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Unitary Groups Acting on Hyperbolic Substructures (*) (*%).

M. ALESSANDRA VACCARO

Sunto. — Data un’estensione quadratica L/K di campi e uno spazio A-Hermitiano ve-
golare (V, k) di dimensione finita su L, si studiano le orbite del gruppo delle isometrie
di (V,h) nellinsieme delle K-sottostrutture iperboliche di V.

Summary. — Given a quadratic extension L/K of fields and a regular 7-Hermitian space
(V, h) of finite dimension over L, we study the orbits of the group of isometries of (V, h)
i the set of hyperbolic K-substructures of V.

Let K be a field, L = K() be a quadratic extension of K and ¢ be the in-
volutory automorphism of L associated with the extension. Also let 1 € L with
AA7 =1 and (V, k) be a regular A--Hermitian space of finite dimension over L, i.e.
a L-vector space V equipped with a non-degenerate o-sesquilinear form
h:V x V—L such that h(x,y) = Ah(y,x)’.

A K-substructure W of V is a K-subspace generated by vectors which are
linearly independent over L, i.e. the L-linear map W @k L—V induced by the
inclusion W C V is injective. According to [3] we shall term the K-substructure
W hyperbolic if it is the direct sum of two (maximal) totally isotropic K-sub-
structures and there is no nonzero vector in W orthogonal to the whole W. This
means that dimgW = 2m, where, of course, m is not greater than the Witt index
of (V,h).

The aim of this paper is to study the natural action of the group G(V,h) of
isometries of (V, /) on the set X5, of all hyperbolic K-substructures of V of di-
mension 2m over K.

Let W € X5, and let

W =W;® W,

(*) Research supported by M.I.U.R.
(**) 2000 Mathematics Subject Classification Primary 51N30, 15A21; Secondary
11E39.
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be a decomposition of W into the direct sum of two totally isotropic K-sub-
structures. The restriction of # to vectors in W yields a K-bilinear mapping
hyw : W x W—L which can be represented in the usual way through the matrix
with entries h(e;, e)), if we refer to a fixed basis B = {e1,...,e2,} of W.

If B is obtained by putting together a basis B; of W; and a basis By of Wy, we
have for & a representation of the shape

0 P
H= (NP” 0)

with P € GL,,(L). Let (P1, P2) and (41, A2) be the components of P and / over K,

then we have
0 P 0 Ps
H= +7 .
;vltf)l —ﬂzﬂuztf)z 0 /lgtf)l —,111P2 0

Let h;, 1 = 1,2, be the components of & over K, i.e.
h(xay) :hl(x7y)+;7h2(xay)7 vxay S V

Then (hy, he) is a pair of K-bilinear forms on V and we can associate with W the
Kvronecker module @w =[W,W*;¢,,,], consisting of the pair of K-linear
mappings

¢7,('%) LY ]7/1(9(:, ?/) (-%', Yye W7 1= 1a2)3
from W into the dual W* of W. The pair

0 P 0 P
WP =Py 0 ) \JaPi—AtPy 0

is a representation of @y in terms of matrices, if we give coordinates with re-
spect to B in W and the dual basis B* of Bin W*.

Looking at (1) we see that the decomposition W = W; & W, yields two fur-
ther Kronecker modules:

1)

v wy = W1, Waswi, wsl,
where y;(x) = ¢,(x), Yo € W (i = 1,2), and
T * T T
¥ o, wy = [(We, Wi vy, vs],

where yl =ty — Pizty, and wh = Joty, — A ty,, with 'y, the K-linear
mapping which is obtained by transposing ;. Of course,

:
Pw =Y w, wo) © ¥ (w, w,)»

T i ~
¥ w, wy = Fvewy and ¥y oy = ¥ w, wy) because M0 =1.
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The pair [Py, P2] of matrices in (1) gives, manifestly, a representation of
¥ w, w, (with respect to B; and 5;), while the pair

2) [P} = 11 'Py — iffd2'Pa, P} = in'Py — )1 'Py]

gives a representation of ¥ (TWIA’WZ) (with respect to Bz and B7).
Assume now ¥y, w,) decomposes into the direct sum ¥y, w,) =% ®¥” of

two nontrivial Kronecker modules ¥’ = [W}], Wiy, 5] and ¥" = [W}, Wi*;

w1, Wl with Wy =W e W] and We =W, e W}, (hence yw;(W)) C Wy and
w,(W{) CWy*). In terms of matrices this means that Yy, w, has a re-
presentation

(5 2)(5 &)

with P} € Mat;.(K) and P} € Mat(,yxn-n(K),0 < t < m. Since ¥y y,, be-
longs to the pencil of K-linear mappings generated by Yy, and y, (see [2], Chap.
XII), the above decomposition of ¥, w,) yields a decomposition of Y’(TWI’WZ)

T _ gt nt
Yy = O,

with corresponding representation

Pl oo Py 0
o P)"\o pJ

where Pg and Pg’T are defined analogously to (2). Assume we obtain (3) and (4)
through a basis {eg, ..., &,} of Wi and a basis {ey, ..., e, } of Wy with

4)

3

Wi="(er,..., &), Wy = (eti1, .., em), Wy = (e1,..., e), Wy = (€31, .., €m).

