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On the Measurability of the Conic Sections’ Family
in the Projective Space &,.

MARIUS STOKA

Sunto. — In questo lavoro proviamo che la famiglia delle sezioni coniche non degeneri
nello spazio proiettivo P, ¢ misurabile.

Summary. — In this paper we prove that the non degenerate conic sections’ family in
the projective space &P, is measurable.

In the previous papers [2], p. 919, and [1], p. 537, it is proved the measura-
bility (*) of the families of non degenerate conic sections in the projective plane
&P, and in the projective space &i.

In this work we study the measurability of the non degenerate conic sec-
tions’ family in the projective space &,, (n > 3).

THEOREM. — The non degenerate conic sections’ family of the projective
space P, is measurable.

Proor. — Let &, be the n-dimensional projective space, whose non homoge-
neous projective coordinates we denote by X, X,, ..., X,. A non-degenerate
conic section in &, can be viewed as the intersection between a non-degene-
rate quadratic cone an a hyperplane which does not contain its vertex. Let
21, s, ..., &, be the non-homogeneous projective coordinates of the cone ver-
tex and

n—1 1,n-1

n—1
E aiiXi2 +2 z ainiX7' +2 E a,X;+1=0
i=1 i<j ’ i=1
be the equation of the cone directrix in the X, = 0 hyperplane. Then the cone

(!) For the notion of measurability of a family of varieties and for all the other no-
tions of integral geometry used in this work, see ([3]).
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equation is:

1,n—-1

N X'— . Xi_ 5 X — 2
Eau( l x) +2 X« ( ” )(xj—wn—] - )+
= n— Ln i<j n " Lp Xn_xn
n—1 X‘_OC‘
ZEai,z,(xi—acn . 1)+1=0,
i=1 n~ L
that is
n—1 1,n-1 2 _ _
) Z 0 X342 D, ;XX — — Z (Z awﬂc,-l—am)XXn—i—
) i<j X, i= =

1,n—-1
(2 a;xf+2 E ;i i+ 2 Zamx +1)X2+2 2 i X; —
x?’b )

n—1
(z ainxi+1)Xn+1=07 (xn¢0)9

X, \i=1

with the condition
(1’) A=det”ath¢0, (h,k=1,...,n;ahk=akh, an,nzl).

The equation of a hyperplane not passing through the cone vertex is:
2 é‘,l A X, +1=0,

with the condition:

2" ,élAMh’Ll =0 .

Hence the non degenerate conic sections’ family of the projective space &, is
defined by equations (1) and (2) together with conditions (1') and (2'). We de-

2 _
note this family by F.2+5.-2 since it is characterized by the %“ parame-

ters: L1y oeny Ly, Al’ ERR ] Aaw Q115 A12y ooy A1yy Q225 Aogy vty Aoy -vny an—l,n'
The maximum invariance group of the family is the projective group
G + 2y, of equations:

2 a;X] +a;
®) X= 1= , i=1,..,m),
jgla')erl,ij"’_l
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with:
an A2 Ay, ay
A2 A g2 Aay ag
Z0.
A1 A2 Ay Ay
Ap+1,1 Upt+1,2 7 QAuyin 1

Under the action of the group G, . »), the family defined by (1) and (2) trans-
forms into:

n—1 1,n—1 n—1
D X2+2 D afX) X - Z(Za ! +a; )X;X,;Jr

i
i=1 i<j OC,Z i=1\j=1 i
n—1 1,n-1 n—1
le Z:lauac’erZ E ;i ; ; + 2 Zamoc +1)X,%+
n

n—1
2 zasz’ (Zlamxl +1)sz+1:07

1

DAX +1=0,
h=1

where
n
2 oy +ay,
) @, = —=1 , (h=1,...,m),
kglanJrl,kxlc’_{—l
kz WA+ @y i1
5) Aj = , (h=1,...,n)
k§1akAk+1
= 1,n-1 9 "L
®) a,,=— Zama“+2 2 iy Oy O — —E(ZaijwjnLam) A iy o
dli=1 i<j X, i=1\j=1

n—1 1,n-1 n—1

+i Za“x +2 Z @y ;%5 + 2 Zamx +1]) a2,

xn i=1 1<j

n—1 2 n—1
2
+2 ( Z aiuain) an,Jrl,u_ _(2 ainxi+ 1) anuanJrl,u + an+1,u

i=1 n Vi=1

(w=1,...,n—1)



