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Bollettino U. M. 1.
(8) 8-B (2005), 187-250

Topological Degree, Jacobian Determinants and Relaxation.

IRENE FONSECA - NicorLA Fusco - PAOLO MARCELLINI

Sunto. — Si ottiene una caratterizzazione della variazione totale TV(u, 2) del determi-
nante Jacobiano det Du per alcune classi di applicazioni u : Q —R" che non fanno
parte della tradizionale classe di Sobolev W "(Q2; R™). In particolare, si fornisco-
no formule esplicite per applicaziont localmente Lipschitziane al di fuort di un
punto isolato xye 2. St stabiliscono anche alcune relazioni fra TV(u, Q) e il deter-
minante distribuzionale Det Du. Inoltre st fornisce una rappresentazione integra-
le per Uenergia rilassata di certi integrali policonvessi relativi ad applicazioni
ue WhHP(Q; R NWE = (Q\{x}; R").

Summary. — A characterization of the total variation TV(u, 22) of the Jacobian deter-
minant det Du is obtained for some classes of functions u : 2 —R" outside the tra-
ditional reqularity space Wb (Q2; R"). In particular, explicit formulas are de-
duced for functions that are locally Lipschitz continuous away from a given one
point singularity x,e 2. Relations between TV(u, Q) and the distributional deter-
minant Det Du are established, and an integral representation is obtained for the
relaxed energy of certain polyconvex functionals at maps ue WhHP(Q; R*)N
W= (2\{@ }; RY).

1. — Introduction.

In this paper we address the study of the Jacobian determinant det Du of
fields u : 2 —R" outside the traditional regularity space W1 "(2; R"). This
issue surfaces regularly in a wide range of contemporary research in solid
physics and in materials sciences. Indeed, applications of high-temperature
superconducting magnetic materials have had a tremendous impact in the de-
velopment of a whole mathematical theory based on Ginzburg-Landau model,
and where vorticity plays a very important role (see [7], [16]). As pointed out
by Jerrard and Soner in [42], the formation of vortices is accompanied by high-
ly localized defectiveness at points or along rays, and the ability to extend and
interpret the mechanism of change of volume dictated by the Jacobian to the
range p e (n — 1, n) may shed some light into this theory. Also, the formation
of (radially symmetric) holes in rubber-like (nonlinear) elastic materials is
studied in the theory of cavitation, and its advance is heavily hinged on the
characterization of the distributional Jacobian determinant (see (1); see also
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(31) below) for certain ranges of p < n. This problem has attracted the atten-
tion of several mathematical researchers for the past twenty years, and al-
though some progress has been made, pioneered by Ball [4], [5], and followed
by James and Spector [41], Miiller and Spector [55], Sivaloganathan [59], Mar-
cellini [48] (the latter using an alternative, and closer to the point of view of
the present paper, approach), and many others, we believe that we have only
scratched the surface of a very rich field in the Calculus of Variations virtually
unexplored until recently. In addition, the theoretical challenges presented by
the understanding of the behavior of weak notions of the Jacobian determi-
nant are relevant to the study of harmonic mappings with singularities (see
[10]), and in the study of density results of smooth functions in
H'(B(0, 1); S?), where B(0, 1) c R?. Bethuel [6] showed that this density re-
sult holds for we H'(B(0, 1); S2) if det Du = 0.

To fix the notation, we consider a vector-valued map u : Qc R"—R", de-
fined on an open set 2 of R”, for some n = 2. We denote by Du = Du(x) the

gradient of w at x = (x1, x, ..., x,) € 2, i.e., the n X n matrix (Jacobian ma-
trix) of the partial derivatives of u = (u', 4%, ..., u") and by
Aut, u?, ..., u")
det Du(x) :=
a(%la 902, ey 9(7")

its determinant (Jacobian determinant).

If ueWh""(Q; R"), since |det Du(x)| <n ~"*|Du(x)|", then the Jaco-
bian determinant det Du is a function of class L!(2; R"). In this case the set
function

EcQ—-mE) := fdet Du(x) dx
E
is a measure in 2, whose total variation |m| in £ is given by
m[(2) := || det Dux) |da .
Q

When u¢ Wh"(2; R") it may still be possible to consider the distributional
Jacobian determinant

Q) Det Du := 2(—1)”1i(u1
i=1 a(xh

o2, ..., u") )
axi '7xn)

sy i1, i1, -

(or any other permutation in the set {u', u?, ..., u"}, with the sign of the
permutation), which coincides almost everywhere with the pointwise Jacobian
determinant det Du if w e W' "(2; R"), but which may be different otherwise.
The definition of the distributional Jacobian determinant Det Du is based on
integration by parts of the formal expression in (1), after multiplication by a
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test function. To render the definition mathematically precise it is then
necessary to make some assumptions on %. We may assume that «! (or, for
symmetry reasons, also the full vector %) is bounded and the gradient Du is of
class L" "1 (or, more generally, the (n — 1) X » matrix (Du?, ..., Du") is of
class L"), ie, ueL*(2; R)NWL " 1(Q; R"). Another possibility is to
require that w e W1 ?(Q2; R") for some p >n?/(n + 1) (the strict inequality is
useful for compactness reasons); in fact, in this case by the Sobolev Imbedding
Theorem ueL" (2; R") and the products in (1) are well defined in L' be-
cause 1/m2+ (n—1)-(n+1)/m?=1. Local summability assumptions are also
allowed. In this paper we assume that weL,5(Q; R\)NWLP(Q; R") for
some p >n — 1. An extensive study of Det Du defined in (1) was carried out by
Morrey [50], (see also Reshetnyak [58]). Later Ball pointed out in [4] some rele-
vant applications of the Jacobian determinant to nonlinear elasticity, and
sharp weak continuity properties of the Jacobian has been investigated in a
series of papers by Miiller, starting with [51]. More detailed description of the
state of the art in this subject may be found in Section 4.

Several attempts have been made to establish relations between the distri-
bution Det Du and the «total variation» of the Jacobian determinant
det Du(x). One possible definition is based on the following limit formula.
Given we L2 (2; R N WL P(Q; R") for some p >n — 1, the total variation
TV(u, Q) of the Jacobian determinant is defined by

h— +

® TV, 9)=inf{1im inf [ det Duy () |da :
Q
wy—u weakly in W'P(@; R"), u, e W' (23 R)).

Although, a priori, definition (2) may depend on p, as it turns out that is not
the case, and, moreover, surprisingly it can be shown that, for certain classes
of functions u, weak convergence in W!?(Q; R") may be equivalently re-
placed by strong convergence (see (22)). Similar definitions may be proposed
under other summability assumptions on u.

There is an extensive literature addressing the «relaxed» definition of the
Jacobian determinant via (2). We refer, in particular, to the work by Marcelli-
ni [47], Giaquinta, Modica and Soucek [37], [38], Fonseca and Marcellini [29],
Bouchitté, Fonseca and Maly [9]. Marcellini [48] and Fonseca and Marcelli-
ni [29] showed that the total variation of the Jacobian determinant may have a
nonzero singular part, and Bouchitté, Fonseca and Maly [9] proved that this
singular part is a measure. Also, Giaquinta, Modica and Soucek [37], [38],
showed that the lower limit in (2) may be different from the total variation of
the measure Det Du. On the same vein, Maly [43] and Giaquinta, Modica and
Soucek [37] (see also Jerrard and Soner [42]) proved that, for some maps u e
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L*(Q; RHYNWhP(Q; R") with pe (n — 1, n), it may happen that the distri-
bution Det Du is identically equal to zero while the total variation of the Ja-
cobian determinant is different from zero. When Det Du is a measure, it turns
out that, in general, the total variation of the Jacobian determinant det Du(zx)
is not the total variation of the measure Det Du. Some precise (from a quanti-
tative point of view) examples illustrating this phenomenon are proposed in
Section 10. More comments and references are given in Section 4.

In Section 9 we compute the total variation of a class of singular maps
u: Q—S" 'cR", playing a central role in the analysis of Jerrard and Soner
[42], defined by

w(x) —w(0)

3 u(x) := m ,

where w: Q—R" is a locally Lipschitz-continuous map, classically differen-
tiable at & = 0 and such that det Dw(0) = 0. We find that the total variation of
the Jacobian determinant of « in £ (an open set of R” containing the origin) is
equal to the measure w, of the unit ball.

The aim of this paper is to give an explicit characterization of the total varia-
tion TV(u, ) of the Jacobian determinant det Du(x), defined in (2), for some
classes of functions u e L5 (2; R") N WhP(Q; R") with p >n — 1, in particu-
lar for those u locally Lipschitz-continuous away from a given point x,e Q
(and thus with the Jacobian determinant det Du possibly singular only at x,).

Statements of the main results are given in the following Section 2. In Sec-
tion 3 we relate the notion of total variation of the Jacobian determinant to the
topological degree. A relevant geometrical interpretation is given by Corol-
lary 15 of Section 3. In particular, denoting by B; the unit ball of R” and by
S™~1:= 9B, its boundary, we prove that, if v : S '—S" ! is a map of class
C! onto S™~1, locally invertible with local inverse of class C' at any point of
S~ and if u: B;\{0} —>S" ! is defined by u(x) := v(%), then the total
variation TV(u, B;) of the Jacobian determinant of % may be expressed in
terms of the topological degree of the maps v and v, where v: B;— B, is any
Lipschitz-continuous extension of v to the unit ball B;. Precisely,

4) TV(u, B)) =w, |degv| =w, |degv|.

Note that formula (4) does not hold, in general, if the map v: S"” '— R" takes
values on a set v(S™ ') not diffeomorphic to S” ! (see Theorem 4 and the ex-
amples of Section 10). A generalization of this result holds if we assume that
isin W17 (Q; RY) for some p e (1, N) and is locally Lypschitz outside a finite
number of points a;e 2, 1=1, ..., k, provided that « satisfies in a neighbor-
hood of each a; the hypotheses of Theorem 1 for suitable functions v;. In this
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case the total variation of the Jacobian of u is given by

3
TV(u, Q) = [ | det Du(x) |dz + 3 |degvi].
5 iz
For possible extensions of this formula to more general spaces we refer to
[12], [13].

Section 4 is dedicated to explaining how the study of the total variation
TV(u, Q) fits squarely within the framework of relaxation problems with
nonstandard growth conditions. In Section 5 we present a thorough study of
the 2-d case, which plays a very special role. In fact, in two dimensions we are
able to perform a deeper analysis and to find more general assumptions which
allow us to characterize fully the total variation 7V(u, Q). In particular, it is
possible to identify TV(u, ) of maps u : B;c R*— T, with values on a set I
which is the boundary of a simply connected domain D c R?, starshaped with
respect to a point & in the interior of D (for example, when I'=S"! is the
boundary of the unit ball B;). We emphasize Lemma 22, which we call «the um-
brella lemma», and which plays a crucial role in our argument, as explained in
Section 5. For the sake of completeness, we include the statement, without
proof, of some 2-dimensional results that have been presented in [24].

In Section 7 we move on to the general n-dimensional framework, and in
Section 8 we apply the results thus obtained to the study of relaxation of poly-
convex functionals. Indeed, we provide an explicit representation formula for
the related energy associated to the polyconvex integral functional

Fu, Q) = [ g(M(Dw) da,
Q

where g : R¥N— [0, + «) is a convex function, M(Du) is the map with values
n 2
in RY, N = 2( ) , defined by
j=1

n
J
M(Du) := (Du, adj, Du, ..., adj, 1 Du, det Du),

and where adj; Du denotes, for every j =2, ..., n — 1, the matrix of all minors
jxj of Du.

Finally, in Section 9 we study in detail TV(u, ) when u is as in (3). Addi-
tional 2-dimensional and 3-dimensional examples are proposed in Section 10.
The special, but representative, case analyzed in Section 10 concerns maps
w:BicRE—y=y" Uy, were y is the «eight» curve, i.e., the union of the
two tangent circles y * = {(x;, ¥;) € R*: (1, F 1)* + (x2)* =1} in R®. In parti-
cular, we show (see Theorem 4 and Section 10) that in general formula (4),
which relates the total variation TV(u, Q) of the Jacobian determinant with
the topological degree, does not hold if the map u : B;c R*—y takes values on
the «eight» curve y.
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2. — Statement of the main results.

In this section we state several representation formulas for the total varia-
tion TV(u, ) of the Jacobian determinant, defined in (2). We consider first
the 2-d case in detail, where the assumptions needed are more general than in
the case n =2, and in the second part of this section we describe the general
n-dimensional case.

In order to fix the notation, here we consider x, = 0 and Q c R? is an open
set containing the origin. With an obvious abuse of notation, we write u(x) =
u(xey, x2) = u(o, v), where (0, ¥), 0 =0, 0 < <2, are the polar coordinates
in R%. We also denote by D,u the tangential derivative of u (in the 7=
(—sin, cos}) direction), which is related to the (vector-valued) derivative uy
by the formula

Ju(p cos ¥, o sind}) .
Uy =: =5 = o[ —u,,sin¥ + u,,cos ¥] = oD, u .

We denote by v :[0, 27] — I'c R? a Lipschitz-continuous map, with v(0) =
v(27), with components v(#) = (v1(#), v%(9)), and with values on a curve I'2
([0, 27]). We assume that I' can be parametrized in the following way

(5) I'={&+ ) (cos?, sind): e [0, 271},

where (1) is a piecewise C'-function such that #(0) = #(2x), and 7(}) = r, for
every ¥ € [0, 2:7] and for some 7, > 0. Condition (5) reduces to saying that I' is
the boundary of a domain

(6) D:={&+ o(cos ¥, sind): Je0, 2], 0 <o <nr(H)},

starshaped with respect to a point & in the interior of D. The following theo-
rem was proved in [24].

THEOREM 1 (General result in 2-d). — Let u be a function of class
W P(Q; R®) N W (2\{0}; R®) for some pe(1,2). Let v: [0,2x]—T,
() = W(P), v2(F)), 9el0,2x], be a Lipschitz-continuous map, with
v(0) =v(2x) and I as in (5), and such that

% é}ig})llu(g, ) =)0, 2mi 1) = 0 -

If the tangential derivative D,u of u satisfies the bound

0>0 inp 0>0 Qpr

o 2
sup | D, u|?da = sup Tl‘pdrfmﬂ("r, V) |Pdd < M,
B, 0 0



TOPOLOGICAL DEGREE, JACOBIAN DETERMINANTS AND RELAXATION 193

for a positive constant M, then the total variation of u is given by

2n

f{vl(ﬂ) v3(9) —v2(9) v} dv |.
0

Note that, by (7), there exists > 0 such that B,c Q and uweL *(B,; R?).
Therefore in the statement of Theorem 1 we have in fact u e L,5(2; R?) N
WL2(Q; R®) N Wi (2\{0}; R?) for some p e (1, 2). Moreover, the assump-
tion of Lipschitz-continuity of v may be replaced by the weaker assumption
that ve WL P((0, 27); R?).

