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Formal de Rham Theory: Irreducible Representations
of Finite Simple Lie Pseudoalgebras.

ALESSANDRO D’ANDREA (*)

Sunto. – In questa comunicazione, elenco i principali risultati [BDK1] di classifica-
zione delle pseudoalgebre di Lie finite, che generalizzano diverse strutture algebri-
che precedentemente note, e annuncio alcuni nuovi risultati [BDK2] che riguarda-
no le loro rappresentazioni.

Summary. – In this communication, I recall the main results [BDK1] in the classifica-
tion of finite Lie pseudoalgebras, which generalize several previously known alge-
braic structures, and announce some new results [BDK2] concerning their repre-
sentation theory.

1. – Introduction.

The aim of the present communication is that of describing a certain alge-
braic structure, called Lie pseudoalgebra, and its representation theory.

The concept of Lie pseudoalgebra is closely related to many algebraic
structures, such as conformal algebras [K, DK], Lie* algebras [BeDr] and
Poisson algebras of hydrodynamic type [DuN1, DuN2]. Lie pseudoalgebra
structures on finitely generated modules over a cocommutative Hopf algebra
were studied in [BDK1]. Here I give an account of the results therein, and of
some more recent ones [BDK2] in the representation theory of simple Lie
pseudoalgebras obtained jointly with B. Bakalov and V. Kac.

The plan of the exposition is as follows: I will briefly recall a classical theo-
rem [Ca, Gu1, Gu2] by E. Cartan on the classification of infinite dimensional
Lie algebras of vector fields. I will then give the definition of a Lie pseudoal-
gebra, along with a few examples, and explain the relation between Lie pseu-
doalgebras and Lie algebras of Cartan type. I will then move to describing the
classification of irreducible representations of both Lie pseudoalgebras and

(*) Comunicazione presentata a Milano in occasione del XVII Congresso U.M.I.
The author was supported in part by a prize fellowship by Clay Mathematics

Institute.
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Lie algebras of Cartan type [Rud1, Rud2, Ko], via the study of singular vec-
tors in some peculiar representations called tensor modules.

In the final part of the communication, I will explain how representation
theory of simple Lie pseudoalgebras can be understood in terms of some natu-
rally constructed complexes of modules, that are generalizations of the de
Rham complex in the special cases of symplectic and contact manifolds.

2. – Cartan’s classification of linearly compact simple lie algebras.

A classical theorem of E. Cartan, the proof of which was filled is by
V. Guillemin, classifies infinite dimensional linearly compact simple Lie alge-
bras over an algebraically closed field of zero characteristic. The condition of
linear compactness is a topological translation of natural properties of Lie al-
gebras of vectors fields.

Let M be a manifold, and L denote the algebra of (regular) vector fields on
M . Then L has the following properties:

l L is an infinite dimensional Lie algebra
l L possesses a filtration by order of zero at a point P�M .
l The Lie bracket on L is continuous with respect to the topology in-

duced by this filtration.

In order to translate such properties in an algebraically suitable language,
we may take the completion of L with respect to the filtration. This is more or
less equivalent to the process of taking vector fields on a formal neighbour-
hood of P . A linearly compact vector space is nothing but a vector space which
is complete with respect to a filtration by subspaces of finite codimension.

The above mentioned theorem claims that the characterization just given
captures all algebraic properties of Lie algebras of vector fields. Its exact
statement is the following:

THEOREM 2.1 (Cartan, Guillemin). – Every linearly compact infinite di-
mensional simple Lie algebra is isomorphic to one of the following:

– The Lie algebra Wn of all vector fields

A4 !
i41

n

ai (x1 , R , xn ) Q
¯

¯xi

;

– The Lie subalgebra Sn of all elements in Wn preserving a volume
form;

– The Lie subalgebra H2n of all elements in W2n preserving a symplec-
tic form;
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– The Lie subalgebra K2n11 of all elements in W2n11 preserving
a contact form (up to homotheties).

The Lie algebras Wn , Sn , H2n and K2n11 are called simple Lie algebras of
Cartan type.

Let L be the Lie algebra Wn and Lk denote the subalgebra of vector fields
that vanish of order at least k11. Then the filtration

L 4 L21 & L0 & L1 &R

is such that [Li , Lj ] % Li1 j , and

L0 / L1 CSXn .

