3 we assume a(x , j) to be an elementary

symbol in H r , p
L M 0

L , with 1 EpEQ , L(j) weight function and rD
n

m 0 p

PROPOSITION 7.1.

T1 : H s , p
L KH s , p

L , continuously for every s�R .

In order to show the previous result, we will use a consequence of the
Nikol’skij type representation for Besov and Triebel spaces (see Triebel [28]
Theorem 2.1/1); namely

LEMMA 7.2. – Let us consider u4 !
h , l

uh , l , with convergence in S8 (Rn ) and

assume that supp u×h , l%P (H)
h , l , for every h�Z1

n , l�E and some constant
HD1.

Then for any s�R and 1 EpEQ there exists a constant C4Cs , p D0 such
that:

VuVH s , p
L

GC NNg!
h , l

L(c (H)
h , l )2s Nuh , lN

2h
1

2

NN
p
.(61)

PROOF (of Proposition 7.1.). – Assuming N0 D log2 (2HK), from Lemma 7.1
it follows that for some constant TD1 we have supp d k , e

h , l uh , l
×%P (T)

h , l , for any
h , k�Z1

n , with kj Ehj 2N0 ( j41, R , n), and any l , e�E.
In view of Lemma 7.2 for every s�R and 1 EpEQ we get:

VT1 uVH s , p
L

GC NNu!
h , l

L(c (T)
h , l )2s Nuh , l (x)N2N !

k�E (N0)
1 , h

e�E

d k , e
h , l (x) N

2v
1

2

NNp ,

where E1, h
(N0 ) »4 »

j41

n

E (N0 )
1 , hj

.

Since the sequence ]dh , l(h , l is bounded in H r , p
L and rD

n

m 0 p
, from Proposi-

tion 5.4 and Remark 7 there exists a positive constant M , depending only on
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r , p , m 0 , K , n , such that for any x�Rn ,

N !
k�E (N0)

1 , h
e�E

d k , e
h , l (x) N GMg!

k , e
L(c (K)

k , e )
2gr2

n

m 0 p
hh sup

h , l
Vdh , l VH r , p

L
.

On the other hand, it could be shown (see Triebel [27]) that for two arbitrary
numbers H , TD1 there exists a constant CD0 independent of h and l such
that:

1

C
L(c (H)

h , l ) GL(c (T)
h , l ) GCL(c (H)

h , l ), h�Z1
n , l�E ,(63)

By the estimates (62), (63) and Proposition 5.1, we get for any u� S(Rn )

VT1 uVH r , p
L

GM 8sup
h , l

Vdh , l VH r , p
L NNg!

h , l
L(c (H)

h , l )2s Nuh , l (x)N2h
1

2

NN
p
G

M 9sup
h , l

Vdh , l VH r , p
L

VuVH s , p
L

,

M 8 , M 9 depending only on r , s , p , m 0 , n , H and K.
Since S(Rn ) is dense in H s , p

L for any real s and 1 EpEQ , the prof is
concluded. r

REMARK 11. – Similarly to (63), it may be also proved that 1

C
E

L(c (H)
h , l )

L(c (H
k , e )

EC

when Nh2kNGA (see [27]), for some positive constants C and A , independent
of h , k�Z1

n and l , e�E.

PROPOSITION 7.2.

T2 : H s , p
L KH

s1r2
n

m 0 p
2u , p

L ,

continuously for every sD2r1
n

m 0 p
and 0 EuEs1r2

n

m 0 p
.

In order to prove Proposition 7.2 and moreover the continuity of the terms
Tj , 3 G jG7, we need the following

LEMMA 7.3. – Let us consider u4 !
h , l

uh , l , with convergence in S8 (Rn ). We

assume moreover that there exists a constant HD1 such that for any h�Z1
n

and l�E:

supp u×h , l%J (H)
h1 , l 1

3R3J (H)
hn , l n

where J (H)
h , l is either L (H)

h , l defined in (9) or [2H2h11 , H2h11 ].
Then for every sF0, gD0 and 1 EpEQ there exists a constant C4
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Cs , g , p D0 such that:

VuVH s , p
L

GC NNg!
h , l

L(c (H)
h , l )2s 22gx(h) Qh Nuh , lN

2h
1

2

NN
p
,(64)

where x(h) »4 (x(h1 ), R , x(hn ) ) and

x(hj ) »4
.
/
´

1, if J (H)
hj , l j

4 [2H2hj11 , H2hj11 ] ,

0 , otherwise .

PROOF. – For any ]W k , e( �F (K) , KD1, arguing similarly to the proof of
Proposition 4.1, we see that for N0 »4 log2 (2HK) the supports of u×h , l and W k , e

are disjoint when at least one index 1 G jGn satisfies one of the following
assumptions,

hj Ekj 2N0 or hj Dkj 1N0 , if J (H)
hj , l j

4L (H)
hj , l j

or

hj Ekj 2N0 , if J (H)
hj , l j

4 [2H2hj11 , H2hj11 ] ,

whatever are l , e�E.
Hereafter we suppose that J (H)

hj , l j
4 [2H2hj11 , H2hj11 ] for j41, 2 , R , n1

and J (H)
hj , l j

4L (H)
hj , l j

for the remaining indices j4n1 11, R , n (1 Gn1 Gn), with-
out any loss of generality.

From the above arguments it follows that:

W k , e (D) u4 !
h�E (N0), n1

k
l�E

W k , e (D)uh , l ,

where, for sake of simplicity, for any k�Zn
1 , we set:

E (N0 ), n1
k »4{h�Z1

n :
hj Fkj 2N0 ,

kj 2N0 Ghj Gkj 1N0 ,

j41, R , n1

j4n1 11, R , n
} .