Consider the particular case in which the map u = u(o, ) does not depend
on o, that is u = u(9). Then, as a function of ¥, u = u(9): [0, 27] —R? is a Lip-
schitz-continuous map and %(0) = u(2x). Looked upon as a function of two
variables, i.e., u : Q = B;— R? constant with respect to ¢ € (0, 1], it turns out
that we L *(Q; R®) N W' ?(Q; R*) N WL, = (2\{0}; R?) for every pe[l, 2),
but we¢ WL 2(Q; R?) unless %(9) is constant.

From the previous result, with « = v, we immediately obtain the following
consequence (see [24]).

1
TV(u, Q) = f | det Du(x) |de + 3

Q

COROLLARY 2 (Radially independent maps in 2-d). — Let I" be as in (5), and
let w=v:[0,2a]—1T be a Lipschitz-continuous map such that v(0) = v(27).
Then det Du(x) = 0 for almost every x € R® and the total variation of the Jaco-
bian determinant is given by

27
® Ve, @) = = | [{01) 03®) — v o} o)} av |
0

1
2

We observe that formula (8) has a relevant geometrical meaning because
the right hand side represents the «winding number» of the curve v =
(v1, v?). See Section 3 for a further discussion on the geometric interpretation
of (8).

With the aim to compare the previous result with the n-dimensional results
given below, in Section 5 we present the following equivalent formulation of
Corollary 2.

COROLLARY 3 (Analytic interpretation in 2-d). — Let I" be as in (5), and let
v:[0, 22]— 1T be a Lipschitz-continuous map such that v(0) =v(2mx). Then
the total variation TV(u, Q) is given by

©) V(u, Q) =

)

f det Dii(x) da
B

where u: By—R? is any Lipschitz-continuous extension of v to B;.
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Note the surprising fact that the integral in the right hand side of (9) (and
in (8) as well) appears with the absolute value outside the integral sign, and
not nside!

Another relevant 2-dimensional result is related to the «eight» curve in R,
ie., to the union y of the two circles y *, y ~, of radius 1 with centers at (1, 0)
and at (—1, 0) respectively. Some explicit examples related to the «eight» curve
are given in Section 10. Below we present two estimates, proven in [24], an upper
bound and a lower bound, which will allow us to study these examples.

THEOREM 4 (The «eight» curve). — Let y =y " Uy ~ c R® be the union of the
two circles of radius 1 with centers at (1, 0) and at (=1, 0). Let v :[0, 2x] —y
be a Lipschitz-continuous curve, with parametric representation v() =
W'(9), v¥(9)), ¥ € [0, 27, such that v(0) = v(2x). Let (I;);n be a sequence of
disjoint open intervals (possibly empty) of [0, 2] such that the image v(I;) is
contained either in y* or in vy, and v(9) = (0, 0) when ¥ ¢ Ujcen ;. Then,
with w(x) :=v(x/|x|), the following upper estimate holds

TV(u, By) < % > f,j{vl(ﬁ) v3(®) —v2(®) vi ()} db
jeN :

For the lower estimate, we denote by I;*, with the + sign, any previous inter-
val I; such that v(I;)cy ™, and by I, any previous interval I), such that
v(I,)cy~. Then we also have

Moving on to the n-dimensional case, we first establish in Theorem 5 a gen-
eral inequality between the total variation of the distributional determinant
Det Du (see (1)), that we denote by |Det Du|(£2), and the total variation
TV(u, Q) if the Jacobian, defined in (2). Note that in the first half of the state-
ment of the next theorem we do not assume that u e Wl, * (2\{0}; R"), while
in the second half we require that u e Wi, " (2\{0}; R").

+

> f{vlvg—vzvg} dv

jev d
I

1
TV(u, By) = E[

kz,\j f{vlvg—vzvé} do
I,

THEOREM 5 (Comparison between | Det Du|(£2) and TV(u, 2)). - Let p>n—1
and assume that wel *(Q; R)NWLHP(Q; RY). If TV(u, Q) < + <, then
TV(u, ) and Det Du are finite Radon measures, det DueL(RQ), and

(10) TV(u, A) = [ | det Du(x) |dae + 1,(A),

A

1) Det Du(A) = f det Du(x) d + u (A),
A
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for every open set Ac 2, where A,, u,, are finite Radon measures, singular
with respect to the Lebesgue measure £", and |u| <21, t.e., for every open
set AcQ,

(12) | Det Du|(A) < TV(u, A).

If, in addition, we Wi,"(2\{0}; R™), then A,=20, u,=ud,, for some con-
stants A=0, ueR, with |u| <A, where 6, is the Dirac mass at the
origin.

Examples given in Section 10 show that in general the equality between
| Det Du|(A) and TV(u, A) should not be expected. In particular, this equality
fails for maps valued on the «eight» curve. The proof of Theorem 5 is present-
ed at the end of Section 4. We note that one of the main contributions of this
paper is the identification of the defect constants 1 =0, ueR.

Let us denote by B, the ball in R", n = 2, with center in 0 and radius » > 0.
In particular, B, is the ball of radius »=1 and 8B;=S""! is its boundary.

We call the attention of the reader to the fact that, in dealing with the gene-
ral n-dimensional case, we denote by v a map from S” ! into R”, while in 2-d
v =v(}) does not denote a map from S! into R?, but instead a periodic function
from [0, 27r] into R?. Therefore, if ¥ is the corresponding map from S* into R?,
then we have v(1#) = v(cos ¥, sind}).

Let woeS" ! be fixed. For every je{l,2,...,n—1} let 1
S" 1\{w,} — 3B, by a vector field of class C' such that, for every xe
S~ 1\{w,}, the set of vectors {7,(w), T5(w), ..., T, _1(w)} is an orthonormal
basis for the tangent plane to the surface 9B; at the point w.

The following theorem provides a general representation formula for the
total variation of the distributional determinant | Det Du|(£2). Note that, un-
der the assumption u € WL, * (2\{0}; R"), by formula (15) we give a represen-
tation of the total variation of the singular measure u, in (10).

THEOREM 6 (Total variation of the distributional determinant). — Let n =2
and let Q be an open set containing the origin. Let we W' P(Q; R")N
Wik *(Q2\{0}; R") for some pe(n—1,n). Let v:3B;=S""'>R", ve

Wh=( 8" 1, RY), v= (v}, v3, ..., v"), be a Lipschitz-continuous map such
that
(13) lim max{|u(9a))—v(w)|:weS"’l}ZO.

0—0"

Let us assume that

1
(14) sup

e>00" 7"

f | D, w|?dx < M,
B,
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for a positive constant M. If det Du e L*(Q) then Det Du is a Radon mea-
sure and its the total variation |Det Du| is given by

(15) | Det Du|(2) = f | det Du() | dac +
Q

1 i—1

i+ 1 3
(vt .., ettt 0™

a("'yla Toyeeey Ty—1

n . . a
2 (-1 vl (w) () dH" !
3B, 1=1
Moreover, if we denote by u: Bi—R" any Lipschitz-continuous extension of

v to By, then

1
n

(16) | Det Du|(Q) = [ | det Du(x) |dz +
Q
By assumption (13) there exists > 0 such that e L *(B,; R?). Thus, in
the statement of Theorem 6 (and in Theorem 9 below), we actually have that u
is a function of class L)% (2; R") N WhP(Q; R™") N Wi, (2\{0}; R") for some
pe(n—1,n).

f det Dii(x) dac
By

REMARK 7. — A simple calculation shows that in 2-d the last term on the
right hand side of (15) reduces to

27
[f0r @) v3) 02 vi} av |,
0

1
2
where v : [0, 2] — R? is the asymptotic limit map in (7). Indeed, denoting by
v: S1—R2 the map related to v through the condition v() := v(cos ¥, sind),
we have
i a—i a—i
W singy+ 2
ad 3901 8962
and, since the unit tangent vector t:[0, 2] — 9B, can be represented by
7(0) = (—sind, cos¥), we obtain
d i s
v io1e.
did or

With the notation w= (ﬂ ﬁ) = (cos ¥, sin}) € dB; =81, we finally have

)
el ]

cos?, 1=1, 2,

2

7 2 =1
f{@lai—@zai}dﬁ

21
1) () = v2(D) v (D)} d) =
Of{vuvﬁ() 22(8) v} ()} Jis s

2 i
=f S 1y 15 (w) W (o) aH
1=1 T

B, d
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Therefore (15) in 2-d becomes

)

27
1
| Det Du|(RQ) = f | det Du(x) |da + > f{vlvg—v%,%} dd
Q 0

and the conclusion of Theorem 1 now can be restated in the form

TV(u, 2) = | Det Du | ().

REMARK 8. — In the case of the «eight» curve studied by Theorem 4, with
v:[0,27] >y=y" Uy cR® and u(x) = v/ |x|), we have

Therefore, as in the general case (see Theorem and (12) in particular),
TV(u, By) = | Det Du|(B;). Moreover, in view of the inequalities in (17), we
can easily find an example such that the strict inequality TV(u, By) >
| Det Du | (B;) holds. See Section 10.

+
jeN

a7 TV(u,B)= % [

> f{vlvg—vzvﬁl} dv
Lt

ZV f{v Wi—v2}}do
keN I

2
2% f{vl(ﬁ)vg(ﬁ)—vz(ﬁ)v,;(ﬂ)} d¥ | = | Det Du|(B)).
0

Next we state the main result for the n-d case, analogous to Theorem 1.
The proof of the theorem may be found in Section 7.

THEOREM 9 (General result in n-d). — Let n =2 and let 2 be an open set
containing the origin. Let ue W' ?(Q; R") N Wik (2\{0}; R") for some p e
(m—1,n) and let ve W *(S"~1; R") satisfying (13) and (14). If det Du ¢
LY(Q) then TV(u, Q) = + . If det DueL(RQ), then the total variation of
the distributional determinant |Det Du|(2) is given by (15) and
TV(u, ) = | Det Du|(£2). Moreover, if the quantity

% A, ..., vt L it ™)

18 —1)i* 1yt
( ) 721( ) 3(T1,‘L'2,...,Tn_1)

has constant sign H" ™ '-almost everywhere on 3B, then

19) TV(u, 2) = | Det Du | ().
In Section 9 we apply Theorem 9 to calculate explicitly the total variation of
the singular map « : Q\{0} = R", u(x) = %, where w is a map dif-
wx) —w

ferentiable at x =0, with det Dw(0) # 0, to obtain 7V(u, Q) = |B;| = w,,.
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REMARK 10. — We conjecture that formula (19) holds independently of the
stgn condition (18) for a certain of subclass of mappings w with asymptotic
limit v at x =0, i particular if v : "~ 1 —R" takes values on S" 1. Theorem
1 above asserts that this conjecture is true in the 2-dimensional case, and
when v(S') is the set I in (5), boundary of a starshaped set. With the
Example 42 we propose a 3-d case where the conjecture is also true. However,
if v(S™ 1) is mot diffeomorphic to S"~ 1, as in the case of the «eight> curve
considered in Theorem 4 (see also the examples of Section 10), then the repre-
sentation formula for TV(v, B;) should take into account the topology of
(8" ).

As further applications of Theorem 9, now we consider radially indepen-
dent maps u:Q2—R", defined through a Lipschitz-continuous map
v: 8" 1—R" by the position

u(2) :=v(%), VaeB; \{0}.

Clearly uwe W' ?(Q2; R") N Wik (2\{0}; R") for every pe[l,n), but ue
Wb (Q2; R") unless v is a constant function. We obtain immediately from Theo-
rem 9 the following result.

COROLLARY 11 (Radially independent maps). — Let v: dB;=8""1—>R",
v= (% v2, ..., v"), be a Lipschitz-continuous map. For every open set Q
containing the origin we consider the map u: Q—R", defined by u(x) :=
v/ |x|) for x € \{0}. For every p e (n — 1, n) the total variation of the Jaco-
bian of u is given by

20) TV(u, )=

1 i—1 i+1

1 (-, ..., e, L, ")

(w) danl ,

f Z(_l)i+1vi(w) d

=1 a(TIaT2)"-5Tnfl)

By
provided the quantity (18) has constant sign H" ™ ‘-almost everywhere on
OB;.

The following result is similarly to Corollary 3, valid in the 2-d case.

COROLLARY 12 (Analytic interpretation in n-d). — Let v: S" '—>R" be a
Lipschitz-continuous map, let 2 be an open set containing the origin, and let
u: Q—R" be defined by u(x) :=v(x/|x|) for x e 2\{0}. Denote by u: B;—R"
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the Lipschitz-continuous extension of v to B; given by u(0) =0 and

a<x)::|x|-v(|i|), VaeB; \{0}.
X

If the Jacobian det Di(x) has constant sign H" ™ '-almost everywhere on By,
then

(21) TV(u, Q) =

f det Dii(x) dac
By

REMARK 13. — Let us assume that v: 8"~ '—S8"~1is a map of class C* on-
to S™~ 1, locally invertible with C' local inverse at any point of S™ 1. If u is
defined as before by w(x) = |x|-v(x/|x|), then also u: B;— By is a map of
class C* and it is locally invertible with C' local inverse at any point of
B \{0}. Then the assumption of Corollary 12 1is satisfied. Indeed,
det Du(x) = 0 for every xe B, \{0} and, by continwity, det Du(x) has con-
stant sign in B;\{0}. We also notice that, by (65) of Lemma 35, when n(t) =t
we have

o ..., vi l witt L "
detDﬁ(x)=z(—1)”lvl(i) SR ° )( - )
i=1

|.’)0| a(7:1,‘527'-'77:71—1) |9€|

therefore the sign assumption in Corollary 12 is equivalent to the sign as-
sumption of Theorem 9.

A final remark about the definition (2) of the total variation TV(u, ) of
the Jacobian determinant det Du(x): as before, consider uweL *(2; R")N
WhP(Q; R") for some p >n — 1. The definition in (2) of 7V(u, ) is based on
the convergence of a generic sequence {u;},cnCWh"(2; R") to u in the
weak topology of Wh?(2; R"). Instead, we could consider the strong norm
topology and give the following definition of 7V*(u, Q):

©2)  TVi(u, Q) = inf{l}im inf [ | det Du, ()| da :
h— +
5
w,—u strongly in W P(Q; R"), u,e Wh"(Q; R")}.
Clearly we have

TV(u, Q) <TV:(u, Q), VYueL*(Q;R)NWIP(Q;R").

However it is interesting, and somewhat surprising, to observe that Theorems
1, 4 and 9 (as well as Corollaries 2 and 11) still hold if we replace TV(u, 22) by
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TV?(u, 2). In particular, under the assumptions of Theorems 1 and 9 we have
indeed

™V(u, 2)=TV*(u, 2),

for every open set QcR", and for every ue L *(Q; R") N W1 ?(Q; R") with
p>n-—1.

