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Local Existence and Estimations for a Semilinear
Wave Equation in Two Dimension Space.

AMEL ATALLAH BARAKET

Sunto. — In questo articolo dimostriamo un teorema di esistenza locale per un proble-
ma di Cauchy associato ad un’equazione delle onde semilineare in dimensione
due. In questo problema la prima condizione iniziale € identicamente nulla, la se-
conda appartiene a L2(R?), é a simmetria radiale e a supporto compatto. Per di-
mostrare questo teorema stabiliamo prima una disuguaglianza di tipo Mo-
ser=Trudinger per il problema lineare associato e concludiamo grazie ad un’appli-
cazione di un metodo di punto fisso.

Summary. — In this paper we prove a local existence theorem for a Cauchy problem as-
sociated to a semi linear wave equation with an exponential nonlinearity in two
dimension space. In this problem, the first Cauchy data is equal to zero, the second
is in L2(R2), radially symmetric and compactly supported. To prove this theorem,
we first show a Moser-Trudinger type inequality for the linear problem and then
we use a fixed point method to achieve the proof of the result.

1. — Introduction.

In this work we study the local existence in time for a Cauchy problem as-
sociated to a semilinear wave equation:

Ou + ue ™" =0
(1) ult:() :0
Sup=o0 =1,

where Qu(t, x) = 37 u(t, x) — A, u(t, x), x € R? and t e R. Here fis in L%(R?),
radially symmetric, compactly supported and a is a positive real. The aim of
this paper is to prove a local existence theorem for the problem (1).

THEOREM 1.1. — For every a, in [0, 4al, for every fin L?(R?) radially sym-
metric with compact support satisfying ||f]|.: <1, there exists a positive real
T, such that the problem (1) has a solution u in C°([0, Tyl, H'(R%)) N
C([0, Tyl, LE(R?)).
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First we remark that in dimension two the problem is different from high-
er dimensions. In dimension % =3, the analogue of (1) is the following
problem:

Ou+ |u|”"'u=0 on RxR",
2) Ut=0 =¢ on R"
atuh:o :1/} on Rn.

It has been widely investigated and we have mainly 3 cases.

n—2
after many works essentially due to Lions [L], Strauss [Str], Struwe [St]...,
Ginibre and Velo [GV1] showed the existence of a unique global solution u e
CUR, HY(R™) N CYR, L%(R™)), for initial data (¢, ¥) in H'(R") x LZ(R™).

For the critical case, p = p,., Ginibre, Soffer and Velo [GSV] for radial data,
then Shatah and Struwe [SS] in the general case showed the existence of a
unique global solution belonging also to L}5(R, L?P<(R"™)). The most important
ingredient of their proof is the Strichartz inequality (see for example [GV2]).
Indeed, we have for v the unique solution in C*(R, H(R")) N C*(R, L2(R"))
of the linear Cauchy problem

If the exponent p is subcritical, (Which means p < p, where p,= n+2)

O =F on RxR",
@" vy =¢ onR"
Gvli—o=9y on R",

where FeL'(R, L%R"), (¢, v) e H' (R") x L%(R") and for T >0
3 Il oo, 71, zrermyy < Co(IF Nl 2o, 7, z2crnyy + @l e + il L2crny)

. 1 +1
with =+ 2 =2—-1,¢="2
r 2 n—

The nonlinear term |u|pc_1u in (2) is then considered as the second mem-
ber F(u). However in the case n = 2, the estimates (3) are not available; they
will be replaced by another type of inequalities.

Finally in the case p > p,, there are only some partial results in special
cases.

We now return to the dimension two. Instead of the Sobolev injection
H'(R") e LP*1(R") used in dimension 7 = 3, we will use here the injection
of H} (L) (2 bounded) in the Orlicz space, this will be developed in the next
section.

if n=4 and ¢>2 if n=3.