By the characterization of H s , p
L given by Proposition 5.1 there exists a positive

C4Cs , p such that

(65) VuVH s , p
L

GCNNu!
k , e

L(c (K)
k , e )2sN !

h�E (N0), n1
k

l�E

W k , e (D) uh , lN
2v

1

2

NN
p
4

CNNu!
k , e

L(c (K)
k , e )2sN !

t�E (N0), n1

l�E

W k , e (D) uk1 t , lN
2v

1

2

NN
p
,
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where t4h2k and

E (N0 ), n1 »4{t�Zn :
tj F2N0 ,

2N0 G tj GN0 ,

j41, R , n1

j4n1 11, R , n
} ,

agreeing that uk1 t , lf0, when kj 1 tj E0 for some 1 G jGn.
By the triangular inequality in L p (l 2 ) we obtain

NNu!
k , e

L(c (K)
k , e )2sN !

t�E (N0), n1

l�E

W k , e (D) uk1 t , lN
2v

1

2

NN
p
G(66)

!
t�E (N0), n1

NNmW k , e (D) g!
l

L(c (K)
k , e )s uk1 t , lhn

k , e
NN

L p (l 2 )
.

On the other hand the system ]W k , e( satisfies the hypothesis of Theorem 5.1,
assuming that mj , l 40 when jc l.

Then in view of (29) we may find a constant C 84C 8p , n D0 such that:

(67) NNmW k , e (D) g!
l

L(c (K)
k , e )s uk1 t , lhn

k , e
NN

L p (l 2 )
G

C 8NNm!
l

L(c (K)
k , e )s uk1 t , ln

k , e
NN

L p (l 2 )
4C 8NNg!

k , e
L(c (K)

k , e )2sN!
l

uk1 t , lN
2h

1

2

NN
p
G

C 8 cnNNg!
k , e

L(c (K)
k , e )2s!

l
Nuk1 t , lN

2h
1

2

NN
p
,

for any t�E (N0 ), n1 and a suitable cn D0.
Thanks to the inequalities (65), (66) and (67) we obtain then

VuVH s , p
L

GCC 8 cn !
t�E (N0), n1

NNg!
k , e

L(c (K)
k , e )2s!

l
Nuk1 t , lN

2h
1

2 NN
p
.(68)

Since we have considered sF0, using now the estimates (63), the assumption
3 in Definition 2.1 and Remark 11, we may find a constant C 94C 9s , n , H , K D0
such that: L(c (K)

k , e )2s GC 9 L(c (H)
k1 t , l )2s , for all k�Z1

n , t�E (N0 ), n1 , l , e�E.
Thus from (68) it follows:

VuVH s , p
L

GCC 8 c 8n !
t�E (N0), n1

NNg!
k , l

L(c (H)
k1 t , l )2s Nuk1 t , lN

2h
1

2

NN
p
.(69)

Let us multiply any term of the sum in t , in the right-hand side of (69), by 2gtj
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and 22gtj as j41, R , n1 ; for t 84(t1 , R , tn1
) and k 84(k1, R , kn1

) we have

(70) !
t�E (N0), n1

NNg!
k , l

L(c (H)
k1 t , l )2s Nuk1 t , lN

2h
1

2

NN
p
G

G !
t�E (N0), n1

22gNt 8NNNg!
k , l

L(c (H)
k1 t , l )2s 22gNt 81k 8N Nuk1 t , lN

2h
1

2

NN
p
.

By observing that !
2N0GtjGN0
j4n111, R, n

!
tjFN0

j41, R, n1

22gNt 8NGCRg , N0
as gD0, we get the

statement. r

REMARK 12. – Under the same assumptions of Lemma 7.3, by means of the
inequalities (23), we immediately deduce from estimate (64) the following:

VuVH s , p
L

GC NNg!
h , l

L(c (H)
h , l )

2gs1
gn1
m 0

h
Nuh , lN

2h
1

2

NN
p
,

where n1 has the same meaning as in the proof of Lemma 7.3.

PROOF (of Proposition 7.2). – For E (N0 )
2 , h »4 »

j41

n

E (N0 )
2 , hj

let us set Uh , l (x) »4

!
k�E (N0)

2 , h
e�E

d k , e
h , l (x) uh , l (x). It follows from Lemma 7.1 that T2 u(x) 4 !

h , l
Uh , l (x) ful-

fills the assumption of Lemma 7.3.

Since s1r2
n

m 0 p
2uD0, we may estimate the H

s1r2
n

m 0 p
2u , p

L -norm of

T2 u(x) by means of (64) with g4
m 0 u

n
; using moreover Remark 12, we obtain

for C4C(r , s , p , m 0 , n) D0

VT2 uV

H s1r2
n

m 0 p
2u , p

L
GC NNg!

h , l
L(c (T)

h , l )
2gs1r2

n

m 0 p
h
NUh , l N2h

1

2

NN
p
.(71)

But from Proposition 5.4, estimates (26) and the boundedness of the sequence
]dh , l( in H r , p

L , we may estimate Uh , l (x) as follows:

(72) NUh , l (x)NGNuh , l (x)N !
k�E (N0)

2 , h
e�E

Nd k , e
h , l (x)NG

M suph , l Vdh , l VH r , p
L

!
k�E (N0)

2 , h
e�E

L(c (K)
k , e )

2gr2
n

m 0 p
h
Nuh , l (x)NG

M 8sup
h , l

Vdh , l VH r , p
L

L(c (H)
h , l )

2gr2
n

m 0 p
h
Nuh , l (x)N ,

where we also used estimates (63) and Remark 11 about the weight function



L p-BOUNDEDNESS FOR PSEUDODIFFERENTIAL OPERATORS ETC. 489

L(j) to get the last inequality and the constants M and M 8 depend only on H ,
K , r , s , p , m 0 , u , n.