Using the argument of Lemma 32, for every uelL*(2;R*>N
WhP(Q; R®) N Wi *(2\{0}; R?) with p > 1, it can be shown that admissible
sequences for TV®(u, ) may be required to assume prescribed boundary
values, precisely

TV (u, Q) = inf{lgmjnf [ 1 det Du, (@) | da
Q

w,—u strongly in WH?(Q2; R?), u,eu, =u on 0QW *(2; Rz)}.

3. — Geometrical interpretation.

In this section we give a geometrical interpretation of the results stated in
Section 2, by means of the notion of topological degree of maps between
manifolds.

We recall that if w: 2 —R" is a Lipschitz-continuous map, then the topo-
logical degree of the map w at a point yeR" is

deg (w, 2, y) = > sign (det Dw(x)),

rew ’l(y) NA(w)

where A(w) = {x e Q: w is differentiable at x}. The degree of the map w in the
set 2, denoted by deg w, is

1
23) deg w:= f > sign(det Dw(x)) dy
|/M)(.Q) |w(9) rew ~1(y) NAw)

1
__ 1 f S sign (det Du(a)) dy
|w(9)|w(!)) rew 1y)

(above we used the fact that, since w is a Lipschitz-continuous map, then the
measure of the sets Q\A(w) and of its image w(2\A(w)) are equal to zero).
See the books by Giaquinta, Modica and Soucek [38] and by Fonseca and
Gangbo [26] for more details.
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It is well known that

fdetDw(x) dx = fdeg(w Q,y)dy,

w(R)

and thus

(24) deg w = | (9)| fdetDw(x) de .

Using of the symbol # to denote the cardinality of the set, we have

(25) f|detDw(9c)|dac— f#{xe!) w(x) =y} dy .

w()

For our purpose it is also useful to recall the definition of degree of a map
v: 8" 1—S8""1 9 onto S” !. To this aim let us denote by T, the tangential
plane to S™ ! at the point weS™ . If v is Lipschitz-continuous, then for
H" '-ae. weS" !the differential dv,: T, — Ty, exists. Similarly to the Eu-
clidean case (23), the degree of v is defined by (see Chapter 5 of the book by
Milnor [49])

> sign(det dv,) dH!" 1,

wev o)

degv:=
o nSﬂ—l

where, with an obvious abuse of notation, we denote by dv, also the (n — 1) X
(n — 1) matrix representing the differential with respect to two fixed bases in
T, and T,,,. Using again the area formula for maps between manifolds, as in
(24) we get (see also [12], [13])

1
degv = f det dv, dH "',
nwnan

Fix (e B, and denote by 7;: S "\{w, —-R", for je {1,2,...,n—1}, a
vector field of class C' such that, for every xeS™ ' \{w,}, the set of vectors
{r1(®), t2(x), ..., T,_1(x)} is an orthonormal basis for the tangent plane to

the surface S™ ! at the point 2. The following representation formula (26) for
deg v holds.

THEOREM 14. — Let v:S8" '—S8""! be a Lipschitz-continuous map
onto S"~ . Then, for H" l-a.e. weS" ™1, we have

1 i—1 i+1 n
o', ..., v v, L v

a(rly T2y -en Tn—l)

(w).

©26)  detdv,= 2(—1)*"vi(w)
i=1
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Theorem 14 is proved below in this section. We deduce from Theorem
14 and Corollary 11 the following consequence.

COROLLARY 15 (Geometric interpretation. — Let v: 8" '—S" ! be a map
of class C' and onto, and let u : B;\{0} —S" ! be defined by u(x) :=v(x/|x|).
If dv,, is not singular at any w € S" ™1, i.e., if v is locally invertible with C* lo-
cal inverse at any point of S™ 1, then

@2 TV(u, By) =w, |degv| =w, |degv|,

where v: Bi—R" is any Lipschitz-continuous extension of v to B;.

REMARK 16. — In two dimensions the total variation TV(u, By) can be ex-
pressed in terms of the degree as in (27) under the sole assumption that v
maps S into a simple curve enclosing a starshaped domain (see Corollary
2). However, as shown in Section 10, this is not true anymore if v maps S*
mto a non-simple curve, such as the «eight» curve.

PROOF OF THEOREM 14. — Fix w € S"~ ! and denote by {7, 75, ..., 7,1},
{01,02,..., 0,1}, two orthonormal bases for the tangent planes to T, and
Ty, respectively. With respect to these two bases the linear map dv,: T, —
Ty is represented by the (n —1) X (= — 1) matrix with coefficients

5}
(dv,,); = <0j, %(CU)>-

Therefore the matrix dv,, is the product of A and B, where A is the (n — 1) X n

. v . .
matrix whose rows are o and B is the n X (n — 1) matrix whose columns are
T

o;. By (iii) of Lemma 37qwe have
det dv, = > det X ;(A)-det X; (B),
i=1

where

1 i—1 i+ 1
A, ..., vt vttt L o™

det X ;(4) = (w),
a(Th Toyeery Ty—1

and in view of (78)
det X; (B) = (- 1) "1v;(v(w)),

where v;(v(w)) is the i-th component of the outward unit normal S” ! at v(w),
ie., v;(v(w)) =v(w). This concludes the proof of (26). =
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ProOOF OF COROLLARY 15. — From the previous theorem we deduce that, if
dv,, is not singular at w € S"~!, then det dv, = 0. Therefore, the right hand
side of (26) is different from zero and has constant sign, since by assumption
the map v is of class C!. The first equality in (27) follows from Theorem 14 and
(20). The second equality is consequence of (21) and of (24). =

We conclude by giving a geometrical interpretation of some of the esti-
mates given in this paper. In the following statement we use again of the sym-
bol # to denote the cardinality of a set.

THEOREM 17. — Let v: 8" '—S8""! be a Lipschitz-continuous map and
let w:B;\{0} —>S""! be defined by u(x):=v(x/|x|). The total variation
TV(u, B;) of the Jacobian of u can be estimated by

(28) TV(u, By) Zw, |degv|,
1
(29) TV(u,Bl)$—f#{xeS”’lzv(ac)=w} dH!" 1.
n
B,
Proor. - Inequality (28) follows from inequality 7V(u, B,) =

| Det Du|(B;), equality (15) of Theorem 6 on the representation of
| Det Du | (B;), and formula (26) of Theorem 14.

To prove (29), we apply the estimate (72) and formula (25). Precisely, we
denote by v: B;—R" the extension of v defined by #(0) =0 and

f)(ac):=|x|-v(%), VeeB\{0}.
x

Let 0,—0" and define
— () if xeB,,,
uw(x) :==v(/|x|) if xeB\B,,.

Clearly u,—u in Wh?(Q; R") and, by (25),

1
det D— v(x)
O

TV(u, By) < lgm inf f | det Duy, (x) |da = llim inf f dx
— + h— +
By B@h,

=f|detD?7(90) | do = f#{aceBl:@(w) =y} dy ,

By #(By)
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and, since v(B;) C B,
TV(u, B;) < f#{aceS” Loawlx) = | |}dy=
Y

1

f " lde#{xeS” L) =w} dHy T =

0 B,

_f#{gceS” Low(e) = a)} dH} ', =
" og,
4. — Det Du versus det Du.

In this section we give a brief overview of relations between Det Du,
det Du and TV(u, ). We recall that the Jacobian det Du is given by

Aut, u?, ..
(30) det Du(x) = Z (adJ Du);,
Ay, X,y ..., X, ) i=

where adj Du stands for the adjugate of Du, i.e., the transpose of the matrix of
cofactors of Du. It is clear that when u e W, (2; R") then det Du e L;\.(2).
However, it is well known that, within some ranges of lower regularity for u, it
is still possible to introduce a new concept of determinant which agrees with
det Du when uwe W, "(2; R").

Consider the distributional Jacobian determinant, which, as usual,
is denoted by Det Du capitalized, and is given by

ou?, ..., u") )
’m'n

ey Xj—1y Ljg1y ---

0
31 Det Du:= 2" i1 !
©D ;::1 (=1 ox; ( A(axy,

S
28901

1)

Note that Det Du is a distribution when uweW'?(Q;R"), adjDue
L%(Q; R"*"), with 1/p+1/¢ <1+ 1/n (in particular, when ue W..”(2; R")
for some p >n?%/(n + 1)), or when u e L5 (2; R") N WL."1(2; R") (actually,
it suffices to require that u'eL,%2(2; R"), and that the vector field of
derivatives (Du?, Du?, ..., Du") e L. '(2; R®~V>*")) In the latter case,
it is clear that the products in (31) are in L. (). Also, if ue W?(Q2; R")
and adj DueL9(Q; R"*") with 1/p+1/¢ <1+ 1/n, then this integrability
property still holds by virtue of Holder’s inequality together with the
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fact that 1/9+1/(p*) <1 and, due to the Sobolev Embedding Theorem,
we L. (2; R").

For smooth functions the Jacobian determinant det Du(x) and the distri-
butional Jacobian determinant Det Du coincide. In fact, if we Wb "(Q; R")
then using the fact that the adjugate is divergence free, it is easy to see that
(30) reduces to (31). Also, Miiller, Tang and Yan proved in [56] that if ue
Wbhr=1(Q; R") and if adj Due L™~V (Q; R"*") then Det Du = det Du and
it belongs to L' (). This relation may fail if « is not sufficiently regular. As an
example, consider (see [38])

X
w(x) =" a"+ |e|"—, Q:=B;,
||
where By, as in the previous sections, stands for the open ball in R” centered
at zero and with radius one. Then u e Wh?(B;; R") for all p <m, det Du=1
a.e. in By, but

Det Du = £" |B;+w,a"d,

where £" denotes the Lebesgue measure in R" and w,, is the volume of the
unit ball B;. Similarly, as shown in [29], if u(x) := /| x| then det Du =0 a.e. in
B, and Det Du=w, 0.

These examples suggest that, at least for some ranges of p, when Det Du is
a Radon measure then its absolutely continuous part with respect to the n-di-
mensional Lebesgue measure reduces to det Du. Indeed, this holds when u e
WLP(Q2; R") and adj DueL%(Q2; R"*") with 1/p +1/g<1+1/n (see [52]);
see also Theorem 5.

The presence of singular measures in Det Du is in perfect agreement with
recent experiments, which suggest that, in addition to bulk energy, surface
contributions and singular measures may also be energetically relevant, thus
disfavoring the creation of extremely small cavities (see [17], [32] and [33]).
These considerations have motivated the search for a characterization of the
singular measures which may appear in the description of the distributional
Jacobian determinant. If we do not impose any geometrical or analytical re-
strictions on the function u, then it is possible to attain Radon measures with
support of arbitrary Hausdorff dimension. Precisely, it was proven by Miiller
[564] (see also [52]) that, given a € (0, n), there exists a compact set K c B; with
Hausdorff dimension a, and there exists we W% ?(By; R") N C°(B,) for all
p <mn, such that

(32) Det Du = det Du £" |By + u,,

where u, is a positive Radon measure, singular with respect to £", and
such that suppu,=K. The situation is dramatically different if ue
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W 1R, 8" 1), as it can be shown that if Det Du is a finite, signed, Radon
measure then Det Du is a finite integer combination of Dirac masses (see
Brezis and Nirenberg [12], [13]). The use of BMO and Hardy spaces allows
one to obtain higher integrability results along the lines of Miiller [51], [53],
and Coifman, Lions, Meyers and Semmes [18]. As an example, it can be shown
that if we Wb "(2; R") is such that det Du =0, then (see also Brezis, Fusco
and Sbordone [11] and Iwaniec and Sbordone [40]) det Du log(2 + det Du)
Ll})c(g)-

As mentioned before, in this paper we assume that u is a function of
class

WP (Q; R") N Wi, = (2\{0}; R")

for some pe (n —1, n) and for an open set 2c R" containing the origin. The
definition of the total variation TV(u, ) introduced in (2) follows the ap-
proach commonly used for variational problems with non-standard growth and
coercivity conditions (see [1], [2], [9], [15], [27], [29], [38], [45], [47], [48]). The
aim of this paper is to characterize TV(u, 22). In [29] Fonseca and Marcellini
accomplished this for u(x) =/|x|. Fonseca and Maly [27], and Bouchitté,
Fonseca and Maly [9] set up the problem into a broader context. Precisely, if
f: QX R —R is a Carathéodory function, then the effective (or relaxed)
energy is defined as

(33) J,, ,(u, ) := inf{li}m inf ff(x, Duy,) dx : w, e W9, w,—u in Wl”’}.
Q

In the case, where f(x, &) :=g(det &) and g : — [0, + o) is a convex function,
then (see [15], [22], [27])

Fpou(u, @)= [gdet Du(x) dz  if p=n—1,
Q
and if p >n — 1 then (see [9])

T, ) = [ gdet Du@)) der + p,(2),
Q

for some Radon measure u,, singular with respect to the Lebesgue measure
£". For a general integrand f, and under the growth condition 0 < f(x, &) <

C(1+ |£]7), with p> "¢, we have
n

(34) é};),q(%a Q)= huoen |.'Q +j'sa
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where (see [1]) &, < Qf(x, Du), and A is a singular measure. If f = f(&) then it
can be shown that (see [9], [27])

35) h, = Qf(Du),

where Qf stands for the quasiconvexification of f, precisely (see [19], [50])

Q&) = inf{ f fE+ Dp(x)) du : g e CLQ; R”)}.

0, 1)"

This may no longer be true when f depends also on & and p < g (although it is
still valid if f(x, ) is convex, see [1]). Indeed, Gangbo [31] constructed an
example where f(x, &) =y x(x) | det &| , and h, = fif and only if £V (3K) =0.
Hence, in general, (35) fails and f**(x, Vu) < h, is the only known lower
bound (see also [1], [9], [27], [29], [45], [46]).

Further understanding of the total variation 7V(u, 2) asks for mastery of
weak convergence of minors for p < n. Works by Ball [4], Dacorogna and Mu-
rat [21], Giaquinta, Modica and Soucek [38], and Reshetnyak [58], established
that

u,—u in WH"(2; R") = det Du— det Du

in the sense of measures, where we recall that a sequence {x;} of Radon mea-
sures is said to converge in the sense of measures to a Radon measure u in Q if
for every ¢ € C,(22; R) we have

f¢du;¢—>f¢>du-
Q Q

Miiller [51] has shown that, if in addition det Du,;, = 0, then det Du;, — det Du
weakly in L'(R). Moreover, if u;, —u in W ?(2; R") and {adj Du,} is bound-
edin L9(Q; RY*") with p=n — 1, ¢ =n/(n — 1), one of these two inequalities
being strict, then

det Duj,— det Du. in the sense of measures.
Also, if u, e WH"(Q; R"), u,—u in WhP(Q; R") and p>mn — 1, then
(36) adj Du,—adjDu in LP""V ¥p>n—1.