360 MARIUS STOKA

~1 1,n—-1

1 n

(7) av’w:E[Zawaiwan'i_ z (a1va]w+auva]v) Qi
i i<j

1 n—1
T . (ZCL 96' +a2n) (awanw—‘razwanv

Ly 1= Jj=1
1 1,n—-1 n—1

+F Zlauxz +2 z a17mlw7+2 Eaznx1+1 Ay Xy
w \1= 1<j

n—1

+ Eain(aivan+1,w + aiwan+1,v)
i=

-1
1 n
_90_ Zainmi_’—l (an+1,vamu+anJrl,wam)+an+1,’uan+1,wv
n ‘t=
w<w=1,...,n—-1),
n—1 1,n-1
8 == >
( ) Ay = — Ay A g au+ (azzta]+a]zea )a’lj
dli=1 i<j
1
-1
Zn Z%%NL%Z (azuan+a11ua )
xnz—l
n—1 1,n-1 n—1
+_ 2 azzxz +2 2 CL”%' .’)07+2 ZCbmﬂQ‘f’l Aoy Aoy
907: i<j
n—1

+ zam(am_l—a an+1 u)
i=1

-1
1 n
- _(Z ainxi+ 1 (anJrl,uan_"anu) + an+1,u

Xy Vi=1
where
n—1 ,m—1
2 1
d Zaau+2 Z(XOCCLL]_ Eaaa/m Y ’n
i=1 1<J n 1=1 '7071

2 n—1
—(Zamxi‘f'l)'f‘l.

n—1
+2 z oy —
i=1 Xy Vi=1
The group H,, + 2), which is associated to the group G, ; 2) with respect to the
conic sections’ family in the space &,, has equations (4), (5), (6) and (7). The
identity of the group G, +2), and consequently the identity I of the group
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H,, 12 can be obtained when:
I: ap=..=ay,=1, ap=..=a,_1,=a;=...=a,=0.

The coefficients of the infinitesimal transformations of the group H, ;2
are:

n+1,h

’
qu/{u _ ( aauu )
’ ’
aOanrl,h I aah I

’
o) ()
) I
3,1, ), day /1

i,h,k=1,...,n; u=1,...,n—1, v=1,...,n; u<v.

wun ( aa’ﬂ, u ) w
s ’

Writing equations (4) in the following way

n
zl(ahk_an+l,kxh)xk,:xh_ah (h=1,...,mn),

and taking the derivatives with respect to a,, in I, we get:

n S
6lh6mk(xk,)l+ E(ahk_arwrl,kxh)[( k ) =0,
k=1 aalm I

then
(9) ‘S}llm:_élhxm5 (hv l7 ’H/L:l,...,%);

taking the derivatives with respect to a, .1 ,, in I, we get:

" oyl
! j—
_le(mm)I+ Z(a]lk_a7b+1,kxh)l _07
k=1 aan+1,m I

then
(10) Eerl,m:xh,xm;

taking the derivatives with respect to «,, in I, we get:

S oy,
0 = =0,
kgl hk ( 3 )1 hm

Ay




362 MARIUS STOKA

then
11) ?n: =0 -

By deriving formulas (5) with respect to a,, in I, we get:

0Aj, [ da kh )
= A,
( )1 ;E%( I *

da Im da Im

then
(12) ”ébm =0 hmAl;

by deriving with respect to a,, +1, 4, in I, we get:
( aAh’ ) _ da n+1,n
aan+1,m I an+1,m [,
then

(13) 77177i+1,m:6hm;

by deriving with respect to «,, in I, we get:

A N :
o R E Rt
1 1

aam k=1 aam

then
(14) nfrbn = _AhAm-

By deriving the expressions (6) and (7) with respect to a, @, +1 4, @) in I, we
get the following non identically zero ¢ functions:

9 n—1
wu _ uu U —
vu_zamn nu __(Zauix'i+azan)7 n+1,u_2aun7
Ly Vi=1
-1
20,
wn wU __ uY E -
Cv - Za'uu () n . Qi X +1 ’ w = Qg
Ly, i=1
1 n—1
v _ - v _
vw = Qo) ww = Ay n _x_(z‘llawjmj"_awn)’
” =

n—1 n—1

m - W —

nw __(ZGJWij+1)7 nw __(anjxj+avvz)7 n+1,v_awnr
Xy, \j=1 Xy \j=1



ON THE MEASURABILITY OF THE CONIC SECTIONS’ FAMILY ETC. 363

20/ n—1
ww — v vW vw
n+1,w_avn7 u _2avwazm’ no T ( 1ainxi+1);
n

1=

un

n—1
un _ un
vu Qon s nu___(z:la/inxi_l—l)’ 1?

n+1l,u =
x, \i=
,— 1 n=1
1 (" 2a,,
C' =y — 20y Qo En'=—— E (i 7 + Qg | + L4 G 7 1],
Ly Vi=1 L, i=1

u,v,w=1,...,n—1; v<w.

Using the above expressions of the functions &, # and {, we can write the

Deltheil’s system for the integral invariant function @ =0 of the group
Hn(n+2):

a¢ n
- — +tA, — +a +Ea =—(n+1) o,
! oy ! 04, . k=1 t a1y,
el el 3D S oD
3901 (9A2 8@22 h=1 Qs
oP oP oP N oP
T, 1 — t4 T, -1 + ayy, =0,
a901 aAn 1 Wy —1,n-1 h=1 aan —-1,h
oD oD
—.’)Cn —_— + Al = 0 5
3901 3A7l
oP oP oP N oP
— ¥ Ay — +ay +2a2h =0,
9, 04, Ay k=1 Ay,
oP oP oP S 3
—.%‘2—+A2 +CL22 +za2h —_(n+1)¢,
oy 0A; Qgp  h=1 azp,
oP oP oP S oP
—Xp-1 AZ +a2 n—1 +2a2h :07
8902 o n—1 m—1,n-1 h=1 aan—l h
oD od
— &y + 2 =0 ’
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od od
_x1—+An—1 +a1 n—17,5_ +Eah n—1 _07
o, — 1 0A; a1 1h
od od b X od
) An 1 +a2 n—1 +2ah n—1 _07
O, — 1 Ay Oag  h=1 " day,,
oP oP oP
Xy — tA, 1 — +afnfl,n71 D u——
L —1 n—1 aanfl,nfl
N od
Eahn 1—:_(n+1)¢;
= aa’n 1,k
od op
— Xy An—l =0 ’
Ly —1 aAn
o o (”1 ) ap 1 “("1 ) o
- A,— —— 0%+ a -— Q%+, | —— —
la ) n 8A1 v, \iT1 1ivi 1n a(ln x, ]; = Jii n aalj
1 ("1 ) b (m+1)x
— Qi x; + 1 =
Ly Vi=1 aaln Ly,
3P e 1< 1SS oD
— %2 An - _( Qi X; + Qg - 2 Qj; & + Ui,
L, a142 XLy, Vi=1 Ozs Ly j=1 Vi=1 Ag;j
1 (“ ) od  (m+1)u,
- (lmﬁﬁl‘l‘ 1 - )
XLy Ni= aaZn Ly,
L o8P, oD 1 ("‘1 s ) o
Ay — ¥ - Ay 1, i%; T Ay — -
o o, ' OA, 1 Ly Vi=1 L b aanfl,nfl
ISTAS a1 (¢ 3P n+1)i,
— ( i+, | —— — — > a1 _mtha, Lo,
Ly j=1 Vi=1 anfl,j Ly Vi=l anfl,n Ly,
op oP
—x, — t+A4, =0,
ox,, 0A,
N 3® 9D ap N od P
XX — + —— tay, — + 2y — =-n+1)x, @
h=1 aﬂ')h aAl aan =1 8a1i aaln