Now the statement readily follows from (71) and (72). r

REMARK 13. – For r2
n

m 0 p
2uD0, H

s1r2
n

m 0 p
2u , p

L %H s , p
L with continuous

embedding. Thus for 0 EuE minmr2
n

m 0 p
, s1r2

n

m 0 p
n , Proposition 7.2

yields that T2 continuously maps H s , p
L into itself.

PROPOSITION 7.3. –

T3 : H
s2r1u1

n

m 0 p
, p

L KH s , p
L ,(73)

continuously for every sGr and uD0.

PROOF. – Thanks to the absolute convergence of the expansion (52), we may
write:

T3 u(x) 4 !
k , e

!
h�E (N021)

1 , k
l�E

d k , e
h , l (x) uh , l (x), u� S(Rn ) ,

For any k and e the support of Vk , e (x) »4 !
h�E (N021)

1 , k
l�E

d k , e
h , l (x) uh , l (x) is included in

the n-cube P (K)
k , e (see Lemma 7.1), then by use of Proposition 5.1 for any sGr

and 1 EpEQ there exists a constant C4Cs , p D0 such that:

(74) VT3 uVH s , p
L

GC NNg!
k , e

L(c (K)
k , e )2s NVk , eN

2h
1

2

NN
p
GC!

k , e
L(c (K)

k , e )s
VVk , e Vp ,

where the second inequality is given by the continuous inclusion B s , L
p , 1 %

F s , L
p , 2 .

Let us assume now sEr and take a number 1Ep1EQ such that 1

p1

4
1

p
1h

with 0 EhE1. Using Proposition 5.3 (with p instead of p2 and q41) we
obtain

!
k , e

L(c (K)
k , e )s

VVk , e Vp GC 8!
k , e

L(c (K)
k , e )

s1
n

m 0
h
VVk , e Vp1

.

On the other hand, from the triangular and Hölder’s inequalities we
have:

VVk , e Vp1
G !

h�E (N021)
1 , k

l�E

Vd k , e
h , l Vp Vuh , l V 1

h

, k�Zn
1 , e�E .(75)

Since H r , p
L %B r , L

p , Q with continuous embedding and the sequence ]dh , l(h , l is
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bounded in H r , p
L , it follows from (74) and (75) that for any hD0, setting L k »4

L(c (K)
k , e ), we have

(76) VT3 uVH s , p
L

GC sup
h , l

Vdh , l VB r , L
p , Q

!
k , e{L k

s2r1
n

m 0
h !

h�E (N021)
1 , k

l�E

Vuh , l V 1

h}G

C sup
h , l

Vdh , l VB r , L
p , Q

!
k , e

L k
s2r1

n

m 0
h1h 8

L k
2h 8 !

h�E (N021)
1 , k

l�E

Vuh , l V 1

h

.

Since kj Fhj 1N0 for all 1 G jGn , from (5), jointly with (63), we deduce
that:

L(c (K)
k , e ) FTL(c (H)

h , l ) ,

with a constant T4TH , K D0 independent of h , k , l and e. Then for any
k�Zn

1 , e , l�E:

L(c (K)
k , e )

s2r1
n

m 0
h1h 8

GT 8 L(c (H)
h , l )

s2r1
n

m 0
h1h 8

, h�E (N0 )
s 1 , k ,(77)

with a suitable T 8D0 depending on H , K , r , s , m 0 , h , h 8 , n , provided we

choose h and h 8 small enough such that s2r1
n

m 0

h1h 8E0.

From (76), (77) jointly with Proposition 5.2, statement 3), we obtain
then

(78) VT3 uVH s , p
L

GT 8 S sup
h , l

Vdh , l VB r , L
p , Q

!
h , l

L(c (H)
h , l )

s2r1
n

m 0
h1h 8

Vuh , l V 1

h

G

T 8 S 8sup
h , l

Vdh , l VB r , L
p , Q
g!

h , l
L(c (H)

h , l )
pgs2r1

n

m 0
h1h 81h 9h

Vuh , l V 1

h

p h
1

p

4

CT 8 S 8sup
h , l

Vdh , l VB r , L
p , Q

VuVB s2r1
n

m 0
h1h 81h 9 , L1

h
, p

,

where h 9D0 is arbitrary, S4SH , h 8 »4 !
k , e

L(c (K)
k , e )2h 8EQ and the constant

S 8D0 only depends on H , h 8 , h 9 and p.
Let us consider now an arbitrary positive u; in all the above arguments we

can pick h , h 8 and h 9 so that h 81h 9Eu and 1

h
Dp.

By Corollary 5.1, with s2r1u1
n

m 0 p
instead of s , 1

h
instead of p2 and

u2 (h 81h 9 ) instead of d 2 , we have

H
s2r1u1

n

m 0 p
, p

L %B
s2r1

n

m 0
h1h 81h 9 , L

1

h
, p

with continuous embedding. This proves (73) for sEr.
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For the case s4r let us come back to the first inequality in (74); using also
the Cauchy-Schwarz inequality and setting for some tD0 G t (u) »4

!
h , l

L(c (H)
h , l )t

Vuh , l VQ we can estimate VT3 uVH r , p
L

using

G t (u) NNu!
k , e

L(c (K)
k , e )2r !

h�E (N021)
1 , k

l�E

L(c (H)
h , l )22 t Nd k , e

h , l (x)N2v
1

2

NN
p
.(79)

By changing the order of the sums in k , e and h , l we have now

NNu!
k , e

L(c (K)
k , e )2r !

h�E (N021)
1 , k

l�E

L(c (H)
h , l )22 t Nd k , e

h , l (x)N2v
1

2

NN
p
G

!
h , l

L(c (H)
h , l )2tNNg!

k , e
L(c (K)

k , e )2r Nd k , e
h , l N2h

1

2

NN
p
GCS sup

h , l
Vdh , l VH r , p

L
,

where S4St »4 !
h , l

L(c (H)
h , l )2t EQ.