LOCAL EXISTENCE AND ESTIMATIONS ETC. 3

On the other hand, multiplying formally the first equation in (1) by d;u and
integrating on R?, we obtain

2
fe“O“ dx = constant ,

R2

1 1 1
—|Voult, )|+ =8, ult, VFLE+ —
A

so if we want to use an iterative schema to solve the problem (1), we have to
control the last integral term in the left hand side of the above equality; this
will be achieved by the use of a Moser-Trudinger type inequality.

Let us note that this inequality is the most important ingredient of the
proof of theorem 1.1 and in order to obtain it, we need very precise estimates
on the solution of the linear Cauchy problem associated to (1). So, for this rea-
son, we take the radial assumption on f. Moreover, if we want to prove a global
existence result, we need to show an analogue of theorem 1.1, but for u satisfy-
ing (1) with u|;-o = g. However, we restrict ourselves here to the case g equal
to zero in order to obtain the Moser-Trudinger type inequality mentioned
above.

We also mention that in a recent paper, Nakamura and Ozawa [NO]
showed the existence of a unique global solution of the associated Cauchy
problem for the semilinear wave equation with non linea{ity of expnonential
growth. In their work the initial data (¢, v) belong to Hz (R") x H=z ' (R")
but they are also supposed to be sufficently small.

This paper is organized as follows. In section two we first recall an inequal-
ity proved by Trudinger [Tr] and sharpened by Moser [M], then we show an
improved inequality for the solution of the linear problem associated to (1). Fi-
nally in section three we complete the proof of Theorem 1.1.

Acknowledgment. The author would like to thank P. Gérard who brought
her attention to this problem and for his helpful suggestions.

2. — Inequalities of Moser-Trudinger type.

2.1. The Moser-Trudinger’s inequality.

Let 2 be a bounded open set in R”, % = 2 and W{*9(£) be the Banach space
obtained from C;”(£) by completion with the norm

1/q
e R PR AR

Q

where V,u is the gradient of . It is well known that if 1 < g <n, W () is

continuously embedded in L?(£) with 11 l, and if ¢ > n this space is
p g n
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continuously embedded in the Hélder space C%"(2) with Holder exponent
v=1-"_ For the case ¢ = n, it is easy to find examples of unbounded func-

q
tions in W " (). However, Trudinger showed in [T] that Wi "(R) is continu-
ously embedded in the Orlicz space L, with ¢(f) = e“'“mfl; this means that
there exists positive constants C and a such that

P
fe‘“ desC

Q

for all % in the unit ball of W{ "(). Here p* = % . Later on, Moser sharp-
ened this result in proving the following one:

THEOREM 2.1 ((M]). — Let ue W"™(R), n=2 and
f |Vou|"de<1.
Q
Then there exists a constant C which depends only on n such that

[ew"drscley,
Q
1

where p* = Ll’ a<a,=nw;-y, 2] =Qfdx and w, _, is the (n —1) di-

mensional volume of the unit sphere S~ 1. The integral on the left is finite for
any positive a but if a > a, it can be made arbitrary large by an appropriate
choice of u.

On the other hand Lions [L] proved that this embedding is not compact.

Indeed if © is the unit ball, he considered (u;), defined by wu;(x)=
fe(—=nlog|x|) where

k -
(=) & res
k

k \
(=) e

a?l

Clearly |V,u|,«=1 and w, is weakly convergent to 0 in W "(2) but
n—1

L
||eXp(an |uk| not )”L1 = wT

In the case n =2, the result of Moser can be stated as follows.
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There exists a positive constant C such that for every u in H{ () satisfying
V|| .2 < 1, we have

[ewdx<clol,

Q

for every a <4m.
The aim of the next paragraph is to show an improved estimate for sol-
utions of the linear wave equation and for some a larger than 4.