The ideal L1 / Lk lies in the radical of the quotient Lie algebra L0 / Lk , hence
acts trivially on all irreducible finite dimensional L0 / Lk-modules. The other
simple Lie algebras of Cartan type have a similar structure. The quotient Lie
algebra L0 / L1 is then isomorphic to aXn (resp. a]2n , Oa]2n) when L 4Sn (resp.
H2n , K2n11).

3. – Lie pseudoalgebras.

DEFINITION 3.1. – An H-Lie pseudoalgebra is a module L over a cocommu-
tative Hopf algebra H endowed with an H7H-linear Lie bracket

[ , ] : L7LK (H7H)7H L

which is skew-symmetric and satisfies the Jacobi identity.

In the above definition, H7H is understood as a right H-module via the
right multiplication by D(h) 4h(1) 7h(2) , skew-symmetry means

[a , b] 42s[b , a]

where s : H7HKH7H is the flip s(h7k) 4k7h . The Jacobi identity is
more complicated to describe, as we do not have an understanding of double
Lie brackets [a , [b , c] ], [ [a , b], c] � (H7H7H)7H L yet. If

[a , b] 4!
i

( fi 7gi )7H ei ,

and

[ei , c] 4!
j

( fij 7gij )7H eij ,

then we set

[ [a , b], c] 4!
ij

( fi fij(1) 7gi fij(2) 7gij )7H eij .(3.1)



ALESSANDRO D’ANDREA676

Similarly, if

[c , ei ] 4!
j

(hij 7kij )7H dij ,

then we set

[c , [a , b] ] 4!
ij

(hij 7 fi kij(1) 7gi kij(2) )7H dij .(3.2)

Jacobi identity reads then as

[ [x , y], z] 4 [x , [y , z] ]2s 12 [y , [x , z] ] ,

where s 12 flips the first two tensor factors in H7H7H . The name of pseudo-
algebra is justified by the fact that this is a Lie algebra structure in a suitable
pseudotensor category [L, BeDr, So].

If H is a Hopf algebra, elements p�H such that D(p) 4p71117p are
called primitive or Lie-like, and span a Lie algebra ](H). Elements g�H such
that D(g) 4g7g are called group-like, and constitute a group G(H). The fol-
lowing fact allows one to restrict the study of H-Lie pseudoalgebra to the case
when H is a universal enveloping algebra.

THEOREM 3.2 (Kostant). – A cocommutative Hopf algebra over an alge-
braically closed field k of zero characteristic is isomorphic to the smash
product of the universal enveloping algebra U(](H) ) with the group algebra
k[G(H) ].

Indeed, a H-Lie pseudoalgebra is nothing but a U(](H) )-Lie pseudoalge-
bra along with a G(H)-action.

3.1. Examples.

3.1.1. H4C . In this case H7HCH and D : HKH7HCH is the iden-
tity mapping. Then the axioms for a Lie pseudoalgebra reduce to those for an
ordinary complex Lie algebra.

3.1.2. H4C[¯]. In this case the axioms for an H-Lie pseudoalgebra are
equivalent to those for a conformal algebra as in [DK]. Indeed, if

[a , b] 4!
i

Pi (¯71, 17¯)7H ei ,

then

[al b] 4!
i

Pi (2l , ¯1l) ei

satisfies the axioms for a l-bracket if and only if [ , ] is a Lie pseudoalgebra
bracket.
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3.1.3. H4C[¯1 , R , ¯n ]. The notion of H-Lie pseudoalgebra is equivalent
to that of a (linear) Poisson algebra of hydrodynamic type as in [DuN1, DuN2].
The equivalence is shown as above with conformal algebras, see [BDK1].

3.1.4. H4U(P). In this case H-Lie pseudoalgebras were introduced in
[BeDr], where they were called Lie*-algebras.

4. – Pseudoalgebras and their annihilation algebras.

Let us choose H4U(P) as the base Hopf algebra, where P is some finite di-
mensional Lie algebra. If dim P4N then the topological algebra H * is iso-
morphic to the algebra of formal power series C[ [t1 , R , tN ] ], endowed with
the formal topology.

The natural action of H on H * is differential, i.e. elements of P%H act as
derivations on H *, hence as (formal) vector fields on the space H * of formal
functions.