A complete characterization of weak convergence of the determinant has
been obtained by Fonseca, Leoni and Maly in [28], where it was shown that, if
the sequence {u;} c W' "(Q; R") converges to a function » in L'(Q; R"), if
{u;,} is bounded in W' "~ 1(Q; R"), and if det Du;,—u for some Radon mea-
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sure u, then

du
d.e

For related works we refer to [2], [4], [15], [19], [20], [22], [30], [31], [34], [38],
[44], [50], [51], [56].

What can we then say about the singular measure u, in (32), its signifi-
cance and interpretation, and what are the relations, if any, between the total
variation of Det Du, i.e. | Det Du|(£), and TV(u, £2)? An answer is given by
Theorem 5, which contemplates a general framework where only integrability
assumptions are considered, and no structural properties of the function u are
prescribed. Next we present the proof of this result.

37 =det Du, ae. xeQ.

PRrROOF OF THEOREM 5. — Since TV(u, 2) < + «, by (34) and (35) TV(u, -) is
a finite Radon measure, and it admits the Radon-Nikodym decomposition (10).
In particular, it follows that det Du e L'(Q).

Let 6 > 0 be fixed and consider a sequence {u;,};cnCC'(L2; R") such that
w,—u in WHP(Q; R"), with p>mn—1, and

(38) TV(u, 2)+6> lim [ 1 det D |d
,—> + oo
Q

We first observe that, without loss of generality, we may assume that the se-
quence of the first components {u;%}hEN is bounded in L * (). Indeed, under
the notation M := |lu!|.., it suffices to consider the truncation

-M  iful(x)<-M,
wi(®) =4 wi(x) if —M<uj(x)<M,

M if uj(x) =M,

and to set wy, := (wi, u?, ..., ), for every he \N. It is easy to verify that, as
h— + o, w, converges to u in the weak topology of W ?(L2; R") and, since
| det Dwy, | < | det Du,, |, for almost every x € 2, inequality (38) still holds with
{un}nen replaced by {wy} e

Since TV(u, ) < + o, by (38) the sequence {det Du;};, .~ is bounded
in L1(Q), therefore, up to a subsequence (not relabeled) det Du,—*i as
h— + o, where i is a finite Radon measure. By (37) we have
(39) d—# =det Du, a.e. xef.

aL”

Next we prove that the distribution Det Du coincides with 7 on C¢(£2) and
hence, by regularization and density, on CJ (). To prove this, for fixed ¢ e
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Ci () we have

(Det Du, ¢) = —f Z wl(adj Du); a—(pdﬂc
ic1 v
Q 1

= — lim f ZM,}(adeuh ia—qjd,x: lim fdetDuh(pdxz(ﬁ, @).
h—o J i3 ox; I

Here we have used the facts that, since u,—u in W ?(Q; R") for p>n —1,

then adj Du, weakly converge to adjDu in L”" 1, and since the sequence

{u;}}heN is bounded in L * () and converges as h— + © to u' in LP(Q),

it also converges to u! in L%(R), for every q < + o, in particular for

q= % the conjugate exponent of —1 Therefore, in view of (39), we
n n

deduce the Radon-Nikodym decomposition for Det Du as asserted in (11).
Let A be an open subset of 2 and let ¢ € C{(A; R) be such that |||, < 1.
By (38), a similar argument yields

[(Det Du, ¢)| = f Eu (adj Du); —dac = hm ! (adj Duh)l

= lim

h— »

fdet Duy, @ dx

< lim sup H(p”oof | det Duy, |dw < TV(u, A) +6 .
k—
A

It suffices to let 6 — 0%, and to take the supremum over all such functions ¢,
to conclude (12), i.e., | Det Du|(A) < TV(u, A).

Suppose now, in addition, that u € Wi,"(£2\{0}; R"). Let A be an open sub-
set of £ such that 0 ¢ A. We recall that for every sequence u, which converges
to u in the weak topology of W' ?(A; R") for some p>mn —1, with u, u, €
Wi."(A; R") for every he N, we have (see [20])

h— + o

lim inf f|detDuh|dac>f|detDu|dx.
A

Hence

TV(u, A) = [ | det Du| da,
A

whenever A is an open subset of 2 and 0 ¢ A. Therefore we conclude that
supp 4,C {0}, and thus A, = 10, for some constant 1 = 0, where J is the Dirac
measure at the origin.

On the other hand, in view of the inequality | Det Du|(A) <TV(u, A) in
(12), it follows that suppu,csuppa c {0}, therefore u, = ud,, for some con-
stant ue R, with |u| <A, where we have used (12) once more. ®
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REMARK 18. — The result stated in Theorem 5 holds also under the as-
sumption that we WHP(2; R") for some p >n2/(n + 1). Indeed, in this case,
wnstead of truncating the sequence {uh } nen We use the fact that by Kondm-
chov’s Compact Embedding Theorem, w,—u strongly in L™, with n? being
the conjugate exponent of n?/(n?—1). Again, {Duy}j e weakly converges in

LP(Q;R"*") and the sequence {adjDuw,},.~ weakly converges in
L n2/(n?-1) .

5. — The 2-dimensional case.

Let n=2. For every &= (E!, £2)eR?, £€#0, we denote by Argé the

unique angle in [ —z, &) such that

& &

cosArgé = Argé =

[ER 1€
As before, we denote by B, the circle in R? with center in 0 and radius » > 0.
Then B, is the circle of radius »=1 and 3B, =S"! is its boundary. If a,
Bel0, 2x], a<p, then S(a, ) stands for the polar sector given by

S(a, B) :={E=o0(cosV, sin?) e R*: 9 <1, Yela, B]).

In the sequel v :[0, 27] —R? is a Lipschitz-continuous closed curve, i.e.,
v(0) =v(2x), that we represent as v= (v!, v%) = (v1(¥), v2(?)), with Je
[0, 227]. We shall denote by vy := (v, v¥) the gradient of v, which exists for al-
most every 9 e [0, 2x]. If v(9) =0 for every ¢ e [0, 2], then we denote by
A, (1) the quantity

v1(8) vi(t) —vE(t) vy (t) i@t
jo(0) |?

A,(9) == Argv(0) + f

0

There exists a simple relation between A, and Arg v, which is inferred from
the next lemma.

LEMMA 19. — If v : [0, 22] = R? is a Lipschitz-continuous curve such that
() # 0 for every 0 e 0, 2], then, for every a, fel0, 2] with a <f3, there
exists ke 7 such that

(40) A,(B) — A, () = Argv(B) — Argv(a) + 2k .

PROOF. — Assume first that v e C1([0, 2x]; R?) and that there exist at most
a finite number of angles ;e [0, 27) such that either v1(};) =0 or v%(8;) =0.
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Then, for every ¥ # ¥; (since v!(¢9;) # 0) we have

2 1 2 2 1
9 prgo(®) = L aretan L) - L@ 0@ — v @) vy (D)
dy dd 1Y) |0(8) |2

The result then follows by integrating this equality and recalling that, each
time that v(9) crosses the half line {(x, ) e R*: x <0, y =0}, and this may
happen at most a finite number of times (necessarily for ¢ equal to some 9;,
where v2(;) = 0), the function Argv(:%) has a jump of +2ux.

In the general case, we approximate v by a sequence {v;};.x of curves of
class C([0, 2x]; R?) such that {vj }je ~ uniformly converges to v and
{dv;/d¥}; . converges to dv/dd in L*([0, 27]) for every pe[1, + ). We may
construct the curves v; so that v;(:}) =0 for all ¥ € [0, 27] and either v1(9;)=0
or v2(¥;) =0 only for finitely many i. Moreover, if Argwv(®) # —mx, then
Argv;(9) — Arg (), while, if Argv(}) = —m, then, up to a subsequence,
Argv;(9) = Argv(¥) = —x or Argv;(¢) — . Finally, the quantity

viv? s —vivl,
A, (B)—A,(a) = f#

a

dt
|?)j|2

converges, as j— + o, to A,(f) —A,(a). From the relation
A, (B) - A, (@) = Arguy(B) — Argvy(a) + 2k,

valid for every j e N and for some k; € 7Z, we see that the sequence k; is bound-
ed, since Argv;(B), Argv;(a) e [ —m, 7). Then, up to a subsequence, we obtain
the conclusion (40) as j— + . =

As in Section 2, we denote by I' a curve in R* parametrized in the following
way

(41) I':={&+ r(¥)(cos ¥, sin}): de[0, 2x]},

where (1) is a piecewise C! function such that #(0) = #(2x), and («}) = r, for
every ¢ e [0, 2:r] and for some 7, > 0. Condition (41) means that I is the Lips-
chitz-continuous boundary of a domain

D:={&+o(cos?, sind): Je[0,2x], 0 <o <r()},

starshaped with respect to a point £ in the interior of D. In the sequel it is un-
derstood that the function 7(«}) is extended to R by periodicity.

LEMMA 20. — Let I’ be as in (41) and let v :[0, 2] — I" be a Lipschitz-con-
tinuous map such that Arg (v(0) — &) = 0. Then the curve v may be represent-
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ed in the form
(42) W) = £+ 1A, (9)(cos A, _(9), sinA, ()
for all ¥e0, 2].

The proof of this lemma may be found in [24].

REMARK 21. — Under the assumptions of Lemma 20, from the representa-
tion formula (42) for v(3) it follows that, if A,_:(a) =A,_:(B), then v(a) =
v(B). Conversely, if v(a) =v(B) then there exists keZ such that A,_:(a) =
A,_:(B) + 2kx. However, notice that if I' is the boundary of a simply connect-
ed domain which is not starshaped with respect to &, then the conclusion of
Lemma 20 may not be true. In particular, the condition A,_:(a) =A,_:(f8)
may not vmply that v(a) = v(f).

The next Lemma 22, found in [24], plays a central role in the study of the 2-
dimensional case. For the convenience of the reader, we include its proof
below.

LEMMA 22 (The «umbrella» lemma). — Let I’ = {E + 7(9)(cos I, sin 0)} and
let v :[0, 2] = I be a Lipschitz-continuous map. If o, B [0, 2x], a <3, are
such that A,_:(a) =A,_:(f), then for every >0 there exists a Lipschitz-
continuous map w: S(a, B) —R? satisfying the boundary conditions

[w(1, §) = v() Viela, pl,
T’w(Q, a) =w(o, B) =&+ o(w(a)—§ Voell,1],

and such that

(43)

(44) [ 1 det D) | de <.
S(a, B)

ProoF. — Without loss of generality we can assume that Arg (v(0) — &) =0.
Fix he N and set

(45) wy(o, V) =&+ or(@,(0, #))cos g, (0, V), sing,(o0, ¥)),

where, for every o € [0, 1] and for every ¥ e [a, 5],
Pilo, ¥ :=0"A, :(N+(1-0"A, :(a).

Since ¢,,(1, 9) =A4,_:(9), ¢, (0, a) = ¢,(0, B) =A,_:(a), by the representa-
tion formula (42) of Lemma 20 we obtain the validity of the boundary condi-
tions (43).

Now we evaluate the left hand side in (44). We observe that, if u(x) =
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(u'(o, 9), u*(o, 9¥)), and using the notation 2“ =u., % =uj (i=1,2), we
have b

uy (0, 9)  uj(o, 9)
(46) det Du(x) = —

ul(o, ) uflo, 9|
For the function w, we obtain

f |detth(x)|dx_fdQ” M ‘dz‘}

S(a, B)

Now the Jacobian determinant of w, is

a(whly whz) 2 op, 41,2
T TR oy = r A, (),
3o, 9) or®(gy) Fraial (@) £()

and we conclude that

c
h+2

)

1 B
f |detth(x)|dac=fgh”dgfr2(g0h) |A)_£(9) |dd =
S(a, ) 0 a

where we denote by ¢ a suitable constant. The conclusion follows by choosing
h e N sufficiently large. =

REMARK 23. — We call Lemma 22 the «the umbrella lemma» due to the fact
that the geometric representation of the graph of the map w : R2—R? consi-
dered in Lemma 22 is some sort of «umbrella» (under some mathematical
tolerance and human imagination!). In fact, let us consider for simplicity
the case where the image I of the map v is the unit circle [0, 27x] ¢ R? centered
around & = 0. Then the graph of w is a subset of S*: it «starts» from the center
& =0 (the starting point of the «umbrella-stick», in correspondence to o =0)
and it «ends» for o0 =1, at the surface {w(1, 9) =v(¥): e [a, B1} c S, which
can be interpreted as the upper surface of the open umbrella, to protect one
from the rain. Moreover, by (44), like an umbrella, the total volume of the im-
age of w is small (large upper surface, small volume! In our 2-d case, we have
a 2-dimensional «picture» of an umbrella, with large upper length and small
areaq,).

We refer to Figures 1, 2 and 3, where we represented the image of the map
wy, (0, ¥) in (45) under three particular choices of the parameters. Precisely,
for fixed h e N we considered wy,: S(a, ) — B (i.e, r(¢; (0, ¥)) in (45) identi-
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Fig. 1. — A 2-d image of the map w defined in (47), with & = 4, for a particular (piecewise
linear) function A, (). The angle which the umbrella-stick forms with the x-axis is given
by A,(a) =A,(B) = /2. The maximun M and the minimum m of A,(F) = ¢(1, I),
which give the bounds for the angles of the image w(1, ) at the surface S* of the ball
B, in this case are equal to m = 7/6, M = 571/6, respectively. Note that the map is ra-
dially linear when ¥ = a and © = 8, where the angle of the image is equal to /2.

cally equal to 1 and & =0) given by

n {wh(g, V) =o(cos @, (0, V), sing, (0, V)

@0, ) =0"A,() + (1 —0o" A(a),

where A,:la, f1—R is a function such that A,(a)=A,(3). The common
value of A, at O = o and ¥ = f is the asymptotic value of the angle ¢ (0, ¥) as
0— 0" and it represents the angle which the wmbrella-stick forms with the
x-axis. At o =1 the angle ¢, (1, ¥) holds A,(3); therefore the maximum M
and the minimum m of A, () represent the bounds for the angle ¢, (1, 9) of
the image w(1, ¥) at the surface S of the ball B,. These pictures has been
made by Emanuele Paolini, starting from the analytic expression of w in
47). We thank him for the beautiful job.

An abbreviated proof of the result below may be found in [24].

LEMMA 24. — Let v :[0, 2x] =T be a Lipschitz-continuous map. Let a,
Bel0,2x], a<p, be such that A,_:(a) =A,_:(B). If A,_:(}) is precewise
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Fig. 2. — Another 2-d image of the map w defined in (47), with & = 4, for a different choise of
the piecewise linear function A, (¢}). In this case we obtain an asymmetric umbrella. Again
A, (a) =A,(B) =n/2, while in this case m = —n/6, M = 57/6. The map is not one-to-one:
only the image points with angles — /6 and 577/6 may be assumed once; all the other points
are hit at least twice; the points with angle 7/2 are hit at least three times.

strictly monotone i [a, f] (with a finite number of monotonicity intervals)
then

B
[{@w' @ - £ v - @) - ) vi )} dy =0.

