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A Sharp Weighted Wirtinger Inequality.

ToNIA RICCIARDI (*)

Sunto. — St ottiene una stima ottimale per la migliore costante C >0 nella disugua-
glianza di tipo Wirtinger

27 27

f}/"’w2 < nyqw’z

0 0

dove y ¢ limitata superiormente e dotata di estremo inferiore positivo, w é periodi-
2

ca di periodo 27 e tale che [yPw=0, e p+ q=0. Tale risultato generalizza una
0

disuguaglianza di Piccinint e Spagnolo.

Summary. - We obtain a sharp estimate for the best constant C > 0 in the Wirtinger
type inequality

27 27

fypwz < ny‘lw’z

0 0
where v is bounded above and below away from zero, w is 2-periodic and such that
2

[yPw=0, and p+ q=0. Our result generalizes an inequality of Piccinini and
0

Spagnolo.

Let C(a, b) > 0 denote the best constant in the following weighted Wirtin-
ger type inequality:

2r 2r

() [aw?<ca, b) [bw?,
0

0

(*) Supported in part by Regione Campania L.R. 5/02 and by the MIUR National
Project Variational Methods and Nonlinear Differential Equations.
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where we Hl.(R) is 27-periodic and satisfies the constraint
2

@) faw=o,

0
and a, be B with

B={aeL”(R): a is 2x-periodic and infa>0}.
Here and in what follows, for every measurable function a we denote by inf a

and sup a the essential lower bound and the essential upper bound of a, re-
spectively. For every L > 1, we denote

B(L) = {aeL “(0, 27): a is 2m-periodic, infa=1 and sup a =L}.

Our aim in this note is to prove:

THEOREM 1. — Suppose a = y? and b= y? for some ye B(M), M > 1, and
for some p, geR such that p+q=0. Then

27

- (-9
27 ofy

3 Cly?, yH) =

—arctan (M ~ @+ 94)
7

If p+q >0, then equality holds in (3) if and only if y(0) =7, (0 + @) for so-
me @ e R, where

Vp, q(0) = :

with

€.¢= 14+ M- P02

Furthermore, equality holds in (1)-(2) with a(0) =75 (0 + @) and b(0) =
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vh (0 + @) if and only if w(0) =w, ,(0+ @) where

Wy, ¢(6) =

if0so<c,,

|

3
M~®*rPMeos [W(g +cpf}IM<p‘q)/2(6—cp,,,g)) - TH)],

—sin |:\//_1(n +c, 1 (60 —m) — %T ):| ,

{ ifn+cp,qg$6<2n

and p = ((4/m) arctan M ’(’”q))z.
If p+q =0, then (3) is an equality for any weight function y. Equality is
attained in (1)-(2) with a=y? and b=y P if and only if

7]
2
w(@) = C cos Zn—ﬂfyanqa ,
fypo
0
for some C=0 and ¢ e R.

Note that when p = ¢ =0, Theorem 1 yields C(1, 1) =1 according to the
classical Wirtinger inequality. When p = ¢ # 0, the estimate (3) reduces to the
estimate obtained by Piccinini and Spagnolo in [4]. More related results may
be found in [1,2,3] and in the references therein. We begin by recalling in the
following lemma the Wirtinger inequality of Piccinini and Spagnolo [4].

LEMMA 1 ([4]). — Suppose b =a e B(L). Then,

-2
4) Cla, a) < (iarctanL ‘1/2) )
T
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Equality holds in (4) if and only if a(0) = a(6 + @) for some ¢ € R, where @ is
defined by

1, if0s0<g, r<p< "

(5) a(f) = 5
L, if T<o<x, ZT<o<2x

2 2

and equality holds in (1)-(2) with a(0) = b(0) = a(0 + @) if and only if w(0) =
w(0 + @), where

)
sin[\/I(G—z)], if0$49<E

4 2
L”%os[\/z(a—?%)], if%se<n

(6) w(o) = \

)

—sin[\/%(@—%)], if:'[s0<37n

7 3
L —L‘l/zcos[\/z(e——n)], if §S0<2ﬂ

where A = (4 'arctan L ~12)%,

In order to prove Theorem 1, we need the following lemma, which yields an
estimate for C(a, b) for arbitrary weight functions a, b.

LEMMA 2. — Let a, be B. The following estimate holds:

LivaT

2

) Cla, b) < e

4 ( inf ab )1/4

— arctan

T sup ab
If Vabe B(L), L > 1, then

Cla, b Cla', b’ 4 2

® (g, b) = sup (a ) = (—arctanL 1/2)

1 2x 2 a'b’ed 1 2z z
(oo fva) VT fva)
270 270
if and only if the following equation is satisfied:

©)) a(0(1)) b(O(7)) =a*(t + @) ae. 1e(0,2n), for some peR,



A SHARP WEIGHTED WIRTINGER INEQUALITY 263

where 0(t) is the homeomorphism of R defined by

(10) (6) = = f / ZEZ do,

¢ is defined by

a1 oo L[ [9® L a0,
b(d)

and @ is the function defined in Lemma 1.
27
If b=a"1, then Cla,a 1) = ((271)’1fa) and equality is attained in
27 ]
(1-2) with b = a ' if and only if w(0) = C cos (2:1( fa) fa + (;0) for some
C=0 and peR. 0