Let 0 Eu 8Eu 9Eu be arbitrary, set t4u 8 and then use estimate (19) with
q1 4p , q2 41, s4u 8 , e4u 92u 8 , bh , l4Vuh , l VQ and estimate (27) with p2 4Q ,

s4
n

m 0 p
1u and d 2 4u2u 9; we obtain then

G u 8 (u) GC1g!
h , l

L(c (H)
h , l )pu 9

Vuh , l VQ
p h

1

p

GC2 VuV

H
n

m 0 p
1u , p

L
,(80)

with suitable positive constants C1 , C2 .
Estimates (79) for t4u 8 and (80) complete the proof. r

REMARK 14. – Let us notice that, under the assumption rD
n

m 0 p
, we may al-

ways find uD0 such that H s , p
L %H

s2r1u1
n

m 0 p
, p

L continuously, then it follows
from Proposition 7.3:

T3 : H s , p
L KH s , p

L

continuously for every sGr.
Let us remark that any the operators Tj , j44, R , 7 , may be expressed as

a finite sum of operators with the following form

Ru(x) 4 !
h , l

!
k�E (N0), n1, n2, p

h
l�E

d k , e
h , l (x) uh , l (x), u� S(Rn ) .(81)

Here n1 , n2 are integers such that 0 Gn1 Gn2 Gn and two at least of these in-
equalities must be strict; p is any permutation of the set ]1, 2 , R , n(, E (N0 )

1 , hp( j)
,
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E (N0 )
2 , hp( j)

, E (N0 )
3 , hp( j)

are defined by (53)-(55) and

E (N0 ), n1 , n2 , p
h »4 »

j41

n1

E (N0 )
1 , hp( j)

3 »
j4n111

n2

E (N0 )
2 , hp( j)

3 »
j4n211

n

E (N0 )
3 , hp( j)

.

At the moment it only needs to study the H s , p
L -continuity of an operator taking

the form (81). We need the following

PROPOSITION 7.4. – Let us assume that the weight function L(j) satisfies

(46); let R be defined by (81), 1 EpEQ and rD
n

(12d) m 0 p
. Then

R : H s , p
L KH s , p

L ,

continuously for every 0 GsGr.

In order to prove the previous statement we need a result of Caldéron [5]
about complex interpolation. Following then the notations of Triebel [23] we
write [. , . ]U , 0 EUE1, for the complex interpolation functor.

PROPOSITION 7.5. – Let (B 0 , B 1 ) and (C 0 , C 1 ) be two interpolation couples.
Let L be a linear mapping from B 0 1B 1 to C 0 1C 1 such that x�B i implies
L(x) �C i and

VL(x)VC i GMi VxVB i , i40, 1 .

Then x�BU »4 [B 0 , B 1 ]U implies L(x) �CU »4 [C 0 , C 1 ]U and

VL(x)VCU
GM0

12U M1
U

VxVBU
.

REMARK 15. – From Triebel [27], we get also the following complex interpo-
lation formula:

[L p , H r , p
L ]U4H Ur , p

L , 0 EUE1, rD0.

So if R is L p and H r , p
L bounded, then its H s , p

L -continuity follows from Proposi-
tion 7.5, for any 0 GsGr.

For an exhaustive introduction to complex interpolation methods we ad-
dress to Caldéron [5] and Triebel [23].

PROOF (of Proposition 7.4). – In order to simplify all the next technical cal-
culus, we assume, without loss of generality, that the permutation p in (81) is
the identity of ]1, 2 , R , n( and restrict ourselves to the case n1 41, n2 42
and n43.

Then the operator R takes the form

Ru(x) »4 !
h , l

!
kj�E (N0)

j , hj , j41, 2 , 3
l�E

d k , e
h , l (x) uh , l (x), u� S(R3 ) .(82)

Because of the absolute convergence of the expansion in (82), we may write R
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as follows

Ru(x) »4 !
h1 , h2 , k3
l 1 , l 2 , e 3

!
kj�E (N0)

j , hj , j41, 2 ,

h3�E (N021)
1 , k3 ,

e 1 , e 2 , l 3

d k , e
h , l (x) uh , l (x) .

From Lemma 7.1, we know there exists a number TD1 such that
supp d k , e

h , l uh , l
×%L (T)

h1 , l 1
3 [2T2h2 , T2h2 ]3L (T)

k3 , e 3
, for any (k1 , k2 , h3 ), such that

k1 Eh1 2N0 , h2 2N0 Gk2 Eh2 1N0 and h3 Gk3 2N0 , and all e 1 , e 2 , l 3 .
For shortness, later on we set t»4 (h1 , h2 , k3 ), s»4 (l 1 , l 2 , e 3 ) and

E (N0 )
t »4E (N0 )

1 , h1
3E (N0 )

2 , h2
3E (N021)

1 , k3
; moreover we will write e (K)

1 , r , e »4

(c1, K e2r , 0 , 0 ), e (K)
2 , r , e »4 (0 , c2, K e2r , 0 ), e (K)

3 , r , e »4 (0 , 0 , c3, K e2r ), for any inte-

ger r , KD1, e� ]21, 1( and cj , K »4K6
1

2K
, j41, 2 , 3.