Proor. — Without loss of generality we assume that &= (0, 0). Since A4,()
is piecewise strictly monotone in [a, 5] and A,(a) = A,(), there exists a parti-
tion of the interval [a, B8], a=90,< ¥, <...<d¥y=p, N=2, such that, for
every 1 =1, 2,...N, the real function A,(?}) is strictly increasing in [¢; _{, 9]
and is strictly decreasing in [, ©; ;] (or viceversa). We will prove the lemma
by an induction argument based on the number N of these maximal intervals
of monotonicity.

Let us first assume that N =2. Hence there exists 9, e (a, ) such that
A, (1) is strictly increasing in [a, ©,] and is strictly decreasing in [9, 3], or
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Fig. 3. = Map w: S(a, ) — B, in (47). Here we fixed h = 3, while the angle which the
umbrella-stick forms with the x-axis is equal to 4, (a) = A, (B) = 0. The bounds for the
angle of the image w(1, ), at the surface S! of the unit ball B;, in this case are equal to
m =0, M =2mx + /2. The map is radially linear when the angle A, () of the image is 0
(and this happens only if ¢ = a = 3, when ¢(1, ©) = A, () = 0). The map w is not one-

to-one: due to the overlaping phenomenon, some points with ¢ close to 1 and 0 < ¢ < 77/2
are assumed at least four times.

conversely. To fix the ideas, let us assume that A,(d) is strictly increasing in
[a, 9.]. For every (o, ¥) e S(a, ) let us define v(o, ¢) := ov(¥). If A,(F;) —
A,(a) <27, then ¥ restricted to the interior of S(a, ;) and S(9,, ) is one-

to-one. Moreover the images ¥(S(«, ©;)) and (S(¥, B)) are equal. Therefore,
by the area formula,

[ | det D) | dae = area (5(S(a, 91))) =

S(a, 91)

area (0(S(¥4, B))) = f | det D(x) | de .
S+, B)
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Since det Dv =0 in S(a, ¥;) and det Dv <0 in S(¥;, §), we obtain

f det Di(xx) dic = area (¥(S(a, ©,))) =
S(a, 91)

area (0(S(¥4, B))) = — f det Dv(x) d .
S, )

By using again (46), we have

1) ovl(d
det Do, 9= - |0 e
2 ovi ()

=01 (@) 02 () =X v} () = A, | v ()| %
0

Therefore, as claimed,

i
0= f det Do(x) dx = flgdgf{vl(ﬁ) vi(9) —v23(D) vi (D)} dI

S(a, B) 0

B
= é f{vl(ﬁ) v5(9) —v2(P) vi(P)} dI .

If 2kn < A,(¥,) —A,(a) <2n(k + 1) for some k=1, then we denote by J'e
(a, 1), V" e (¥, B) the points such that A, (') =A,(") =2kx + A,(a).
Again, using the area formula, we have

| det Do(x) | d

S(a, ¥1)

= f | det D(x) | do + f | det D(x) | de = kareaD + area F
S(a, ) S, 91

where D is the domain in (6) enclosed by I and £ is the domain represented in
polar coordinates by

E = {o(cos A,(1), sind,(1)): deld', 9.1, 0 <o <)}
= {o(cos A,(), sind,(9)): deld, ¥"], 0<o<r)}.
Therefore, we also have

[ |det Diw) | dor =
S, B)

f | det Do(x) | do + f | det D¥(x) | do = area B + kareaD .
S@1, ") O
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Arguing as before we get the thesis (with N = 2)

B
%f{vl(ﬁ) v3(9) — V2 vi()} dY = f det D(x) dz
a S(Dl, ﬁ)

= f | det Do(x) | dac — f | det Do(x) | de=0.
S(a, 91) S04, B)

By induction, we assume that the result is true if there are N — 1 maximal
intervals of monotonicity for the function A,(¢}). Then we consider the case
where there are N of such intervals, with endpoints a=9,<9;<...<9y=p.
Without loss of generality, we can assume that A,(¢) is strictly increasing
in [a, ¥,] and is strictly decreasing in [¢, ¥5]. If A,(a) > A,(¥,), then there
exists y e (¥, ¥3) such that A,(y) = A,(a); since the thesis holds for the case
of two intervals [a, 9], [¥, y], we obtain

Y
(48) f{v1v1§—vzv$} dd=0.

a

The thesis also holds for the N —1 intervals [y, 9], [¥5, 93], ..., [On_1, B],
and so we have

B
f{vlvg—vzvﬂl} dd=0,

v

which, together with (48), yields the conclusion if A4,(a) > A,(¥5).

If A,(a) = A,(¥,), then the same argument works with y = 9,. If A,(a) <
A,(1,) then there exists 6 € (a, ¥,) such that A,(6) = A,(¥,) and, as before,
by considering the two intervals [d, @], [¢, ¥5], we have

(49) f”z{vlvlg—vzvé} d9=0.
5

Then we «modify» the function v(}) by «cutting out» the interval (J, ¥5) from
[a, B]. Precisely, we define in the interval [a + [¥5 — d], (]

" (00— [y —0]) if a+[9,— 0] <O<V,,
w() =
11;(0) if 9,<O<p.

Then A, (1) is piecewise strictly monotone in [a + [¢, — 6], ], with N —1
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monotonicity intervals. By the induction assumption we have

o

B B
f {w'wi —w2w}} dﬁ=f{v1v5 —v2vi} dﬁ+f{v1v§ —v%vi} do,
¥y

a+ [0y — 0] a

which, together with (46), yields the conclusion. =
The lemma below is proven in [24].

Lemma 25. — Let v:[0,2x]—1TI be a Lipschitz-continuous map. Let
A,_:(¥) be piecewise strictly monotone i [a, b] (with a finite number of
monotonicity intervals). For every & >0 there exists a Lipschitz-continuous
map w: By —>R? such that w(1, 9) = v($) for every ¥<e[0, 2x], and

27
f | det Dw(x) | dae < e + % f{vl(ﬂ) vi() — v23(P) vg (D)} dI
1 0

Next we consider maps u = u(o, ¥) depending explicitly on o as well. We
assume first that « is a smooth map in the unit ball B;c RZ.

LEmMA 26 (The integral of the Jacobian for smooth maps). — Let ue
W1 = (By; R%). For every re (0, 1] we have

27
1
(50) deet Du(x) dx = %f {u (r, ﬁ) (7" P —u?(r, ﬂ)%(r, 19)} dd

0

ProOF. — If first u e C*(By; R?), then by the divergence theorem, we have
for every re (0, 1)

(51) fdet Du(x) dx =

e 0 ou?
fle( —u! u’ )doc— f{u ivl ulivz} dH',
8901 B 9902 (9961

where v = (v!, v?) is the exterior normal to 3B, and dH ! = ds = rd¥ is the ele-
ment of arclenght. A standard approximation argument yields formula (51) for
every ue Wb *(B;; R?) and for every re (0, 1) (since uw e W' *(8B,; R?) for
every re (0, 1) too).
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With an obvious abuse of notation, we write % in polar coordinates (o, ),
ie., u(x;, ) = u(o, ). We have

ou  Ju Jo ou Y  ou ou sin?
—=—— 4+ ——=—cos¥— — ,
dxy 9o Oxy 9% dx; Jo % o
ou ou do ou o  ou ou cos v
— = — 4+ — — = —sgind+ —

Since on 8B, the exterior normal reduces to v = (v!, v?) = (cos ¥, sin¥), from
(51) we obtain

2 2
ou® | du* ,

— —_V =
3962 3901
2 2 2 2 :
(alsinﬂnL ai cos ¥ ) cost) — (aicosﬁ— ai sin ¥ ) sin?d =
do ar o o ot o
ou? 1 du? ou? 1 ou? 1 ou?
U sindcos®+ — 2 cos29 — L gindeosd+ — o gin2P = — o
do o o do o o o o

Thus on 3B,, since dH ' = rd¥, we get

27
ou? ou? ou?
fdetDu(ac) da = f{ul RACHRY S LVZ} dH' = ful Mg
B, 3B, 3902 3901 0 o
For symmetric reasons, starting now from det Du(x) = —(u®-u,,), + (u*

Uy)y,, We also obtain

2n

1
fdetDu(x) dx=f—u2—d0,
Pt h o

and thus, for every value of a real parameter A,

27 27
0 2 o 1
fdetDu(oc)dac=/1fu1Ldﬂ+(1—1)f_u2_“ o,
B, 0 oY 0 oY

and, in particular, for 1 =1/2 we reach the conclusion in (50). =

We are not going to give the proof of Theorem 1, which may be found in
[24]. However, the reader may check that, starting from the preliminary lem-
mas proved in this section, Theorem 1 can be proved following the lines of the
proof of Theorem 9 given in Section 7.
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6. — The «eight» curve.

Let us denote by y the image of the «eight» curve, i.e., the union of the two
circles y ¥ and y ~ of radius 1, respectively of center at (1, 0) and at (—1, 0).
Below we will use some elementary representation formulas for y * and y ~.
Precisely, for y* we will use the representation formulas

ytoi={(&, Ex) e RZ: E3 + E3—2&, =0},
E,=2cos’Argé&

52 "0, 0
(52) Eey"\(0,0) = {52:2cosArg§'SinArg§'

With the aim to prove Theorem 4, we start with some preliminary results con-
cerning a map w with values in the circle y *.

LEMMA 27. — Let w:[0, 2n] —y* be a Lipschitz-continuous curve such
that w(0) = (2, 0). The real function R(}) defined by R(H) :=0 if w(d) =
(0, 0) and by

w! () wi (§) — w2(P) wy (F)

58 R'l}: ) ) 1-9 0707
(53) (@) T if w(®) = (0, 0)

is bounded in [0, 27] by a constant depending only on the Lipschitz constant
of w. Moreover, if

|w(®) |*

then, for every a, B €0, 2x] such that w(a) = (0, 0) and w(B) = (0, 0), there
exists keZ such that

(54) A, (B) = Ay (a) = Argw(p) — Argw(a) + k.

v 204\ _ .2 1
Aw(ﬁ)=fw ) wi (t) —w=(t) wy () i@t
0

STEP 1 (boundedness of R(:})). — Let L be the Lipschitz constant of w. If
|w(d) | = %, then there exists a constant ¢ such that
(55) |R(D)| <cL.
On the other hand, if |w(d) | < % then, since [0 (9)] + [w?(9)]* — 2w () =0,
we deduce that |w(9) |? =2w'($) and w' () =1 - V1 — [wz(ﬁ)]z. Taking the
derivative of both sides we obtain

w?(9) w§ ()

V1= [w2@)]

w; (9) =
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Therefore, if w(:}) = (0, 0), for almost every % we also have
w () wi () — w2 (P) wi(P) 3 wi () B w2(P) wi ()
|w(9) | 2 2w (P)
wi (., [w2@)]
2 (1-V1-[w2@®P)-V1 - [w(®)P

The derivative of the real function g(f) =1 —\/1 —1 satisfies the condition
g'(t) =1/2 for every te [0, 1); thus we have

1-V1-[wi@)P= %W(ﬁ)]?

R) =

We deduce that

1
|IR®)| < E|w3(0)|(1+

oz
VI [w2E )

and again (55) holds for an appropriate constant ¢ since |w*(¥)| < % This
proves the first assertion of the lemma.

STEP 2 (proof of (54) under special assumptions). — To prove assertion (54)
we first make the further assumption that there exist N disjoint open intervals
(a;y ;) such that

0=a1<ﬁ1Sa2<ﬂ2S...$aN<ﬁN=27[,

N
and w(¢) = (0, 0) if and only if ¢ € [0, 2:1]\!1(057, B:). Fix a, e (0, 27) such

that w(a) # (0,0) and w(B) = (0,0). If a,pBe(a; B;) for some ie
{1, 2, ..., N}, then, using an argument similar to that of the first part of Lem-
ma 19, we have

(56) A,(B) —Ay(a) = Argw(B) — Arguw(a).

Otherwise, if there exists 1e {1, 2, ..., N} such that

(57) o, <a<Bi<a; 1<B<Bii1,

then we apply (56) to the interval (a, f; — ¢) to obtain
Ay(Bi—e) —A,(a) = Argw(B; — &) — Argw(a).

In the limit as ¢—0", since when w(ﬁ)ey*\{(O, 0)} then Argw(®) e
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(—%, %), we obtain
(58) Au(B) = Ayla) = ig - Argu(a),

where the sign + holds if w?(9) >0 as 9 —f;, and the sign — holds other-
wise. Similarly, we have
and, adding side by side (58) and (59), yields

A, (B) — Ay(a) = Argw(B) — Argw(a) + kr

(59) Ay(B) — Ay(aiy 1) = Arg () — (r

(RIS

where ke {—1, 0, 1}. The general case, when (57) is not necessarily satisfied,
follows from the previous case by iteration.

STEP 3 (proof of (54)). — Let w:[0, 2x] —y* be a Lipschitz-continuous
map. Let {I]}jeN be a sequence of disjoint open intervals (possibly empty)
such that w(¥) = (0, 0) if and only if de U;.nI;. For every helN we
define

h
w®) if 9e U,
Jj=1

wy (V) = A

(0,0) if ¥¢ UI,.
Jj=1"

Then the sequence of Lipschitz constants L, of wj is bounded. Moreover wy,
converges uniformly to w in [0, 277], as h— + o, and the corresponding se-
quence {Rh(ﬂ)}hEN converge to R(J) almost everywhere in [0, 27]. There-
fore, integrating (50), we deduce that {A,, (9)}, . converges to A, (¥) uni-
formly in [0, 2x]. Let a, B e [0, 2x] be such that w(a) = (0, 0) and w(B) =
(0, 0). For & large enough we also have w;,(a) = w(a) # (0, 0) and w, () =
w(B) # (0, 0) and, by the previous step,

A, (B)—A, (a) =Argw(B) — Argw(a) + k7 .

Since the sequence {k;} is bounded, we can pass to the limit in a subsequence
and we arrive at the conclusion (54). =

LeEMMA 28. — Under the same assumptions of the previous Lemma 27, for
every ¥ e [0, 2] we have

(60) w() =2 cosA,,(9)(cosA,(}), sind,(F)).
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PrOOF. — Recall that w(0) = (2, 0) and so Argw() =0. By Lemma 27, if
w(¥) = (0, 0), then there exists ky e Z such that Argw(d) = A,,(9) + kyx. By
(52) we deduce the conclusion

w!(9) =2 cos? Argw(9) = 2 cosA,, (1))
w?(9) =sin2 Argw(d) =sin2 A,,(9) =2 sin4,,(9)-cos A,,(F).