ProoF. — Under the change of variables 0 = 6(t) defined by (10)-(11), set-
ting a(r) = a(6(7)), f(r) = b(O(7)), &(7) = w(6(7)), we obtain
af' =cVap, 0" =c Vb,
and therefore:

27

fcm)zd9= fnaﬁ’ézdrch\/@gzdr
0

0

2

fawd6= ftx@’édr=cf\/a73§dr=0
0

0

ﬁw%e: f}e’lé’zdr=01f\/a_ﬁ§’2df~
0 0

Upon substitution, (1)-(2) takes the form:

2m
12) [Vaperar < C(“ 2 fx/_s%lr,
0 2 \/ab
J 0

with constraint

2w
(13) f Vapedr=0
0
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If \Vabe B(L), in view of Lemma 1 we obtain

(14) Cz(a, b) e C(VaB, Vap) < (iarctan\/M )
(i f\/ﬁ) ” sup Vap

270

(4 ( inf ab )1/4)‘2

= | —arctan .

T sup ab

This yields (7). Moreover, we have C(\/af, Vap) = ((4/x) arctan L *1/2)_2 if

and only if \/ a(7) f(7) = a(r + ¢), for some ¢ € R. That is, (8) holds if and only
if (9) holds.
If b=a "1, then (12)-(13) takes the form

2m 2m

Cla,a™!
f&Zde %f&ﬂd'[
0 (ifna/) 0

with constraint

f&drzO.

0

Therefore, by the classical Wirtinger inequality,

27 2
L
Cla, a 1)—<%fa)

0

and equality holds in (1)-(2) with b= a ~! if and only if &(z) = Ccos (r + ¢) for
2 -

0
some C # 0 and ¢ € R, that is, if and only if w(0) = C cos (2n(fa) fa+ qo),
as asserted. ® 0 0

LEMMA 3. — Suppose a, b satisfy \abe B(L), L > 1, and (9), where (1) is
defined in (10) and c is defined by (11). Suppose

(15)

for some y € B(M), with M = L** 9 and for some p, q € R such that p + q >
0. Then y(0) =7y, (0 + @) for some ¢ € R, where y, , is the function defined
wn Theorem 1.
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PROOF. — When p + ¢ >0, we have y? 92 e $(L). In view of (9) and (15)
we have

y(0()) =aP D (r+ ), VreR

for some y e R. It follows that

) :
16 0 — dz = F-P-/p+q (= dz
(16) (7) cof 260 T cofa T +y)dr

and, in view of the 2s-periodicity of a and b,

-1

27 27 -1
1 b(0(7)) 1
= = dz — g P/ ta( g dz .
‘ (2nof\/a(9(f)) T) (2n Ik @ T)

0

Setting

T
Iy, o(7) = Cfa—(p—qv(wq)(f) az,
0

we have 6(z — y) = h, ,(t) — h, ,() for every e R, and consequently 7(0) =
hy 40+ h, ,(y))— . In view of the definition of @ with L =MP* 92 we
have:

T
faf(p —Q/p+ D7) dT =
0

f

7, ifOST<g
%+M<M>/2(r—g), ifgsf<n
]l = -2 . 3m
E(1+M POy + 1 — g, 1fyr$r<?
T o 2 37 .3
LE(Z-FM =02y 4 pp ==/ (1—?), if ?Sr<2n

In particular, we derive

— 2 .
€= 14+ M @-0r = %0

It follows that %, ,(7) is the piecewise linear homeomorphism of R defined in
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[0, 27) by
e . T
Cp,qT 1f0$‘[<§
- %+M(”W2(r—g)], if%Sr<n

by, o(T) = 4 _ 3
Cr.q £(1+M<M>/2)+t—n], if r<r< 2

L2 2

¢ £(2+M—(p—q)/2)+M—(p—q)/2 T_g_n , if S_ﬂ <r<2m
S 2 2

and by h, ,(t+2an) =2an + h, ,(7), for any 7e [0, 2) and for any integer
n. Inversion yields

T
ij}le, if0S0<cp,qE
7 ~1 (-9 T . T
E‘f‘cp’qu q (9— p’qa), lpr,qE$9<.7T

-1

Ry 4(0) = ¢ )

T

T+c, (0 —m), ifn$0<n+cpyq5
ST eimo-02(g %), it T <o<2
_+Cp,q _ﬂ_Cp,qE , 1 '77:+Cp,q5\ <z

\

for 0e[0,27) and h, ;(6 +2an) =270+ h, L(0) for any te[0,27) and
for any integer n. Substitution yields y(0) :_2/(”+q)(hpf,11(6+hp,q(w))) =
@ O(h, L0+ @) =7, ,(0+ @), with g =h, (). =

Now we can prove Theorem 1.

PrOOF OF THEOREM 1. — Estimate (7) with a = y? and b = y? yields (3). Sup-
pose p+q>0. In view of Lemma 2 and Lemma 3 we have

Cly?, y4 4 -2
@77 5 = (—arctanM(p+q)/4)
27
( 1 fy(ptn/z) 7
27 0

if and only if y(0) =7, ,(0 + ¢) for some ¢ € R. Equality is attained in (1)-(2)
with a(0) =%} ,(60+¢) and b(0) =y} ,(0+¢) if and only if w(0)=w, ,(0+ ).

If p+q=0, then the conclusion follows by Lemma 2 with a =y? and
b=y77. =m
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