2.2. An inequality of Moser-Trudinger type for the linear problem.

We consider the linear problem for the wave equation associated to (1)

v =0
4) V=g =0
9 V)i=0 =f,

with f radially symmetric, supp fc B(0, R) and | f||,2 < 1. The principal result
of this paragraph is the following

PROPOSITION 2.2. — The Cauchy problem (4) has a unique global solution v,
which is radially symmetric and ve C°(R, H'(R*)) N CY(R, L2(R?)). More-
over, there exists an absolute constant C; such that for every 0 < o < 8, and
every positive t

2
(5) f e“”zdacSCl( t +(t+R)2).

B(0,t+R) 87 —a

REMARK 1. — The hypothesis f radially symmetric, v|,—, =0 in problem (4)
and U= = 0 in (1) are only technical. It seems that (5) should hold for f with
compact support and Vjt=0=9-

REMARK 2. — If we don’t suppose [Ifll.2 <1, we have the same result as in
Proposition 2.2 but for a < ——

by alflZ:.

Proor oF ProPOSITION 2.2. — Using the Hadamard representation, the sol-
ution of problem (4) can be written as follows. For any ¢ >0 and x in R?, we
have

T H and in the right hand side of (5) « is replaced

1 -
© o= o= [ @ ey dy,

e —y| <t
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and it is clear that v is radially symmetric. On the other hand by finite propa-
gation speed principle and since supp fc B(0, R), the support of v(¢, -) is con-
tained in B(0, t + R) for every positive t. For every « in B(0, t + R), let o =
||; then we have the following lemma.

LEMMA 2.3. — For every positive t and every x in B(0,t+ R) such that
o=t we have

@) |v(t,x)|S1IL.
2mo

PRrOOF. — Since v is radially symmetric we can assume without loss of gen-
erality that « = (o, 0); using polar coordinates ¥ = (+cos €, rsin ) we obtain
by (6)

o+t

f 1/Zf("r)( f(cos@—cosa) 1/2d0) dr

J‘[ZQQt

® v(t, x) =

where cosa = 2_t2),

re

Let us compute the integral

I= f(cos@ —cosa) 2d6 .
0

If we introduce a new variable s such that

1+cosa (l—cosa)
cos O = +s ,
2
we obtain
1
el v
3+cosa 1+sy
where y = 1~ cosa . Since re[o —t, o +t], we have cosae[0, 1], ye [0, l],
3+ cosa 3

- 12 12
V1+sy= \/g and (3+;05a) = (;) , which lead to

9 I<m.
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Coming back to (8), we have by the Cauchy-Schwartz inequality, || f]|,2<1 and (9)

ot 12 opr \12

1
|o(t, ©) | S — rf2(r) dr dr
V2o Q_ft él[

1
< 2\/21
zvﬂ—Q”f”Lv
t
<./
2mo

The proof of Lemma 2.3 is complete. ™
Now, in the next lemma, we will estimate the solution v for o <t¢.

LEMMA 2.4. — For every positive t, every x in R? satisfying 0 < |x| =0 <t,
there exists an absolute constant M such that

1 t\2
(10) |[v(t, )| < (M+ —log—) .
4 o

PRrOOF. — According to (6), for 0 < |x| = o <t?, we obtain after using polar
coordinates

t+o 27
1 1 1/2
. _ 12 — | do)d
11 (¢, x) 2%\/% f?" f(r)((;f(cose‘f'l)-*— ) '

0

2_2_ 2
where A=A(r)= t;—g and ¢ ., =max (¢,0) for every real function ¢.
0

Applying the Cauchy-Schwartz inequality to (11), we get

t4o 120 44, o . P V)
1 9 1 1
< — - - 0
(12) o, )| < 2:1( fo (r) dr) [ f 20 (! ( cosO+A )+ a ) dr]

0 0

1 Y IR
s(2n)3/2 f(2_(cost9+l) de) dr
0 Q +

Let

t+o ) 27 ) iy 2 t+o
F(t, 0) = f — f(—) do | dr= fG(t,'i",Q)dT.
2o\ Y \cosO+1 B

0 +
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In order to obtain the inequality (10), we will estimate F'(¢, o) in the following
Lemma.