The Lie bracket on P is a translation of the Lie bracket between the corre-
sponding vector fields on a manifold. There are minor sign convention pro-
blems, so if P is abelian, and f4f(t1 , R , tN ) �H *, then the right and left
H-actions on H * satisfy:

¯i (f) 4 (f) ¯i 42¯f/¯ti .

In this setting, it is useful to think of a Lie pseudoalgebra as a shorthand
notation for some special kind of infinite dimensional Lie algebras.

EXAMPLE 4.1. – Let f and c be formal series in the N variables t1 , R , tN .
Then the Lie bracket of vector fields satisfies:

[f Q¯i , c Q¯j ] 42f(c¯i ) Q¯j 1 (f¯j ) c Q¯j 1 (fc) Q [¯i , ¯j ] .

We can associate with this Lie bracket, the following Lie pseudoalgebra
bracket:

[¯i , ¯j ]pseudo 42(17¯i )7H ¯j 1 (¯j 71)7H ¯i 1 (171)7H [¯i , ¯j ]

on the H-module H7P . The H-Lie pseudoalgebra thus defined is called
W(P).

EXAMPLE 4.2. – If S is a Lie algebra, then the Lie bracket on its loop
algebra

[f7g , c7h] 4 (fc)7 [g , h]

corresponds to the Lie pseudoalgebra bracket

[g , h]pseudo 4 (171)7H [g , h]

on the H-module H7S . The H-Lie pseudoalgebra thus defined is called Cur S .
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The recipe for obtaining a shorthand notation out of a Lie bracket is by
recording the coefficients of a Lie bracket [W7x , c7y] in terms of a bidif-
ferential operator lying in H7H. Thus, W(c¯) becomes 17¯ , whereas
(W¯ 2 )(c¯8 ) becomes ¯ 2 7¯8.

According to this shorthand convention, the pseudoalgebra axioms for L
are those needed to insure that H *7H R is a Lie algebra.

4.1. Annihilation algebra of a Lie pseudoalgebra.

The shorthand notation hints to a more general fact: any Lie pseudoalge-
bra L establishes a functor from the category of (commutative) H-differential
algebras to that of H-differential Lie algebras

X O X7H L .

The investigation of pseudoalgebras exploits this correspondence between Lie
pseudoalgebras and Lie algebras: if X4H *, then the natural filtration of H *
induces a filtration on H *7H L that makes it linearly compact.

Algebraic properties of L are related to those of H *7H L . The study of
simple Lie pseudoalgebras can then be done by means of Cartan’s classifica-
tion theorem.

The linearly compact Lie algebra H *7H L is called Lie algebra of annihi-
lation operators, or simply annihilation algebra associated to L , as its defini-
tion originates in Conformal Field Theory as the algebra of (quantum) annihi-
lation operators on the Fock space of quantum states.

EXAMPLE 4.3. – Let H4U(P). We have seen that the H-module H7P , en-
dowed with the Lie bracket

[17a , 17b]4(171)7H (17[a , b] )2(17a)7H (17b)1(b71)7H (17a),

is a Lie pseudoalgebra on H , denoted by W(P). Its annihilation algebra
H *7H W(P) CH *7P is then isomorphic to the Lie algebra WN of vector
fields, where N4dim P, thus recovering the «shorthand» motivation for W(P).

The pseudoalgebra W(P) is the new phenomenon making the theory of H-
Lie pseudoalgebra dramatically different from the classical theory of Lie alge-
bras. It is a much less commutative object than ordinary finite dimensional Lie
algebra.

5. – Structure of Lie Pseudoalgebras.

5.1. Primitive pseudoalgebras.

Simple pseudoalgebras can be constructed from special instances called
primitive simple pseudoalgebras.
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EXAMPLE 5.1. – S(P , x) is the H-submodule of all elements !
i

hi 7ai from
W(P) satisfying

divxg!
i

hi 7aih4!
i

hi (ai 1x(ai ) ) 40,

where x : PKC is a trace form, i.e. a Lie algebra homomorphism. Then S(P , x)
is a subalgebra of W(P) with respect to its Lie (pseudo)-bracket, which makes
it into a simple Lie pseudoalgebra. Its annihilation algebra is isomorphic to SN .