If w(dy) = (0, 0) and there exists a sequence ¥; — ¥ such that w(¢;) = (0, 0)
for every i e N, then (60) holds for 9 = ;. Since A,,(9) is a continuous func-
tion, (60) holds for ¢ =19, as well.

If w(d,) =(0,0) and a sequence ¥;,— 1, such that w(d;) = (0, 0) for
every 1 e IN does not exist, then there exists an interval (¢, — 06, &+ o), with
0 >0, such that w(:) is identically equal to (0, 0) in (¢y—9d, ¢+ J). In this
case let us denote by (a, ) the largest interval containing #, with this proper-
ty; since R(J¥) =0 in (a, ) we have A,,(a) =A,,(¥). On the other hand (57)
holds for ¢ = a since (a, ) is an extremal interval; hence

w(y) = (0, 0) =w(a) =2 cos A, (a)cos 4, (a), sin4,(a))
=2cos A, (F)(cos A, (), sinA, (¥)). u

The next lemma is similar to the «umbrella» Lemma 22, with the main dif-
ference that here the starting point of the «umbrella-stick» is placed at a
boundary point of the circle y *.

LEMMA 29 (The «umbrella» lemma for the «eight» curve). — Let
w:[0,2x]—y* be a Lipschitz continuous curve. Assume that there exist
a, fel0,2x], a <pB, such that A, (a) =A,(B). Then, for every ¢ >0, there
exists a Lipschitz-continuous map w: S(a, B) — R? satisfying the boundary
conditions

w(1l, 9) =w(d) Viela, ],
w(o, a) =ow(a) Vpel0,1],
w(o, B) =ow(p) Veel0,1],

(note that w(a) =w(B)) and such that

| det Daw(x) | de <e .
S(a, )

Proor. — For fixed he N we set

wy, (0, ) :=2pcos @0, 9)cos g, (0, V), sing, (o, 9)),



TOPOLOGICAL DEGREE, JACOBIAN DETERMINANTS AND RELAXATION 225

where

@0, ) =0"A,() + (1 —0") Ay(a).

Let us test the boundary conditions of w(g, ©#). By Lemma 28, for every ¢ e
[a, B] we have

(1, 9) =2 cos A, (9)(cos A, (), sinA,,(9)) = (w; (9), wi () = w(9),
and, for every o [0, 1],
i, (0, @) =20 cos A, (a)(cos A, (), sin A, (a)) = ow; (@), wi (@) = ow(a).

Similarly w, (o, 8) = ow(p) for every o € [0, 1]. Using an argument similar to
the one used in Lemma 22, we can see that (we do not denote in the matrix the
dependence on #)

wi(o, ¥) Wio, ¥

- 1
det Dw,(x) = —

o

=40"cos’ ¢, (0, ) A (9).

By Lemma 27 the function

w' (9 wi () — wi(I) wi ()
(D) |2

A,0) =
is bounded; thus there exists a constant ¢ such that

c
h+2

’

1
f |detD5{)h(ac)|dacScth“dQ=
S, B) 0

and this concludes the proof of our lemma. =

LEMMA 30. — Let w : [0, 2] — v * be a Lipschitz-continuous map. If o, B
[0, 27], a <f, are such that A,(a) =A,(B), and if the function A,(9) is
piecewise strictly monotone mn [a, Bl (with a finite number of monotonicity
intervals), then

B
f{wl(ﬁ) w3 (9) — w() wi (N} d¥=0.

ProoF. — This result can be proved just as in Lemma 24. =
The lemma below was established in [24].

LEMMA 31. — Let u:[0,2x]—y=y" Uy~ be a Lipschitz-continuous
map. Assume that there exist N disjoint open intervals I;c [0, 2] such that
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w(l;) is contained either in y Torimy” foreveryj=1,2,..., N, and u(¥) =
N
(0, 0) when U ¢ ‘Ullj' Assume, in addition, that the function
=

& — u'(9) uf(9) — u®(9) ug (9)

has piecewise constant sign in [0, 2x]. Then, for every e >0, there exists a
Lipschitz-continuous map w: B;—R? satisfying the boundary condition
w(l, 9) =u(d) for every 9 el0, 2x], and such that

The proof of Theorem 4 is contamed in [24]. However, the reader may
check that following the argument used in Section 7 to prove Theorem 9, and
using the lemmas proved in this section, Theorem 4 can be obtained with a
similar proof.

f | det Dib(x) | dw < e + f {u (@@ ud () — u?(®) uf(»} do

1
2

7. — The n-dimensional case.

In this section we prove Theorem 9. We first recall a lower bound and an
upper bound estimates for 7V(u, Q) that have been obtained in [24]. We note
that Lemma 32 is a variant of Lemma 5.1 (see also Lemma 2.3) by Marcellini
[47], who considered the general quasiconvex case with the exponent p below
the critical growth exponent =, precisely n%/(n +1) <p <mn.

LEMMA 32 (Lower bound - first estimate. — Let uelL *(Q;R")N

WL P(Q; R") N W * (2\{0}; R") for some pe (n— 1, n). The following esti-
mate holds

™V(u, Q)=

f det Dii(x) dxe
o

whenever u: Q—R" is a Lipschitz-continuous map which agrees with u on
the boundary of Q, i.e., u(x) =u(x) on 9Q.

LEMMA 33 (Lower bound - second estimate. — Let uel *(Q; R")N
W r(Q; R") N W *(2\{0}; R") for some pe(n—1,n). For every r>0
such that B,c Q the following estimate holds

61) TV(u, @)= [ |det Du(x)|dec+
Q\B,

where %: B,—R" is any Lipschitz-continuous map which coincides with u

on the boundary of B,, i.e., u(x) =u(x) on 9B,.

f det Dii(x) d
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LEMMA 34. — Let ue Wh?(By; R") N Wik (B;\{0}; R") for some pe
[1, n). If

n-p
S

1
: f|DTu|pdm$M0

for every o€ (0, 1) and for some positive constant M,, then there exists a
constant c(n, p) and a sequence 0;— 0 such that
1 -1
pp— |D,w|PdH" " < c(n, p) M.

J 9B,;

ProoOF. — For every j =2 we have

1/j

M,
(62) fdgf|D,u|de”-lsf|D,u|des °.

jnfp
1(2j) 9B, By

Therefore there exist o, e (21, l) such that
J

3M,
(63) f | D u|PdH" ' < ¢,

jn—pfl’
an

in fact, if (63) does not hold, then for every o e (2i, i) we should have
J

3M,

n—p—1
J

[1D.u|par" 1=
3B,
and thus
1/j
3M, i> M,

[ e [ 1Durpar-rs 220 25
1/2j) B, J 2]

which is in contradiction with (62). Since 2i <p;< l, we deduce that 0;,—0,
; 4

1 n—p-1 w1 - . 1 n—p-—1 mp_1 -
and that (;) <oj P if p=n—1, while (7> S (20)" P if
p<mn—1. From (63) we finally have

3M,
leTuldenlsjﬁpo sc(n’p)MUQ;ﬂipil’

1
3B,;

where c¢(n, p) =3 if pe[n—1,n), ¢c(n,p)=3-2""7lif pe[l,n—1). =
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We denote a generic element of the surface of the unit ball 3B, =S" ! by
w. Let w,eS"" ! be fixed. For every je{1,2,...,n—1} let 7;: 8"~ ' —
{w o} —S™ ! by a vector field of class C' such that, for every xeS" ! — {w,},
the set of vectors {7,(w), T73(w), ..., 7,_1(®)} is an orthonormal basis for the
tangent plane to the surface S”~! at the point . Without loss of generality
(up to a change of sign to one of the vectors) we can assume that 7,(w),
79(w), ..., 7,_1(w) have the property that, if we denote by v(w) the exterior
normal unit vector to S™ ! at w, then the system of vectors {v(w), 7;(®), ...,
7,-1(w)} is a positively oriented basis of R". I.e.,

V)NAT1(@)N ... AT, _1(w) =e; Nes N\ ... \e,

or, equivalently, that the determinant of the matrix whose column vectors are
the components of v(w), 7,(w), ..., 7,_:(w) with respect to ey, es, ..., €,, is
equal to 1.

Ifv: 8" 1R, veWh *(S" 1 R"), v= (v!, v% ..., v"), is a Lipschitz-
continuous map, we denote by D,v the vector of R” ™! whose components are
D, v,D. v,..,D, v

Tn-1

LEMMA 35. — Let ve W *(S"~1; R"), n e C'([0, 11), with n(0) =0 and let

W(x)=n(|x|)v(%

). For almost every xe B, we have

2 2
L <|w2|) ‘va(i)
] ||

2

(64) |Dw(x)|2=’n’(|x|)v(%)

(65) det Dw(x) =

n'(Ja])n"” 1(|x|)z( - 1vi(i) 8('01,...,vi‘l,v”l,...,v”)(i)
|90| n 1) '

||t ATy, Ty ey Tyo ||

Moreover, if n(t) =t for every te [0, 1], then
(66) fdet Dw(x) dx
By

1 i—1 i+1
A, ..., vt vttt L o™

a(7:17 T2y eey T—1

_1 S _ i—1,,1
—%f 2 (-1 ()

3B,

(w)dH™ 1.

PROOF. — Since v: S" !—R" is a Lipschitz-continuous map, then D, v(w)
exists (in the classical sense) H" ! almost everywhere on S” ! and the map
x—wv(x/|x|) is classically differentiable for almost every x € B;. Let x # 0 be a
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point of B; where v(x/|x|) is differentiable; since the vectors

(qeg)h oml) (727)
V=V — T1=T1| — )y Tp-1=Typ-1\7— >
|| || ||
form a basis of R”, for every i =1, 2, ..., » we have
. ow' " ow(x
Dw'(x) = (ac)v+ 2 ( )rj
v j=1 0r;
, (Jx]) 'S vi(w/|x|)
=;7’(|ac|)vl(—)v+77| | 1] Tj,
|| || =1 or;
and thus we obtain (64). Moreover, Dw(x) is equal to the matrix {le(m),
Dw?(x), ..., Dw"(x)}. If we express each column of Dw(x) as linear combina-
tion of the elements of the basis {v,7,..., 7,_1}, since w(x)=
n(|x|)v(ﬁ), we obtain the matrix
X
Dw(x) =
n'(lxl)vl(—) n’(lxl)vz(—) n’(lxl)v"(—) l
|| || ||
’7(|90|)ail(i) 77(|9c|)812(i) n(|x]) av”(i)
|¢|  Ory \ || |¢| STy \ || x| 97y \ |z
n(|x]) ov! (i) n(|x|) ow® ( x ) n(lx]) ov" ( x )
el i\ el ] el Gt \ e ERERNEN)

Thus the determinant of the matrix Dw(x), computed by developing the first
row, is given by (65). By integrating over B; both sides of (65), with #(t) =t for

n'(xD " (x])

every te [0, 1], since =1, we obtain

|x|nfl
fdetDw(x)dx
By
o o A, ..., v it
=f2<_1)uvz(i) ( v v )(i)dx
g i1 || NT1, Toyerry Ty-1) ||
! n a( 1 i—1 i+ 1 )
) ) v, L, et L ot
:fdeZ(_l)zlvz(i) (i)dHnl
: aBgi:1 || ATy, Toyeery Tyo1) ||
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1

9 W, vt i
:f nfldeZ(_l)zflvz(w) ( )(w)danl
5B i=1 a(rl’tZ)---5Tn—1
1
1 = N [C RO L Lk O V1
—fZ(—l)“lvl(w) ( )(w)dH"-l. n
7’1/ =1 a(tly Ty eery Ty—1

LEMMA 36. — Let 2 be an open set containing the origin. Assume that, for
some pe(n—1,n), ue WH?(Q; R") N WL = (2\{0}; R") satisfies

sup f|D u|Pde < M,

0>0 Q B
for a positive constant My. Let ve Wb *(S"~1; R") be such that
lim max {|u(ow) —v(w)|: wedB,} =0.
0—0"

Then there exists a sequence 0;—0 such that

(67) lim f det Dw;(x) da = f det Duw(x) du ,

j—+

where w;(x) ::|x|u<Qjﬁ) and w(x) 1= |ac|1)(| |)
X
ProoF. — Let ¢; be the real sequence converging to zero of Lemma 34. By
. X X .
assumption w;(x) := |x|u (Q]- m) converges to w(x) := |x|v (—) uniformly

||
in B;. Let us prove that w; weakly converge in W' ?(B;; R") to w. In fact, by

(64) of Lemma 35 we have
x x
| Dy () |* = ‘M(Qi_) u(@j—)
|| ||

and thus the L” norm of Dw; remains bounded. In fact, by Lemma 34,

2

2
+0%|D,

P
f|ij(x)|deScl+czgﬁ»’f’Dtu(jS) dx
By |90|
¥ P n—1
—Cl‘l'CgQ] dr | |Du|oj— dH
3B, ||
1
p Tn—l )
=11 C20j —dr | |D.w(y)|"dH,
0 Qj 3B

0j

et —2 [ Dt P =k e, p) M,

ne; 3By,
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By (65) we also have, with a = p/(n — 1),

a an—1) X a x a(n—1)
(68) | det Dw; (x) | “dac<c30§ ulo;— o — da<
B B, || ||
$C4Qa(n 1) f |D u(y)lPdHn 1_641—1;9 f |D u(y)lden 1
OBy; % 3B,

which is bounded, again by Lemma 34. Therefore, since o > 1, to obtain the
conclusion (67) it is sufficient to prove that

69 lim [ gdet Dw;(x) de= [ ¢ det Dw(x) dx, VgeCiBy).
]—>+oo
B, B

Since p >n — 1, we apply Reshetnyak’s [568] weak continuity result on the ma-
trix) adj, - ; Dw; of minors (n — 1) X (n — 1) of Dw;, which weakly converge in
L+1 to the corresponding matrix adj, _; Dw of minors of Dw (see) (36)). By
the uniform convergence of w; to w, for every ¢eCy(B;) we get the
conclusion

g, wh, o, w)
lim @ det Dw;de = lim — | w} da
J— 1 Jo ot 8(901,902,...,90,1)
Nep, w?, ..., w"
=—fw1 (9 )dac=f(pdetDwdx. [
B a(901) Lo, ..., xn) B,
ProoF oOF THEOREM 6. - Let ueL2(Q;RHNWLP(Q;R")N

Wik © (2\{0}; R") for some p e (n — 1, n). Let {¢,}, be a sequence converg-
ing to zero and consider the convolution w, :=u*n,, of u with a smooth molli-
fier n,,. For every helN, u, € C1(2,; R"), where we set Q) :={reQ:
dist (x, 92) > ¢, }. Moreover, for every 2'cc 2\{0}, u;, —u uniformly in ',
Duy, () = Du(x) for every xe Q\E, where E is a Borel set of zero measure,
and the sequence {u,}) .~ is Lipschitz-continuos in ', with a Lipschitz con-
stant independent of %. Denote by N, the set of real numbers given by