Using now Lemma 7.3 we have that for every sF0, 1 EpEQ and gD0
there exists C4Cs , p , gD0 such that

VRuVH s , p
L

GC NNg!
t , s

L(c (T)
t , s )2s 22gh2 NUt , sN2h

1

2

NNp ,(83)

where Ut , s (x) »4 !
(k1 , k2 , h3 ) �E (N0)

t
e 1 , e 2 , l 3

d k , e
h , l (x) uh , l (x) and

c (T)
t , s 4 (cT , 1 l 1 2h1 , cT , 2 l 2 2h2 , cT , 3 e 3 2k3), cT , j »4T6

1

2T
, j41, 2 , 3 .

In order to prove the H r , p
L -continuity of R , let us notice that c (T)

t , s 4c (T)
h , s1

t 3 e (T)
3 , k3 , e 3

, with t 3 »4122h32k3 , that is 0 Et 3 E1 as h3 Gk3 2N0 ; by using (46)
and (5) we have:

L(c (T)
t , s ) GC(L(c (T)

h , s )1L(e (T)
3 , k3 , e 3

)1L(c (T)
h , s )d L(e (T)

3 , k3 , e 3
)d) ,

for any t , s , k3 Fh3 1N0 and some CD0 independent of t and s.
For t»4 (k1 , k2 , h3 )�E (N0)

t , e4(e 1 , e 2 , l 3 ) and s4r it follows from (83):

VRuVH r , p
L

GC NNg!
t , s

22gh2g!
t , e

L(c (T)
h , s )r Nd k , e

h , l (x)NNuh , l (x)Nh2h
1

2

NN
p
1

C NNg!
t , s

22gh2 L(e (T)
3 , k3 , e 3

)2rg!
t , e

Nd k , e
h , l (x)NNuh , l (x)Nh2h

1

2

NN
p
1

C NNg!
t , s

22gh2 L(e (T)
3 , k3 , e 3

)2rdg!
t , e

L(c (T)
h , s )rd Nd k , e

h , l (x)NNuh , l (x)Nh2h
1

2 NN
p
G

C(I1 1I2 1I3 ) .
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In order to estimate I1 , we use Proposition 5.4, jointly with Remark 7 and the
boundedness of ]dh , l( in H r , p

L to get:

!
t , e

L(c (T)
h , s )r Nd k , e

h , l (x)NNuh , l (x)NG

M sup
h , l

Vdh , l VH r , p
L

!
h3 , l 3

L(c (T)
h , s )r Nuh , lN !

kj , e j
j41, 2

L(c (K)
k , e )

2gr2
n

m 0 p
h ,

where h3 runs through E (N021)
1 , k3

and kj takes its values in E (N0 )
j , hj

for
j41, 2.

Let now uD0 be such that r2
n

m 0 p
2uD0; in view of (5) and Remark 11,

L(c (K)
k , e )

2gr2
n

m 0 p
h may be bounded by

L(e1, k1 , e 1
(K) )

2gr2
n

m 0 p
2uh

L(e3, k3 , e 3
(K) )

2
u

3 L(e2, h2 , e 2
(K) )

2
u

3 L(e3, h3 , e 3
(K) )

2
u

3 ,(84)

for all k�Z1
3 , k2 2N0 Eh2 Gk2 1N0 , h3 Gk3 2N0 and e�E.

From (84) it follows for kj , j41, 2 running as above:

!
kj , e j

j41, 2

L(c (K)
k , e )

2gr2
n

m 0 p
h
GC2 L(e3, k3 , e 3

(K) )
2

u

3 L(e2, h2 , e 2
(K) )

2
u

3 L(e3, h3 , e 3
(K) )

2
u

3 ,

whence, if t , e , h3 run as before, by the Cauchy-Schwarz inequality we
have:

!
t , e

L(c (T)
h , s )r Nd k , e

h , l (x)NNuh , l (x)NG

MC2 K u
3 sup

h , l
Vdh , l VH r , p

L
!

h3 , l 3

L(c (T)
h , s )r L(e3, h3 , e 3

(K) )
2

u

3 Nuh , lNG

MC3 K u
3 sup

h , l
Vdh , l VH r , p

L
g !

h3 , l 3

L(c (T)
h , s )2r Nuh , lN

2h
1

2

,

for K u
3 »4L(e3, k3 , e 3

(K) )
2

u

3 L(e2, h2 , e 2
(K) )

2
u

3 and C2 , C3 depending only on u.
From the previous estimate and Proposition 5.1, we obtain then:

I1 GC4 sup
h , l

Vdh , l VH r , p
L NNg!

h , l
L(c (H)

h , l )2r Nuh , lN
2h

1

2

NN
p
GC5 sup

h , l
Vdh , l VH r , p

L
VuVH r , p

L
,

as !
k3 , e 3

L(e3, k3 , e 3
(K) )

2
u

3 is finite, 22gh2 L(e2, h2 , e 2
(K) )

2
u

3 is bounded from above, for g

sufficiently small, and L(c (T)
h , s )2r GC 8 L(c (H)

h , l )2r by (5).
Let t , q be two arbitrary positive numbers; by means of multiplication and

division for L(e (K)
1 , k1 , e 1

)t
, L(e (K)

3 , h3 , e 3
)q

and the Cauchy-Schwarz inequality we get,
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for C1 4C1 (t , q) and t , e , h3 , k1 , k2 as before:

!
t , e

Nd k , e
h , l (x)NNuh , l (x)NG(85)

C1 L(e (K)
1 , h1 , e 1

)tu !
h3 , l 3

L(e (K)
3 , h3 , e 3

)2q Nuh , lN
2 !

kj , e j
j41, 2

Nd k , e
h , l (x)N2h

1

2 .