o S L
Exzach + as, + Q —— + =—-m+1)a?,
h=1 axh SAZ i=1 QaZi 3a2n
2 X X + —- oP + a, oP +w_1a oP +
U o, axh OA, 1 ‘e Oy 1,01 =" Oy 1,
ob
= —(n+1)9€n_1(p,
80%71 n
N ob 9P
anxh—+ =—-n+1)a,?,
h=1 awh aAn
0D < Y2 RSY
S > a4, 2, Em + D ap— |+
3901 h=1 L aAh ! ( ! a/“ i<j Y aa/ij)
2, (@~ 2a1,0;,) —— = (n+ Dlnay, + 4) @,
op 3 Y2 N R
- 2 A2Ah_ 2@2% Z au-— z au— +
8902 h=1 aAh i=1 Qi i<j aaij
n—1 a@
2 (0 — 205, 0;,) — = (n+1)(nay, + Ag) P,
i=1 o in
n—1 1,n-1
- A, 14, — —2a,_ a;;
axn ] hZ n—141h A n 1,71(221 aan % ) ai‘)
n—1
2 (an—l i 2a2nam) (n+1)(nan—1,n+An—1) (D,
in
S 22 (S ) (8
- = —+ — i X; a,
a%n h=1 e 8Ah Xy Vi=1 e " a uw
1,n-1 n—1
od od
E amv_+2aleaz_)_
iy u=1
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1 n—1/m-1
z ( 2 Oy T + azm)

Xy u=1

i=1

+1 n—1
S [n(Zamxi)—An+n—1]q)
L, i=1
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Solving the system

op op
—-x, — +A4, =0, ((h=1,...,n)
aﬂ(/‘h QAW
S op 9P
Z + 2 -+ D, ®
= 8 x5, 0A,,
we find
O11y Qi2s -evy Q1 m
_ Sflay, aq 1, ) , (f=0).
(Al €Lyt oereeee +Anxn +1 )n+
By substituting the above expression in the system:
( od op op Q op
-0 — + A — an—+2a1h =—-(n+1)P
9, 0A, 0y k=1 s,
oP op oP N oP
— X2 +A2—+G/12 +Ea2h =0
9, 0A, iz h=1 ayp,
o
oP oP oP S oP
—¥ A,y ta, 1 + Eah n-1 =0
L —1 1 ) 1,n—-1 h=1 a h,n—1
oD o 'S 9 9
2 X xh a1y + a;, =—m+1)x,®
a.%'h 3A1 aan i=1 aa” Qaln
we get the following system:
( ol ol 21
2ay ogf + ag ogf e +ay, ogf =-(n+1)
day oays day,
dlo dlo dlo
2y, 108 L dloel g, Slo8f _
day; oay, day,
ol ol 21
2, , , 2008f ., olef . 0,208l
day 0as, oay,
al Al o1 a1
zaln Lg‘f + Uay, Lgf 4o +an71 . ng + ng =0
L day; day, ’ aal, n-1 day,
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whose (unique) solution is:

dlogf  (m+1D)4dy dlogf  2n+1)4y

’

’ (l:25~~~’n),

dayy 24 day; 24
where A, is the cofactor of a;, in the determinant A=0. Hence we find:
K(a22’ Aogy --vy an—l,n)
f: |A|(n+1)/2 (K¢0)’
and therefore
K(ag, g3, -y @y—1,4)

(A1901+ +A”xn+ 1)n+1 |A|(n+1)/2 :

If we substitute the above expression in the other equations of the Deltheil’s
system we get

K = constant .
Hence the Deltheil’s system has the unique solution (up to a constant factor):

1

n n+1 .
(zAhx;L‘*'l) |A|(n+1)/2
h=1

Consequently the non-degenerate conic sections’ family in the projective
space &, is measurable and its elementary measure is:

dey Ndxg /N ... Ndw, NdAy NdA A ... NdA, Nday Adag N\ ... ANda, -y,

n n+1
(3 a+1) aos
h=1

&=
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