LEMMA 2.5. — For every positive t and every 0 <o <t we have

t
(13) F(t, 0) <M+ (272)log—,
0

where M 1is the constant appearing in Lemma 2.4.

Proor orF LEMMA 2.5. — First we remark that 4 is a strictly decreasing func-

tion of 7. Let ro= —20 + \/80%+t%, =t —0, r,="\/t?— 0% then 0 <7, <

r <1 <t+o and A(ry) =2, Ar) =1, Ary) =0, A(t+0) = —1. Thus
) t—o \/tz_gz

Ft,0) = [Gt, 0, dr+ [Gt,o.mdr+ [ Gt o, dr

0 7o t—o

t+o
+ f G, 0, 7)dr=(a)+ (b) + (c) + (d).

In what follows we will set by

27
1 1/2
T —
h cosO+41/,

and we estimate the terms (a), (b), (¢) and (d).

REMARK. — All the constants C; appearing in the proof are absolute
constants.

Estimation of (a). Since re (0, ry), we have A(r) >2 and:

2m
VA-1

J=2 f(c050+l)’1/2d0$
0

SO

To

() <47%| ————dr.
Oftz—(r-}-g)2

r
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Computing this last integral and using the definition of 7, we obtain

0 70+ o0

7 u—o
T e — PR [
2 2 22
; t*—(r+o0) . te—u
nz[log(tz—gz)—log(tz—(7'0+9)2)— i (log—t

t+ 7+
+g10g(—% Q)]
t t_T'O_Q

=2n2[(1+ ?) log(t+Q)+( )log(t—g)
+(% —l)log(t—%—g)— (1+ —)10g(7"0+9+t)]
=277 [( —1)1og2——1og(t+g+m)
+(% —1)logQ+ (1+ %)log(ZQ—f—\/W)]-

Since o <t we then obtain

(a) < (Zﬂz)[(g —1) log 2 + ( ;

SZﬂZ[(1+ %) log2 + (% —1) log%]

then

|

— 1) logo + (1 + 7) log4t — —loth]

(14) (a) <272 (2 log2 + logi) )
0

Now we will show that all the other terms of F(¢, o) are bounded from
above.

Estimation of (b). Making the change of variable u =cosf in J we ob-
tain

0

zf du = Zf fd—u
\/—\/F \/1_—\/@7 S VI- w7

=)+ D).

J=
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Since re(ry,t—p) and 1 is a decreasing function of », we have A(r)e(1,2); so
15) H<m.
For (II) we have:

DRI P

1/(A-1)

1
o [ L _a

0 Vs(s+1)

N e (1, + o). Then

. 1
Since 1> 1, we have -

1/(A — 1) 1/(A-1)

(IT) <2fﬁ+2 f —<4+2 f ds.

Thus

1
(16) n S4+210g}L

(15) and (16) then give

1
am J$4+n+210gl

If we come back to (b) and use the definition of 7, we have by (17)

LYol

Q
1
(b)) < E[(4 +aP(t—o0—1ry) +4 J (10g/1

<Cz+— f( 2Q(u Q))du

7‘()+O

20(t-0)
<Cz+— f( =) )du

/'+0

1
20(t —
<Cy+ i[u] f(logv)zdv,
0 t ;



LOCAL EXISTENCE AND ESTIMATIONS ETC. 11
SO

(18) (b) <G

Estimation of (c). Here we have re (t— o, \/t?—0%) so Ar)e(0,1)
and

J=2 f(cos@ +2)"1240
0

2 2 _ 42
where cosa= —1= ()J;T—t is in (=1, 0). Making the following change of
70 _
variables cosf = 1+;OSQ + s( 1 ;OM ), we obtain:
1
22 ds
V3+ceosa \/1+ys\/1-—s? ’
. 1—cosa .
with y = T . For se[0,1], since cosae(—1,0) we deduce that
cosa

ye(%,l), 1+ys=1 and

1 1

24/2 ds <2f ds
V3+eosay 1+ ys\/1—s? JV/1-s2

We also have

=7TT.