Then U; = (e1,..., &,e1,...,e) and Uz = (&11,-.., &m, €111, ..., €m) ZiVe an
orthogonal decomposition of W. In other words, we have for Ay the re-
presentation

0 P} +nP;
T U 0
P +nP, 0
0 Py +nPy
0
A 0
with respect to the basis {e1,..., &,e1,..., €, &1, -, Em,€ts1y-- - €m} Of W

Of course, we can conversely go from such an orthogonal decomposition of W
back to a decomposition of ¥ gy, w,). So we have
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PROPOSITION 1. - Let W = W, @ W5 be a decomposition of W into two totally
1sotropic K-substructures. Then W does not split into the orthogonal sum of two
non-trivial hyperbolic K-substructures if and only if ¥y, w,) does not decom-
pose nto the direct sum of two non-trivial Kronecker modules. O

The celebrated Krull-Schmidt Theorem applies in this context. Thus, from
now on, we may confine our attention to the case where W is indecomposable, i.e.
does not split into the orthogonal sum of two proper hyperbolic K-substructures.
In view of the above Proposition this is equivalent to assume that the Kronecker
module ¥ w, w, does not decompose into the direct sum of two non-trivial
Kronecker modules, i.e. ¥, w,) and Y/IWI,WZ) are the indecomposable factors of
@w. Hence (T(WI:W2)7¥/2W1,W2))’ as an unordered pair of Kronecker modules, is
independent (up to isomorphisms of Kronecker modules (*) of the particular
decomposition W; @ Wy of W. This allows one to write ¥y instead of ¥, w,)-
Now we have

THEOREM 2. — Let W, U € Xy, be indecomposable. Then W and U are in the
same orlTn't under the action of the isometry group GV, h) just if Pw ~ ¥y or
SUW >~ SUU'

ProoOF. - If W and U are in the same orbit under the action of G(V, ), we have
that there exists an isomorphism p:W-—U such that h(p(x),p(y)) =
hx,y),Va,y € W. As u} = ¢;p(x) € U*, Ve € W, for all y € W we have that

[pgip@)1(y) = ['p)](y) = wilpy) = [$:p@)](p(y)) =
= hi(p(@), p(y)) = hi(x,y) = [¢;@)](y).

Hence the diagram

W W
b
v oL

M An 1somorphism ¢ : I'— A from the Kronecker module I" = [V’ V”; y;, 7] onto the
Kronecker module 4 = [W/,W": 61, d2] (with dimg V'’ = dimgW’ and dimg V" = dimgW")
is a pair of bijective linear mappings & = (&' : V' — W'; & : V" — W”) which make the
diagram

\7d L} v
o e
WL W

commutative (¢ = 1,2).
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commutes, i.e. @y ~ Py. Since Yy and ‘I’I,V, (resp. Yy and 'P}r]) are the in-
decomposable factors of @y (resp. @y), by the Krull-Schmidt Theorem we have
that Py ~ ¥y or Wy ~ ¥},

Conversely, let Yw ~ ¥y (resp. Yy ~ l}’}]) and let [Pq, P2] and [Q1, Q2] be
pairs of matrices representing ¥y and ¥ respectively. Then

0 Py +nPs 0 Q1 + Q2
(5) and .
Pl+yPy 0 Q+nQ 0

are representations of &y and k| and we have to show that these matrices are
congruent via a matrix in GLg,,(K).

The fact that Yy and ¥y (resp. ¥w and ‘P}]) are isomorphic Kronecker
modules implies that there exist matrices M, N € GL,,(K) such that MP;N = Q;
(resp. MP;N = Q)),i =1,2. Then

(0 &) (e (o))

is a matrix in GLg,,(K) making the matrices (5) congruent. O
The last Theorem reduces matters to classify the indecomposable Kronecker
module Y. Looking at [1], we see that ¥y has a representation

10 --- 0 0 -~ 0 —a,
av 0 :
w = . )
: | P L —ag
0 —a1
or
0 - 0 —a) /1 0 - 0
wo, — : 0
e | P} —agz 7 Ly
—ax 0

with p(x) = 375" @it + 2™ a power of an irreducible polynomial over K.
Summing up, we have

THEOREM 3. — Let W be an indecomposable hyperbolic K-substructure of V.
Then there exists a basis of W with respect to which hyy has the representation

0 L, +nR 0 R+l
or
)»(Im — i]tR) 0 }(% - ﬂlm) 0
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where
0 -+ 0 —ap
R= :
Im—l —a2
-
with Z;’Z)l Ui 4+ 2™ a power of an irreducible polynomial over K. O
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