Ny:={0>0: H""Y(8B,NE)>0}.
If B,.cc Q then we have

0=|ENB,|=[ H"'3B,NE)de,
0

and thus the one-dimensional Lebesgue measure of N, is equal to zero. We can
repeat the proof of Lemma 36 to reach the same conclusion for a sequence



232 IRENE FONSECA - NICOLA FUSCO - PAOLO MARCELLINI

{07};enC€ (0, 1), {05}, Ny=, 0;—0. Since u,—u uniformly on B,,
D,w,(x) —>D,u(x) H" '-almost everywhere on QBQ]., and the sequence
{u}n e is Lipschitz-continuos on B, with a Lipschitz constant independent of
h, then D, w;, — D, uin LY(3B, ) for every ¢ = 1. Fixed ¢ e C¢ () and denoting
by v=wv(x) = (v!, v, ..., v") the exterior normal unit vector to 9B,,, we
have

N, u?, ..., u"
f ul (¢ )dac
8(901, Loy ouny xn)

Q\B

0j

2
. 18((;‘)7%]“---,/”47

= lim Uy, da
3(901, Loy oony xn)

) f A(ut, uf, ..., ul)
=— lim Q@ du
8(901, xZa ey xn

Q\By;

n 2 3 n i
+fuh12(_1)i_1§0 a(uh,uh,...,uh)v dH"’_l
i=1 a(xl’-'~)xi—1’xi+1v~~-’xn)

QBQJ-
= — f @ det Du dx
Q\ng
N .- w2, us, ..., u") v .
— | D(-1)1g dH" 1.
9B i=1 a(xh”'axi—l’xiJrly"-’xn)

By the analytic expression (78) of v, together with (iii) of Lemma 37, with the

notation w;(x) := |x|u (Qj%), we obtain
X

N, u?, ..., u"
f ! (¢, u )dx
8(901, 902,...,96n)

Q\B,;
1 a(u2,u3,...,u”) o
DB SBy; T, Tayvey Tut)
SwF, w?,..., w")
= — f qadetDudx—fwjl(p(ij) ) ¢l i dH"*l
Q\ng 3B, a(fl,fg,...,rn_l)

2 3 MY 2,0
a(Wj,w]‘,...,w]‘)V dHn_l

= f cpdetDudx—fwjlqa(gjw)z(—l)i‘l

Q\ng 3B, a(mlv",xifl’mﬂrl’“'59672)
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= - f godetDudac—f <] dx

A&y, oy ...y X,)

Q\By; B

- f gpdetDudac—f(p(Q”—x')detDwidx
- !

Q\B,; B

dx .

f 1@(@(@j%),w‘jz,...,w‘jn)
N 3wy, Xy ..., Xy)
1

As j— + o the quantity ¢ (Qj %) converges to ¢(0) uniformly in B;. Then,
Tolx
by the bound (68) and by (69), we obtain

Jj—>+

lim (Q] o] ) det Dw;(x) da = fga(O) det Dw(x) dux .

Moreover, as in the proof of Lemma 36, the sequence {|Dw;|};_, is bounded
in L?(B,) and

f’wf ( (le |) f,.._,w;)

a(xly Loy oeny xn)

| |Dw|n 1
f o] ——————dr <0/,

which converges to zero as j— + o . Therefore, since det Du e L1(RQ), letting
j— + © in (70) we obtain

ful g, u?, ..., u")

3(901, Loy euny 9077/)

de = —f(p detDudm—qa(O)fdetDwdx,

Q Q B

with w(x) 1= |9c|v( ol ) ie.,

Det Du = det Du + my 0, where my = fdet Dwdx .

By

Then, the total variation |Det Du|(L2) of Det Du is equal to

|DetDu|(Q)=f|detDu|dx+ |mo| ,
Q

which agrees with the conclusion (16). =

Proor OF THEOREM 9. — Step 1 (lower bound). We first notice that, by
virtue of (13), there exists > 0 such that v e L *(B,; R"). Let pe (n — 1, n).
Let 0;—0 be the sequence of the Lemma 34, and consider j € IN sufficiently
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large so that B, .c B,c 2. By the estimate (61) of Lemma 33 we have

)

(1) TV(u, @)= [ |det Du(x)|de+ | [ det Dii(x) de
B, .

Q\B,; o)

where #: B, —R" is any Lipschitz-continuous map which assumes the bound-
ary value u(x) = u(x) on 3Bg_7.. In particular, we consider the extension % =

given by wj;(x) := =1, (@-%), and, using a change of variables, we
O; X

have !

fdet Dw;(x) dx = fdet Dw;(x) d |
) B

B Qj

where w;(x) := |ac|u<9.7'i

). Letting j— + o in (71), by Lemma 36 we
get

||

TV(u, @) =liminf [ |det Du(x)|dx+ lim ‘ [ det D) due
]—>+oo ]—>+oo N

Q\B,; j

= [ | det Du() |doc + lim_| [ det Du;(x) da
]—)+oc
Q By

)

= [ | det Du(x) |z +
Q

f det Duw(x) dx
By

where w(x) := |x|v i|) We represent det Dw(x) using (66) of Lemma 35,
Ha

and we obtain the lower bound

T™V(u, 2) = f | det Du() | dac + fdet Dw(x) dx | = f | det Du(x) | da
Q B, Q
1 n ) . o) 1’.“, i*l’ i+1,“.’ n
b= fz(—l)'“lv”(w) ., v e ") () dE
n 3B, i=1 a(7717"727“'1Tnfl

Step 2 (upper bound in the radially symmetric case). Here we assume
that w(x) :=v(a/|x|). Let o, be a sequence of positive numbers converging to
zero as h— + o and let h e IN be sufficiently large so that B,, c 2. As before,
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we use the notation w(x) := |x|v(«/|x|), and we define

1
mv(i) = —w(x) =w(i) if reB,,
O |90| O O

u(m)=v(i) if xe Q\B,,
||

uy () 1=

Then {u;},cx converges to u in the strong norm topology of W' 7(Q; R").
Therefore we can use the definition (22) of T7V?*(u, £) and, since det Du(x) =
in Q\B,, we have

(72)  TV:(u, Q) < lim inf f ‘ — det Dw( ) dx
O

h— + o

= f | det Dw(x) |doc =

By

fdet Dw(x) dx
B

where the last equality follows from the fact that, by assumption, det Dw(x)
has constant sign in B;. In fact, by (65) of Lemma 35, with n(|x|) = ||, we
have

1 i—1 i+1 n
det Du(x) = 2( 1)1 ( v )aw,...,v A )( 2 )

|90| 8(715‘[2’-“’7777,—1) |J’/'|

and thus, by the sign condition (18), the left hand side has constant sign as
well as the right hand side. Therefore, from Step 1 and from (72), when
u(w) :=v(x/|x|) we get

™V(u, ) =TV (u, 2) =TV(v, By)

1 i—1 i+1 n)

(- ol(w) '
J‘Z 1 ow, ..., v" v

B, a(rlyﬂL—Zr""rn*l)

(w)dH" 1 |

We explicitly observe that, as a consequence of what we have shown in Steps 1
and 2, we have achieved the proof of Theorem 11 in the radially symmetric
case; moreover, the representation formula for 7V(v, Q) is independent of the
open set £ containing the origin.

Step 3 (upper bound in the general case). By Lemma 34 there exists a se-
quence (Q),en, converging to zero as h— + o, and such that

(73) e f |D,u|PdH" ' < c(n, p) M,.
QZ Pt

aBQ h
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For every i e N, we denote by o, a real sequence in (0, 1/2) to be chosen later
(see (76)). For every h=1,2,..., let 5,(0) be a cut-off function such that
7,(0)=1if0<p0=<9,(1-0,),n,(0)=0if 9, <0=<1, 5,(0) is linear in the
interval [p,(1 = 0}), 01,]. Fix ¢ > 0. From Step 2 there exists a Lipschitz-con-
tinuous map w : B;—R" such that w(x) := v(%) on a neighborhood of 9B,
and ¢

(74) [ | det D) |dx < TV(0, By) + ¢ .

By

Then, with the notation w:=x/|x|, we define

w(#) it 0< |2 <o,(1-0,),
T (@) 0, (1—0y)
xX) =
g m(Je]) vw)+[1—n,(JeDlu(e, )  if 0,(1—0,) <|x|<0,,
u(x) if xe Q\B,,.

We first prove that {u;},.n converges to u in the strong topology of
WLr(Q; R"). In fact

p

X
f|uh—u|pdx=f|uh—u|pdx$c f ‘w(l—) da
Q By, Boyi-op) Qh( B 0;7/)
X p X P
+c f {‘v(—) +‘u(gh—)’ }dac+cf|u(x)|pdac
|| || »
th\B@h(I*Uh) oh

S CQZ{”””Q%(BI) + Wl = apy + o @) = v(w)”ﬁ”(agl)} +c f |u(z) |P de

BL’ h

which goes to zero as h— + «, since ¢, — 0 and [u(o, ») — v(®) |} =5, —0.
Moreover, by (64) of Lemma 35, we have

f|Duh—Du|”dac
Q

D P
< f ‘Dw(L)‘pdancl f [Dev dx
0,(1—0y) | |”

Bopa-on By \Bop1-an)

+c; f Dru(ghi)

5B ||
oh \Pon(l-oh)

p

dx
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C X X
"o, I frfeip) ()l dove [ |Dulde

Qh\Boh(lfah)
_ . 1
<co) P(1—o0,)" P | |[Dw(x)|Pda + c, f .
B Boj \Bop(1 - on) x|
P
f d?"f Du( l)‘dH”1

on(l—o0yp) 3B,

n—p
e Qh_ ||u(9hw) _U(w)”z*(agl)‘*' ¢ | |[Dul|Pdx
1
ab it
Scgoh Ut o lQhohf |D,u(y) |"dH,} !
h B

oh

||U(Qh60) —v(w)|f} - <aBI>+C1f | Du | da .

+Cg
0’ BQh
By the bound (73) we obtain
f|Duh Du|Pdx < c(w, v, My) 0}, "
Q
f|Du|pdac
B

Qh

and this quantity goes to zero as h— + « if we assume that

n—p

(76) Op=Q0p!

(we use here the fact that p <n). Therefore, as h— + o, %, converges to u in
the strong norm topology of W1 ?(; R"). Thus, by (74) and by the lower
semicontinuity of 7V?*(u, 2) with respect to the strong convergence in
WLP(Q; R"), we have

TV(u, @) <TV*(u, ) < lim inf [ | det Duy @) |dx
— 4+ ®©
Q

< [ | det Du(@) |de + [ | det Du(@) |de +lim inf [ | det Duy (@) |de
— + o0
B Q

By \Boy(1-on)

STV(v,Bl)+e+f|detDu(m)|dx+lgm+inf [ I det Duy () |dac.
Q

th\Beh(lfoh)
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If we prove that

(T7) lim [ ldet Duy(x)|de =0,
h— + o
BQh \th(l —0oh)

then, letting ée—0" we reach the upper bound
™V(u, 2)<TV(u, 2)<TV(v, By) + f | det Du(x) | d
Q
which, together to the lower bound in Step 1, yields the conclusion
™V(u, 2)=TV*(u, 2) =TV(v, By) + f | det Du() |da .
Q
Therefore it remains to prove (77). To this aim, arguing as in the proof of

(65), we can evaluate det Du,,(x) by taking first the derivative of u; with re-
spect to the radial direction, and then the tangential derivatives. We get

c
f | det Duy, () |doe < — f
o
By \Boy1-ap) Qn thh\th(l—ah)
x x x n=1 x n—1
L R G | G| A E O | R
|| || || ||
4]
S [uo 1) = (@), =38,
On0n
1 n
-[cZ f —_dw + 22 f |Dru|”'1dH"1}
BQh\BQMl*Uh) |9C| Qh aBQh,

< osflulosw) - v(a))||Loc(aBl){c2 1 f |Dru|721dHn1] .
aBQh

Finally, since by (73) we also have

. 2ot
f |D,u|"‘1dH”‘1$c4[ f |D,u|7’dH”‘1] <cj,
Q

Bt
aBQh, aB@h,

then, from the above inequality, we deduce that

f | det Duy, () | dr < ¢ ||u(9hw) - v(w)”L*(aBl) ,

By \Bon1-an)

which converges to zero as h— + o . Thus (77) is proved. =
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We conclude this section with some algebraic results used in the paper. We
introduce some notations. Denote M ™ *" by the family of m X n matrices. If A
is an n X n matrix AeM"*"), X; ;(A) is the matrix obtained from A by delet-
ing the i-th row and the j-th column of A. If S is an (r — 1) X » matrix (Se
M@=Pxm X (S) stands for the matrix obtained from S by deleting the j-th
column of S. If 7 is an n X (n — 1) matrix (Te M~ Y), then X; (T) is the
matrix obtained from T by deleting the i-th row of 7.

The properties stated in the next two lemmas are known and we do not give
their proofs. We refer the reader for instance to the book by Cartan [14].

Lemma 37 Algebraic lemma. — The following properties hold:
() Let &, neR" and let Be M"*". IfA;=§&;njand A= (A;)eM" ™",
then
det(A+B)= 2 (—1)"&;n;det(X; ;(B)) + det(B).
ij=1 ' :

() Let TeM" ™D be a matric whose column vectors
{t1, T2y .-, Ty_1} form an orthonormal basis of R". Then
> [det (X; (THE=1.
i=1
(iii) Let SeM® V> gud TeM™ ™~V Then

det(S-T) = i det (X ;(S))-det (X; (T)).
i=1

As in Section 2, fixed w € 9By, for every je {1, 2, ..., n — 1} we consider a
vector field 7;: 8B, \{w(} —R" of class C" such that the set of vectors {7, (x),
7o(2), ..., 7,1 ()} is an orthonormal basis for the tangent plane to the sur-
face 9B, at the point x, for every « € 9B, \{w,}. For every x € 9B; \{w,} we de-
note by T(x) the n X (n — 1) matrix whose columns are given by the vectors

{71(x), T2(®), ..., T,,_1(x)}. Consider the vector
(78) v(x) := 2 (1) " det (X; (T(x))) e;.
i=1
Up to a change of sign to one of the vectors 7,(x), to(2), ..., 7,,_1(x), we can

assume that, at every x e dB; \{w,}, v(x) represent the exterior normal unit
vector to 0B;. That v(x) is a normal unit vector to the surface 9B, follows from
the following result.

LEMMA 38 (On the normal unit vector).. — For every x e 9B, \{w} the vec-
tor v(x) has norm equal to 1 and it is orthogonal to the wvectors t,(x),
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72(2), ey Ty 1(@); L,
[v(x)| =1 VeedB \{w,},
(), 7;(x))=0 VeedB \{w,}, Vi=1,2,...,n—1.