EXAMPLE 5.2. – Lie pseudoalgebras on a free module He of rank one are
determined by the only structure constant a�H7H such that

[e , e] 4a7H e .

It can be easily showed that a�H7H is necessarily of the form e4r1

s71217s where r�P7P is skew-symmetric. r and s must also satisfy some
technical commutation relations.

When r is non degenerate, then dim P42n is an even number, and He is
denoted by H(P , x , v). Its annihilation algebra is isomorphic to a central ex-
tension of the Lie algebra H2n , which can also be viewed as the Poisson alge-
bra P2n determined by the bi-vector field r on the space H * of formal power
series (i.e. regular functions).

When r has a one-dimensional kernel on which s projects non trivially, then
dimP42n11 is an odd number, and He is denoted by K(P , u). Its annihila-
tion algebra is isomorphic to K2n11 . Parameters x , v and u are obtained as
functions of r and s, (see [BDK1]).

All pseudoalgebra structures on free H-modules of rank one can be rea-
lized as subalgebras of W(P) via the embedding

e O2r117s .

5.2. Current pseudoalgebras.

If L is a H-Lie pseudoalgebra, and H is a Hopf algebra containing H as a
subalgebra, then we may construct a new Lie pseudoalgebra by taking L 4

H7H L with the Lie bracket induced by that of L . This is called the current
pseudoalgebra of L , and is denoted by CurH

H L .

EXAMPLE 5.3. – Let S be a Lie algebra, i.e. a C-Lie pseudoalgebra. Then for
any Hopf algebra H we can construct the current Lie pseudoalgebra CurC

H S4

H7S . Its bracket is as given in Example 4.2.
Let L be a finite (1) simple H-Lie pseudoalgebra, and let H be minmal

among all Hopf subalgebra of H containing all structure constant of L with re-

(1) A pseudoalgebra is finite if the underlying H-module is finitely generated.
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spect to some H-basis. Then L is a current pseudoalgebra of a finite simple H-
Lie pseudoalgebra L . Such simple pseudoalgebras of minimal H are either fi-
nite dimensional simple Lie algebras or one of the primitive H-Lie pseudoal-
gebras W(P), S(P , x), H(P , x , v), K(P , u).

5.3. Properties of the Lie pseudoalgebra W(P).

The theory of pseudoalgebras is in a sense parallel to that of ordinary Lie
algebras. Main differences are exemplified by W(P). These are its most strik-
ing properties:

— There are no non-zero commuting elements in W(P), i.e. if [a , b] 40
then a40 or b40. This is in contrast with ordinary Lie algebras, where every
element commutes with itself.

— The only subalgebras of W(P) are simple.
— Every primitive simple pseudoalgebra embeds in W(P).
— This embedding is unique. The only automorphism of W(P) and of its

subalgebras is the identity.

6. – Representation theory of primitive simple Lie pseudoalgebras.

A representation of an H-Lie pseudoalgebra L is an H-module M endowed
with an L-action, i.e. with a map

L7M�a7m O a Qm� (H7H)7H M

satisfying

[a , b] Qm4a Q (b Qm)2s 12 b Q (a Qm),

where composition of actions a Q (b Qm) is understood as in (3.1) and (3.2).
Representations of a finite H-Lie pseudoalgebra L are in bijection with

(topologically) discrete representations of the Lie algebra L
A

4P l3 (H *7L),
called extended annihilation albebra of L . In other words, a pseudoalgebra
representation of L is the same as a representation of the corresponding anni-
hilation algebra, along with a P-module — i.e. an H4U(P)-module — struc-
ture, satisfying suitable compatibility conditions.

There are explicit formulas to obtain the action of L on the module M out of
the action of the annihilation algebra of L , and vice versa. For instance, if ]hi (

and ]xi ( are dual bases of H and H *, then one can recover r Qm , r�L , m�M
as follows:

r Qm4!
i

(S(hi )71)7H (xi 7H r). m .
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Representations of finite solvable Lie pseudoalgebras follow closely the be-
haviour of representations of finite dimensional solvable Lie algebras: one has
analogues of Lie’s and Engel’s theorem, and every finite representation has a
basis making the action upper triangular. The representation theory of finite
simple Lie pseudoalgebras is more involved.