Here we also used the estimate L(e (K)
1 , k1 , e 1

)t
GcL(e (K)

1 , h1 , e 1
)t

, due to k1 Eh1 2N0

and 2k1 4t 1 2h1 for 0 Gt 1 42k12h1 E1.

Since L(e (K)
1 , h1 , e 1

)t L(e (K)
3 , h3 , e 3

)q 2gh2 GC 8 L(c (H)
h , l )

t1q1
g

m 0 , from (85) the following
estimate of I2 follows:

I2 GC2NN!
h , l

L(c (H)
h , l )

t1q1
g

m 0 Nuh , lNg!
k , e

L(c (K)
k , e )2r Nd k , e

h , l N2h
1

2

NN
p
G(86)

C3 sup
h , l

Vdh , l VH r , p
L
!
h , l

L(c (H)
h , l )

t1q1
g

m 0
Vuh , l VQ .

We may always assume t1q1
g

m 0

4r2
n

m 0 p
2u; arguing as in the proof of

(80), we obtain now

!
h , l

L(c (H)
h , l )

r2
n

m 0 p
2u

Vuh , l VQG(87)

C1g!
h , l

L(c (H)
h , l )

pgr2
n

m 0 p
2

u

2
h
Vuh , l V

p
Qh

1

p

GC2 VuVH r , p
L

.

The estimates (86) and (87) imply:

I2 GC3 sup
h , l

Vdh , l VH r , p
L

VuVH r , p
L

.(88)

It remains to estimate I3 ; as we did to obtain (85), using the Cauchy-Schwarz
inequality with (12d) r instead of q and L(c (K)

h , s )dr uh , l instead of uh , l , setting
L j »4L(e (K)

j , hj , e j), j41, 2 , 3 , we have:

!
t , e

L(c (K)
h , s )dr Nd k , e

h , l (x)NNuh , l (x)NG

C1 L 1
t u !

h3 , l 3

L(c (K)
h , s )2dr L 3

2(12d)r Nuh , lN
2 !

kj , e j
j41, 2

Nd k , e
h , l (x)N2v

1

2

,
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whence, observing that L(e (K)
3 , h3 , e 3

)2(12d)r GC 8 L(e (K)
3 , k3 , e 3

)2(12d)r when h3 Gk3 2

N0 and arguing as from (85) to (86), we obtain:

I3 GC2 sup
h , l

Vdh , l VH r , p
L
!
h , l

L(c (H)
h , l )

t1dr1
g

m 0
Vuh , l VQ .

Lastly, we obtain for I3 an estimate like (88), by choosing t , g and 0 EuEr2
n

m 0 p
such that t1dr1

g

m 0

4r2
n

m 0 p
2u gthis is always possible in view of the

assumption rD
n

(12d) m 0 p
h and then by repeating the arguments which lead

us to (87).
This completes the proof of the H r , p

L -continuity of R.
Concerning the L p-continuity of R , it suffices to repeat step by step the ar-

gument used to estimate I1 , starting from (83) with s40 and gD0 suitably
small.

If we replace the indices h1 , h2 , k3 by the more general systems of indices
]hp(1) , R , hp(n1 ) (, ]hp(n111) , R , hp(n2 ) (, ]kp(n211) , R , kp(n) ( respectively, the
same proof runs for a general dimension n. r

PROOF (of Theorem 7.1). – By using the Propositions 7.1-7.4 we immediate-
ly get the statement for an elementary symbol a(x , j) �H r , p

L M 0
L . More pre-

cisely for any 0 GsGr and 1 EpEQ

Va(x , D)uVH s , p
L

GC sup
h , l

Vdh , l VH r , p
L

VuVH s , p
L

, u� S(Rn ) ,(89)

where the constant CD0 depends only on r , s , p and n.
Let us take now an arbitrary symbol a(x , j) in H r , p

L M 0
L ; in view of (48) we

obtain for every 0 GsGr , 1 EpEQ and u� S(Rn )

Va(x , D) uVH s , p
L

GCVuVH s , p
L

!
m�Zn

1

(11NmN2 )2n
sup
h , l

Vd m
h , l VH r , p

L
,

CD0 depending only on r , s , p and the dimension n.
Since the sequences ]d m

h , l(h , l are bounded in H r , p
L uniformly in m�Zn ,

!
m�Zn

1

(11NmN2 )2n
is finite and S(Rn ) is dense in H s , p

L , it follows that a(x , D) is

H s , p
L bounded.

Lastly when the symbol a(x , j) �H r , p
L M m

L has an arbitrary order m , we
easily reduce to the case of order zero as already noticed in this sec-
tion. r
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COROLLARY 7.1. – Let L(j) be a weight function which fulfills (46). Then

for 1 EpEQ , rD
n

(12d) m 0 p
and 0 GsGr there exists a constant CD0 such

that:

VuvVH s , p
L

GCVuVH s , p
L

VvVH r , p
L

,(90)

for all u�H s , p
L and v�H r , p

L .
In particular, the space H r , p

L is a multiplication algebra.