8. — Relaxation in the general polyconvex case.

As mentioned in Section 4, the characterization of TV(u, £2) may be viewed
within a broader context, namely as part of a program to search for the de-
scription and identification of the defect measure obtained through relaxation
of energies when there is a gap between the space of coercivity and the space
guaranteeing apriori continuity. Indeed, 7V(u, ) is a particular case of a
functional of the type J, ,(u, ) in (33).

Here formally we may consider

1) Fu, Q)= inf{lgril inf [ g(M(Duy @) de
Q
w,—u weakly in WhP(Q2; R"), u,e Wh"(R; R”’)}.
Then F(u, Q) is the relaxed functional of the integral functional
Flu, Q) i= [ g(M(Dw) du,
Q

where u : Q —R". The vector-valued map M(Du) of minors of Du is given by
M(Du) := (Du, adj,Du, ..., adj, _; Du, det Du) e RY,

where, for j =2, ..., n — 1, adj; Du denotes the matrix of all minors j X j of Du

n 2

and N = >, (j) (in particular N =5 if n =2). Finally g : R¥—[0, + ) is a
j=1

convex function satisfying the growth conditions

(80) g | det &| < g(M(E) < L(1 + |E|P) + g |det &] ,

for some constants L =0, g., > 0, for all matrices £e R"*" and for some expo-
nent pe[l, n).
A particularly important case of F(u, ) is the area integral

A(u, Q)= [V1+ |M(Du) |*dar,

Q
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which in the 2 — d setting reduces to

A(u, @) = [V1+ [Du@)|? + | det Du(x) |*dar .
Q

Theorem 39 below has been proved by Marcellini [46], [47] for p>n?(n+1)
and by Dacorogna and Marcellini [20] for p >n —1 (p = 1 if » = 2). A limiting
case, with p=n —1, has been considered under different assumptions by
Acerbi and Dal Maso [2], Celada and Dal Maso [15], Dal Maso and Sbordone
[22] and by Fusco and Hutchinson [30]. The relaxation in this context has
been first considered by Fonseca and Marcellini [29].

THEOREM 39 (Lower semicontinuity below the critical exponent). — Let 2 be
an open set of R". Let g:RYN—R be a monnegative convex function.
Then

h— +

im inf [ g(M(Dw)) de = [ g(MDw)) dar,
Q Q

for every sequence w;, which converge to u in the weak topology of
WLP(Q; R") for some p>n—1, with u, w,e€ W."(2; R") for every helN.

It has been shown in [9] that, if p >n — 1, then F(u, ) is a Radon measure
and, for every open set Ac Q,

F(u, A) = g(M(Du)) £" |A + u,(A),

where u, is a finite Radon measure, singular with respect to the Lebesgue
measure £". A longtime question has been to identify the singular measure u .
In Theorem 40 we achieve this for the class of maps u e Wi, * (2\{0}; R") con-
sidered in Section 2. Precisely, using Theorem 1 in 2-d and Theorem 9 for the
general n-d case, we can prove the following relaxation result.

THEOREM 40 (Relaxation in n-d). — Let 22 be an open set of R*, n =2, con-
taining the origin. Let we WhP(2; R™) N Wi, ” (2\{0}; R") for some pe
(n =1, n), such that, for a positive constant M,,

sup — f|Du|pd9¢SM0.
0>0 Q”_”B

e

Let v:3B;=8""1>R", veW!\*(S" 1, R"), be a Lipschitz-continuous
map such that

. x x
lim max{‘u(g—) —v(—)
0—0" |ﬂ'/'| .%'l

:xeBl\{O}}=0.
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Moreover, if n = 2 we assume that the map v has values in the set I' defined in

(5); while, if n=3, then we assume that the quantity

1 i—1 i+ 1
o, ..., v v L, 0"

a(‘[17 T2y eeey Tn—l)

E(_l)iJrlvi
i=1

has constant sign H" ™ '-almost everywhere on 8B,. Then the velaxed func-
tional F(u, Q), defined in (79) with g: RN—[0, + ) satisfying (80), is
given by

Flu, )= fg(M(Du(x))) de+g,TV(v, By),
Q

where the total variation TV(v, B;) of v is given in (20).

ProoF. — Step 1 (lower bound). Consider a sequence {u;},n of class
Whm(Q; R") converging to u in the weak topology of Wh?(2; R"), as h—> + .
Let o (0, 1) be fixed. By Theorem 39, on the lower semicontinuity below
the critical exponent, using the bound on the left hand side of (80), we
have

lim inf F'(u;,, 2)=1lim inf f gM(Duy,(x))) dx+1lim infg., f |det Duy,(x)|dx
h— + h—+ B h— + 5

> [ gMDu@)) de +g. TV, By).
Q\B,

Letting o —0 we deduce the lower bound
Flu, @) = [ gMDu(x)) dz + g.. TV, By).
Q

Step 2 (upper bound). For every ¢ > 0 there exists a Lipschitz-continuous
map w : B;—R" satisfying

(81) [ 1 det Dw(w) | de < & + TV(w, By)

By
and such that w = v on 9B;. Indeed, if n = 2 we use (Lemma 25), while if n = 3
we use (74). By Lemma 34 there exists a sequence (9 ,),<n, converging to zero
as
h— + o, and such that

1

— f |D,u|?dH" ' < ¢(n, p)M,.
h

0 3B,
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For every h e N we set g, := Q}gjil , and we define u;, (x) as in (75). As in Step 3
of the proof of Theorem 9, we can show that

(82) lim_ [ 1Dw|rde = lim [ |det Du,@)|dz=0
Boi \Boj1 - ap) By \Boi(1-an)

and, by also using the inequality on the right hand side of (80), we can prove
the upper bound

Flu, ) < lgmjnf Fu,, 2) < fg(M(Du(x))) dx +
Q

— + ®©
Bglz,\EQh(lfﬁh) B;

By (81) and (82), letting ¢ go to zero, we conclude that

Flu, @) < [gMDu(x)) dz + 9. TV(v, B).
Q

9. — A relevant n-dimensional class of maps.

The singular map » : R*\{0} —R", defined for x = 0 by

(83) ) =

||
belongs to the class W P(By; R") N Wi, * (2\{0}; R") for every pel[l, n),
but ¢ Wb "(B;; R"). In this case a formula for the total variation TV(u, Q)
was already known. Indeed, (84) below has been first given in 1986 by Mar-
cellini [47] (see also Fonseca and Marcellini [29]). In this section we generalize
the formula to more general maps.

To deduce (84) using the tools developed in this work, write u(x) =
v(x/|x|), where the map v : dB; —R" is the identity on 8B, =S"~'. The map
v(x) = |a|-v(a/|x|) = x is the smooth extension of u according with Corollary
12. Clearly Do(x) = Id is the identity matrixz and det Do(x) = 1. Therefore, if
Q is any open set of R" containing the origin, Corollary 12 gives

(84) Tv(i,g)z
||

f det Do(x) dx
By

- [ar= 1B =0,
B,

Next we generalize the structure (83) and we consider a class of maps re-
cently studied by Jerrard and Soner [42]. Consider a function we C'(Q; R")
(or, more generally, a locally Lipschitz-continuous map w : 2 — R" classically
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differentiable at « = 0) such that det Dw(0) = 0. Let £ be an open set contain-
ing the origin and define u : 2\{0} —R" by

w(x) —w(0)

5 o O TWE
(85) U@ = o)

Note that the condition det Dw(0) = 0 ensures the existence of » > 0 such that
w(x) #w(0) for every x e B, \{0}, and in the sequel we limit ourselves to open
sets Qc B, containing the origin.

First we show that, without loss of generality, we may assume that
Dw(0) = Id is the identity matrix. Indeed, by assumption, the gradient Duw(0)
of w at & =0 is a nonsingular matrix » X n; let us denote by A := Dw(0) this
matrix, and by A ~! its inverse matrix. Define on Q\{0}

wA ~Tx) —w(0)

=u(A 1) =
A P R I T

VaeQ\[0}.

Let {u;}, < be a sequence in W "(2; R") which converges, as h— + %, to u
weakly in WY?(Q2; R"). Then z,(x):=u,(A 'x) converges weakly in
WLP(Q; R") to 2(x) = u(A 'x). Since

[ |det Dz, @)|de= [ |detDu,(A a)]| - |detA " |dw= [ |det Du ()| dx,
A(Q) A(Q) Q

we deduce that TV(z, A(Q)) =TV(u, Q). We also have [Dw(A‘lx)]x:0=
Dw(0)-A ' =1Id , where Id is the identity matrix. Therefore, the above com-
putations show that, without loss of generality, to evaluate the total variation
TV(u, ) of the Jacobian determinant we may assume that

(86) A=Dw(0)=1d.

Under (86), with » given in (85), we define v : 9B;—R" by v(y) :=y, for
every y € 0B;. We have

87) ;113) max{|u(gy) —v(y)|:ye 331} =0.

Indeed, since w is differentiable at x =0, we obtain

o(o)
~ w(oy) —w(0) oy tolo) _ v+ 0
uwoy) —v(y)= —mMm— —Yy= —mm4 —~Yy= ——— — Yy,
|w(oy) —w(0) | loy + 0(0) | ‘y+ o(0) ‘
Q

which converges to zero as ¢ —0. Thus assertion (87) is proved.
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Moreover, for every xeB,\{0} with B, compactly contained in L, if we
denote by L the Lipschitz constant of w in B,, we have

| Dw(x) | - L

Du(w) | < <
Do) | < e =] = Tt — )]

for a constant ¢;. Since A = Dw(0) =Id, then
1
|w(x) —w(0)| = |Dw(0)-x +o(|x|)| = |x+o(|x]|)]| = 3 ||

for every x e B, with g, sufficiently small; thus

L _ 24l
|w(z) —w(0) | E1

|Du(x) | < ¢

Also, for every p <n, we have

1 Co 1
sup —— | |[DulPde< sup —— dx <
0<o<o09 O pB 0<o<o9 O pB |90|p

o o

o

0<p0<gy Qw pO n—p

Therefore the assumptions (13), (14) are satisfied, and we can apply Theorem
9, when v: 8" '—S""! is the identity map. Since |u(x)| =1 for every z e
Q\{0}, then det Du(x) =0 in 2\{0}, and hence, by (84) we finally get

w(x) —w(0)

TV(u, Q) = Tv(i, 9) —w,, with u@) = —2 """
|| |w() —w(0) |

10. — Some 2- and 3-dimensional examples.
We start with a simple application of the general 2-d result of Theorem 1.

ExamMPLE 41. — Let w(x) :=v(x/|x|), where v :[0, 2] —S81' is the map
() = (cos g(1), sing(:})), with g :[0, 2a] =R Lipschitz-continuous function
such that ¢(2m) =g(0)+2km, for some keZ. Since v'(9)vi(9) —
2 vi(®) =g’ (9), by Theorem 1 we obtain

27
1
TV, By) = 5 fg’(ﬁ) a9 | = |k|x.
0
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Note that here g is mot mecessarily a monotone function and that

27
TV(u, B;) =% Of g' () d ‘, with the absolute value sign outside the inte-

gral sign, and not mside as could have been expected. On the other hand, if
w(x) = |x|u(x) is the radially linear Lipschitz-continuous extension of v, we

27
have istead TV(w, By) = %6[ lg' (D) |dD.

Consider a Lipschitz-continuous closed curve v :[0, 2] —y, with para-
metric representation v(9) = (v1(9), v2(#)) and with v(0) =v(2x). As in
Section 2, we denote by {I]-+ }j and by {I; }, sequences of disjoint open in-
tervals of [0, 2] such that v(Ij)chr and v(,)cy ~ (and v(:%) = (0, 0) when
V¢ (U; L") U (U, ). With u(x) :=wv(a/|x|), we stated in Theorem 4 the
following upper and lower estimates

&9 v By< o 3| [ @) eio) - ot s} as |

jeN
’e 1

89 TV(u, By) =

é{ |

We notice that, if the curve v :[0, 27]—y =y * Uy~ admits only two in-
tervals I;" and I,” where v(I;")cy ™, v(Iy )y~ respectively, then the above
estimates for TV(u, B;) are in fact equalities, and

Moreover, the total variation of the distributional determinant | Det Du|(B;)
is given by

> f{vlvg—vzvl%}dﬁ +
jeN
it

kEZN If{v1v§ —v2vi} dd
.

90) TV(u, By) = %[ +

f{v%ﬁ - vzv,%} dy
I

f{vlvg - vzvé} do
I

27

f{vl(ﬁ) v} (9) — 3 v} } do

0

1

In [24] we presented 2-dimensional examples illustrating situations where
TV(u, 2)>|Det Du|(2) and where there is a gap between (88) and (89).
Finally we consider a 3-dimensional example.
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EXAMPLE 42. — Let us consider the map v : S>— S2c R? defined, in spheri-
cal coordinates, by

v!=cosg(}) siny
(¥, v) = { v2=sing(P) siny ,

v3=cosy

for ¥e0, 2x], v e [0, xl, where g :[0, 2] = [0, 2] is a Lipschitz-continu-
ous function such that g(2mx) — g(0) = 2kx for some keZ. By formula (65)
we can see that, if w is a generic point of SZ, vepresented in the form
w = (cos¥siny, sindsiny, cosy), then we have
(w2, v?) !, v?) w2, vh)

() —v*(w) (@) +v*(0) ——— () =g ().

v w) ——— —
a(171’ T2) a(Tlv ‘52) a(Tlv 72)

Thus, if the function g is monotone, then the sign assumption (18) is satisfied
and, by Theorem 9, we obtain

2 4
(91) TV(v, By) = 3 |g(27) — g(0) | = gﬂlkl )

which, as expected, is equal to the absolute value |k| of the topological degree
of the map times the volume w5 = %n of the unit ball in R3.

However, formula (91) also holds if the function g is not monotone, i.e., if
the sign assumption (18) is not satisfied. To assert this fact (that we do not
want to prove in all details), we can follow the argument used in Section 5 to
prove Theorem 1. In particular, if for some a, B, with 0 < a < f < 27, we have
g(a) =g(B), then for every e>0 we can construct a Lipschitz-continuous

map w: Sa,ﬁ—>R3 such that w(x) 1= |x|v<|—x|) if xedS,, 5 and
X

[ | det Duw) |dz < e,
Sa, g

where S,z is the subset of By of points x = (0 cos¥siny, psindsiny, o cos y),
with 0<p<l,a<9<p,0<y<m. The map w can be defined similarly to
the one used in the proof of the «umbrella» Lemma 22, setting w(o, ¥, ) 1=
o(cos (o, ¥) siny, sing(o, ¥) siny, cosy), where (o, }) := th(ﬁ) +(1-
o™ gla), with h sufficiently large.
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