6.1. Representations of W(P).

The study of irreducible representations of primitive Lie pseudoalgebras is
done by studying the action of the corresponding extended annihilation alge-
bras. Discrete representations of Lie algebras of Cartan type were studied by
A. Rudakov and I. Kostrikhin [RuD1, RuD2, Ko]. However, the language of
pseudoalgebras gives a different, and easier, approach to the classification of
irreducible modules. Here I list a few facts on (irreducible) representations of
the pseudoalgebra W(P). Similar statements are true for the other primitive
pseudoalgebras. We will focus on distinguished elements, called singular vec-
tors, whose stabilizer is maximal.

— Every W(P)-module contains singular vectors.
— An irreducible W(P)-module is H-linearly generated by its singular

vectors.
— The L

A
4H *7H W(P)-action on singular vectors is particularly easy

to describe.
— The space of singular vectors of a module containing no trivial sub-

module is a finite dimensional vector space.

Let M be an irreducible W(P)-module, and S%M be the finite dimensional
vector space of singular vectors. If M is viewed as an L

A
-module, then S is in-

variant under the action of L1 % L % L
A

, and is stable under the action of the nor-
malizer 8 of L1 in L

A
. The action of 8 is easily described in terms of commuting

actions of P and L0 / L1 CSXN . The representation of W(P) obtained by inducing
an irreducible P5SXN-submodule F of S to all of L

A
is isomorphic — as an H-

module — to the free module H7F , and possesses a canonical projection onto
V . A representation of this kind is called tensor module.

THEOREM 6.1. – The W(P)-action on each singular vector s lying in an ir-
reducible module M is such that

(6.1) (17¯) Qs42!
i

(¯i 71)7H r(¯i*7¯). s

1(171)7H ( (f(¯)1r( ad ¯) ). s2¯s),

where ¯�P , elements ¯i constitute a basis of P , and s , r are commuting ac-
tions of P and SX(P) 4SXN .
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THEOREM 6.2. – Every finite irreducible W(P)-module is a quotient of a fi-
nite tensor module H7S , where all elements from S417S%H7S are sin-
gular vectors, and the P5SXN-representation on S describing the action (6.1)
of W(P) on singular vectors is irreducible.

6.2. Representations of primitive pseudoalgebras of type S , H , K .

Theorem 6.2 applies to all other primitive pseudoalgebras, the only diffe-
rence being in the expression describing the action on singular vectors. In-
deed, the annihilation algebra of pseudoalgebras of type S , H , K are isomor-
phic (2) to Lie algebras of type S , H , K , and the argument described above ex-
tends verbatim to these new cases. While the action of S(P , x) can be extended
to W(P) — so that the action of S(P , x) on singular vectors can be recovered
from (6.1) — that of K(P , u) and H(P , x , v) on singular vectors from an irre-
ducible module can be described as follows. If c�SX(P), let c a] denote its or-
thogonal projection to a](P , v). Then

THEOREM 6.3. – The K(P , u)-action on each singular vector s lying in an
irreducible module M is such that

(6.2) (17e) Qs42!
ij

(¯i ¯j 71)7H r(xij ). s

1!
i

(¯i 71)7H (¯ i s2 (f(¯ i )1r( ( ad ¯ i )a] ) ). s)

2(171)7H (¯0 s2 (f(¯0 )1r( ad ¯0 ) ). s)

2(¯0 71)7H r(E). s

where e is the free H-generator of H(P , x , v), elements ¯i and ¯ i constitute
bases of P dual with respect to v4du , and f , r are commuting actions of P

and of Oa]N 4span aE , xij b.

THEOREM 6.4. – The H(P , x , v)-action on each singular vector s lying in
an irreducible module M is such that

(6.3) (17e) Qs42!
ij

(¯i ¯j 71)7H r(xij ). s

1!
i

(¯i 71)7H (¯ i s2 (f(¯ i )1r( ( ad ¯ i 1x7¯ i )a] ) ). s)

1(171)7H (17f(E). s)

(2) Actually, the annihilation algebra of a pseudoalgebra of type H is a central exten-
sion of H2n , but this fact plays no major role.
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where e is the free H-generator of K(P , u), x : PKC is a trace form, elements ¯i

and ¯ i constitute bases of P dual to each other with respect to v , ī4¯i1x(¯i),
and f , r are commuting actions of a]N4span axij b and of the central extension
P84span a¯i, Eb of P determined by the cocycle v .