PROOF. – For any fixed v�H r , p
L the multiplication operator Mv (u) »4uv is

a special pseudodifferential operator whose symbol a(x , j) 4v(x) �H r , p
L M 0

L

may be written as an elementary symbol: v(x) 4 !
h , l

v(x) c h , l (j), where

]c h , l (j)( is any non-homogeneous partition of unity.
Then (90) easily follows by applying (89) to the operator Mv . r

COROLLARY 7.2. – Let F : CKC be an entire analytic function such that
F(0) 40.

Then for every u�H r , p
L , 1 EpEQ and rD

n

(12d) m 0 p
, F(u) �H r , p

L and
moreover

VF(u)VH r , p
L

GCVuVH r , p
L

, with C4C(r , p , F , VuVH r , p
L

) .

PROOF. – Since F(0) 40, for a suitable sequence of complex numbers ]l j (

we have F(z) 4 !
j40

Q

l j z
j11, z�C , with absolute convergence.

On the other hand, from (90) we obtain for u�H r , p
L

Vu j11
VH r , p

L
GC j

VuV

j11
H r , p

L
, j40, 1 , R ,

with a positive C depending only on r , p , m 0 and the dimension n.
Thus it follows that:

VF(u)VH r , p
L

G !
j40

Q

Nl jNC j
VuV

j11
H r , p

L
GF1 (VuVH r , p

L
)VuVH r , p

L
,(91)

where F1 (z) »4 !
j40

Q

Nl jNC jz j, z�C , with absolute convergence. r

REMARK 16. – For p42 the continuity of H r , 2
L S m

L and the algebra property
of H r , 2

L 4H r
L are known for a more general class of weight functions L(j) in-

dependently of Theorem 7.1; see Garello [9], [10] where more precise esti-
mates are also given.

In Marschall [18] the reader can find results of H s , p-continuity for pseu-
dodifferential operators with non regular symbol, where H s , p 4H s , p

ajb .
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8. – Examples and applications.

Let us recall that a convex polyhedron P %Rn can be obtained as the convex
hull of a finite subset V(P) %Rn of convex-linearly independent points, called
vertices of P and univocally determined by P itself. More precisely if P has
non empty interior, it is completely described by

]z�Rn ; n QzF0, (n�80 (P)(O ]z�Rn ; n QzG1, (n�81 (P)( ,

where 80 (P) % ]n�Rn ; NnN41(, 81 (P) %Rn are finite sets univocally deter-

mined by P, as usual, n Qj4 !
j41

N

n j j j .

We say that a convex polyhedron P %R1
n 4 [0 , Q)n is a complete polyhe-

dron if:

i) V(P) %Nn ;

ii) (0 , R , 0 ) � V(P), and V(P) c ](0 , R , 0 )(;

iii) 80 (P) 4 ]e1 , R , en ( with ej 4 (0 , R , 1j-entry , R0) �Rn
1 ;

iv) every n�81 (P) has components n j D0 ( j41, R , n).

The boundary of P is made of faces which are the convex hull of the ver-
tices of P lying on the hyperplane Hn orthogonal to n�80 (P)N81 (P) of
equation:

n Qz40 if n�80 (P), n Qz41 if n�81 (P) .

Particularly we define F (P) »4 0
n�81 (P)

HnO P, the set of the faces which do not

lie on the coordinate hyperplanes.
Given a complete polyhedron P, we set

L P (j) »4g !
a� V(P)

j 2ah
1

2

, j�Rn .(92)

One easily proves that L P (j) satisfies the following estimates

1

C
(11NjN)m 0 GL P (j) GC(11NjN)m 1 , j�Rn ,(93)

with a suitable CD1 and

m 0 »4 min
a� V(P)0]0(

NaN m 1 »4 max
a� V(P)

NaN .



L p-BOUNDEDNESS FOR PSEUDODIFFERENTIAL OPERATORS ETC. 499

LEMMA 8.1. – Let P be a complete polyhedron of Rn. Then for any multi-in-
dices a , g�Z1

n there exists Ca , gD0 such that

»
j41

n

(11j j
2 )

g j

2 N¯a1g L P (j)NGCa , g L P (j)
12

1

m
NaN

, j�Rn ,

where m»4 maxm 1

n j

: j41, R , n and n�81 (P)n.

PROOF. – First of all let us observe that for any g�Z1
n we have:

»
j41

n

(11j j
2 )

g j

2 G»
j41

n

(11Nj jN)g j 4 !
sGg

gg

s
hNjsN .(94)

Moreover we can show that for any a , b�Z1
n there exists a constant Ca , bD0

such that:

Njb ¯a1b L P (j)NGCa , b L P (j)
12

1

m
NaN

, j�Rn .(95)

In fact for Na1bN40 the estimate (95) is trivially verified, with C0, 0 41. For
a fixed k�Z1 , let us assume that (95) holds for any a , b�Z1

n with Na1bNGk
and consider a , b�Z1

n such that Na1bN4k11.
From (92) we obtain:

¯a1b (L P (j)2 ) 4 !
x� V(P)

2xFa1b

(a1b) !g 2x

a1b
h j 2x2a2b .

So, by Leibnitz formula, we get

¯a1b L P (j) 4
1

2L P (j)
m !

x� V(P)
2xFa1b

(a1b) !g 2x

a1b
h j 2x2a2b2

!
dGb, hGa

(h, d)c(0, 0)
(h, d)c(a, b)

ga

h
hgb

d
h ¯h1d L P (j) ¯a2h1b2d L P (j)n ,

whence

(96) Njb ¯a1b L P (j)NG
1

2L P (j)
m !

x� V(P)
2xFa1b

(a1b) !g 2x

a1b
h Nj 2x2aN1

!
dGb, hGa

(h, d)c(0, 0)
(h, d)c(a, b)

ga

h
hgb

d
h Njd ¯h1d L P (j)NNjb2d ¯a2h1b2d L P (j)Nn .
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From the inductive assumption, we have

Njd ¯h1d L P (j)NGCh , d L P (j)
12

NhN

m , j�Rn(97)

and

Njb2d ¯a2h1b2d L P (j)NGCa , b , h , d L P (j)
12

Na2hN

m , j�Rn .(98)

Let us observe now that

Nj 2x2aNGL P (j)
22

NaN

m , j�Rn .(99)

In fact, if 2x4a (b40), j 2x2a
f1 and NaN42NxNG2m 1 G2m , so that

L P (j)
22

NaN

m F1 and the inequality (99) is trivially verified.
When 2xDa , for x� V(P) % P, we have x QnG1 and, in view of definition of

m , a QnF
1

m
NaN, when n�81 (P).

Since 2m2NaND0, the previous inequalities yield m

2m2NaN
(2x2a) QnG1,

for n�81 (P), and then m

2m2NaN
(2x2a) � P. So Nj 2x2aN

m

2m2NaN GL P (j),

whence the estimate (99) follows.
So estimates (97), (98) and (99), jointly with (96), give (95) for Na1bN4

k11.
Now the statement follows from (94) and (95); in fact we have:

»
j41

n

(11j j
2 )

g j

2 N¯a1g L P (j)NG !
sGg

gg

s
hNjs ¯a1g L P (j)N

and for every sGg

Njs ¯a1e1s L P (j)NGCs , e , a L P (j)
12

1

m
Na1eN

GC 8s , e , a L P (j)
12

1

m
NaN

,

where e4g2s , since L P (j) FcD0 as a consequence of the left inequality in
(93). r

REMARK 17. – It is easy to see that L P (j) satisfies (5), then thanks to (93)
and Lemma 8.1 we conclude that, for any complete polyhedron P of Rn , L P (j)
provides a weight function according to Definition 2.1.

It could be also proved that L P (j) satisfies the estimate (46) with

d4 max
b� P 0 F (P)

k(P, b) E1,(100)

where k(P, b) 4 max
n�N1 (P)

n Qb for every b�Z1
n (see Garello [9], Proposition 3.2).

For any complete polyhedra P of Rn let us fix the attention on a semilinear
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partial differential equation of the type

p(x , ¯)u4F(x , ¯a u , f )a� P 0 F (P) ,(101)

where p(x , ¯) »4 !
a� P

ca (x) ¯x
a , ca (x) �C Q (Vx0

) and Vx0
%Rn is an open neigh-

borhood of x0 �Rn.
About the nonlinear part, we assume that, for M»411 !

a�P0 F (P)
1 , the func-

tion F maps Vx0
3CM into C, it is locally smooth with respect to the real vari-

able x and entire analytic in the complex variable z�CM ; namely:

F(x , z) 4 !
b�ZM

1

cb (x) zb , cb�C Q (Vx0
), z�CM ,

where sup
x�K

N¯x
a cb (x)NGca , b l b for any compact K%Vx0

, a�Zn
1 b�ZM

1 , and

F1 (z) »4 !
b�Z1

M
l b zb is entire analytic.

For L(j) weight function, 1 EpEQ and s�R , we write H s , p
L , loc (V), V%Rn

open set, for the localization of the Sobolev space H s , p
L given by u� D8 (V)

such that Wu�H s , p
L for every W�C0

Q (V).
Applying then Corollary 7.2 we obtain that F(x , g) �H s , p

L P , loc (Vx0
) when

all the components of the vector g4 (g1 , R , gM ) belong to H s , p
L P , loc (Vx0

) and

sD
n

(12d)m 0 p
for d given in (100).

PROPOSITION 8.1. – For P complete polyhedron of Rn and 1 EpEQ let us

consider the equation (101) with f (x) �H t , p
L P , loc (Vx0

), where tD
n

(12d) m 0 p
1d

and d is defined by (100). Let us assume moreover that the linear part p(x , ¯)
is multi-quasi-elliptic, that is for some positive constants c , C:

Np1 (x , j)NFcL P (j), for x�Vx0
, NjNDC ,(102)

where p1 (x , j) 4 !
a� F (P)

ca (x)(2ij)a is the P-principal symbol of p(x , ¯).

Then any solution of (101) taken in H s , p
L P , loc (Vx0

), n

(12d) m 0 p
1dEsG t , be-

longs to the local space H t11, p
L P , loc (Vx0

).

PROOF. – Let u�H s , p
L P , loc (Vx0

) be a solution of (101). It follows that ¯a u�
H s2d , p

L P , loc (Vx0
), for any a� P 0 F (P), see [11].

Using (91), we obtain F(x , ¯a u , f (x) )a� P 0 F (P) �H s2d , p
L P , loc (Vx0

), since

sD
n

(12d) m 0 p
1d. p(x , ¯) u4F(x , ¯a u , f (x) )a� P 0 F (P) �H s2d , p

L P , loc (Vx0
), then un-

der the assumption (102) we have u�H s112d , p
L P , loc (Vx0

) (see again [11]).
We can iterate the above argument N-times provided that s1N(12d)2

dG t.
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Let N0 be the first integer such that s1N0 (12d)2dD t; we obtain

¯a u�H s1N0 (12d)2d , p
L P , loc (Vx0

) %H t , p
L P , loc (Vx0

)

which assures p(x , ¯) u�H t , p
L P , loc (Vx0

) and we can conclude u belongs to
H t11, p

L P , loc (Vx0
). r
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