A curious consequence of (6.1) is the following. A classification of singular
vectors for the action of W(P) on a reducible tensor module shows that those
not lying in S are vectors of the form

!
l

¯l 7r(ekl ). s2¯k 7s117s0 ,

where s�1, S%H7S , and s0 is uniquely detemined from knowledge of k and
s . Then, substituting this into (6.1) and imposing it to be a singular vector
gives:

r(eab ) r(ecd )1r(ead ) r(ecb ) 4d bc r(ead )1d cd r(eab ),(6.4)

which is valid for all SX(P)-representations r for which the corresponding ten-
sor module is reducible. In other words the only irreducible representations of
SX(P) on which the quadratic relations (6.4) are valid are those of the form
L i P*CL N2 i P .

In the same way, (6.3) and (6.2) lead to quadratic relations that are valid for
irreducible representations of a](P , v) that occur as highest weight compo-
nents of L i P*. They are

r(xab ) r(xcd )1all permutations of a , b , c , d40,(6.5)

where xij 4
1

2
(¯ i*7¯ j 1¯ j*7¯i ) are generators of a](P , v).

6.3. An irreducibility criterion for tensor modules.

Simple computations show that a tensor module H7S is W(¯)– (resp.
H(¯ , x , v)–, k(¯ , u)–) irreducible for all irreducible actions of SX(P) (resp.
a](P , v), Oa](P , v)) but finitely many. In the W(P) case, for instance, irre-
ducible representations of SX(P) not giving rise to irreducible representations
of W(P) are all L powers of the contragradient representation P*. The corre-
sponding W(P)-modules are those (3) appearing in the de Rham complex. In-
deed, all modules of differential forms possess an action of the Lie algebra of
vector fields, which is nothing but the annihilation algebra of W(P). This trans-
lates the de Rham complex into a complex of W(P)-modules, in which the dif-
ferential d is a W(P)-homomorphism.

(3) More precisely, they are «twists» of those modules, where twisting a P5SX(P)-
module basically consists of keeping the same SX(P)-action, while changing the
P-action.
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In order to classify irreducible quotients of non irreducible tensor mo-
dules, one needs to find singular vectors in H7S not lying in S . The differen-
tial d serves this purpose, in that V i /dV i21 is the only irreducible quotient of
the tensor module V i 4H7L i P*.

7. – De Rham complexes and representation theory.

The setting we have outlined for W(P)-representations extends to other
primitive pseudoalgebras. In much the same way as we have an exact
sequence

V 0 (P) KV 1 (P) KRKV n (P)

of reducible tensor modules for W(P), all reducible tensor modules for the
pseudoalgebras K(P , u) and H(P , x , v) fall in sequences that are generaliza-
tions of the de Rham complex.

For instance, one can build up an exact complex of K(P , u)-modules

V 0 (P) KV 1 (P) /I1 K

K

RKV n (P) /In K

J n11 KJ n12 KRKJ 2n11 ,
(7.1)

where

Ik 4 ]uRh1vRgNb�V k21 (P), g�V k22 (P)(

and

J k 4 ]a�V k (P)NuRa4vRa40(.

The modules showing up in (7.1) are the only reducible tensor modules of
K(P , u). The above complex is completely analogous to that introduced by M.
Rumin [Rum] in the context of the geometry of contact manifolds. One can
build up a complex à la Rumin in the case of H(P , x , v) by taking

V 0 (P) KV 1 (P) /I1 KRKV n (P) /In CJ n KJ n11 KRKJ 2n ,

where

Ik 4vRV k22 (P)

and

J k 4 ]a�V k (P)NvRa40(.
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One learns a general principle, which also applies in some way to the case
of super Lie pseudoalgebras [KRud1, KRud2]: primitive Lie pseudoalgebras
describe «geometric structures» on formal manifolds. Reducible tensor mo-
dules for primitive Lie pseudoalgebras arise in families, or rather complexes,
which are often exact. These complexes are related to differential geometry,
and are generalizations of the de Rham complex, in the case of a particular
choice of a (e.g. symplectic or contact) geometry.
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