0 1
21/2 f ds <2f ds
V3+cosat \/1+ys\/1-s? ¢ V1I—-ys\/1-s?

Combining the last two inequalities we obtain:

19) an+2f ds .
o V1I—ys\V1-—s?

In the following we will estimate the integral in the right hand side of
(19).
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Let us introduce the variable % such that
1 —

&

8(1—3), where e=1—vy

u =

1-¢
1 3

ds 2 du
2f < f ———N
0 \/l—ys\/l—sz V1-e¢ 0 \/u(u+1)

621
e 2

with 86]0,2[ and ! , SO

1

ds
R
0 ].—’)/S 1—82

$2\/§+2\/§10g2(1_€

and by (19)

1_
(20) an+2\/6+2\/§10g2( 8).

&

We now estimate the term (c). Using (20) we have

C 2
(¢) < ?4 (V-0 (t-0)) + f (logz(l—S)) dr
&

where

Since o <t it is easy to find that
@21 (¢c) <Cs.

Estimation of (d). In this case we have re (\/t*— 0% t+0) and A(r)= —cos «
is in (=1, 0), so by making the same change of variables as in the previous

paragraph we obtain

3+cosa -~ 1+ys
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with cosae(0,1) and ye (0, %) We then easily have

Jssz
—1 \/1_82
<2z
and
1 t+o
(d) =— J2dr
2o
tZ*QZ
2
S —(+o—-Vt*—0?),
)
(22) (d) =Cs.

13

Finally combining (14), (18), (21) and (22) we obtain (13), and this ends the

proof of Lemma 2.5. =

Next, Lemma 2.5 and inequality (12) give (10) and complete the proof of

Lemma 24. =

End of the proof of Proposition 2.2:

According to Lemmas 2.3 and 2.4 and since the support of v(t, -) is con-
tained in B(0, ¢t + R) for all positive ¢, we have for every positive a and every x

in R?,
, aldn
eav(t,mseaM(_) if 0<o<t
o
and
(23) e < e if g1,

So by (23) and since a <8x we obtain for every positive ¢

t+R

t
) t a/dm
ea”z(t"”)dacSZNIJ‘Q(g) eMdo + f 0e™**do
0 ¢

B(0,t+R)

tZ
sCl( + (t+R)2)

8wt —a

and Proposition 2.2 is proved. =
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3. — Local existence for the semilinear problem.

In this section we will prove the Theorem 1.1 by using the estimates proved
in section 2.

Proor oF THE THEOREM 1. — To prove the existence of the solution we use a
fixed point method in an appropriate space. We define the following
space
(we C*([0, Tyl, HY), ,we C°([0, Ty1, L?) such that l

suppw(t,.)cB(0,t+ R) for every te[0, T,],
By={ Wji=0=0Wi=0= Oyt S[(l]lpT ](||8tw(t, gz + [Va(t, )lL2) <60 "y
€1V, Lo

2
and sup (eP" —1)de<9,
( tel0 Tolp, i+ py J

where Ty, 0y, B and 0, are positive constants which will be chosen later on.
We then define

@ : By—B,
W W
where % is the solution of
O = — @+ w) e®o® o =
24) : E ) 9
Wyp=g= Wj;=9=0

and v is the solution of the linear problem (4). First of all, by using standard
methods in solving linear evolution problems, it is well known that, for each w
in By, the problem (24) has a unique solution w e C°([0, T,], H') N
CLH([0, T,y], L*?) which satisfies the energy estimate

(25) . S[EPT ](Hat@(t, '))”L2 + ”V@(t, ')”L2 s CHQHLI([O, Tol, L2)»
€Ly, Ly

where C is an absolute constant.
The constants appearing in the definition of B, will be chosen such that ¢ is
well defined and is a contraction. The proof is divided in three steps.

STEP 1. — Energy estimate:
According to the definition of ¢ in (24), we have for every positive ¢ and every w
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in By:

”g(t7 )H%Z: f (U+w)2€2ao(v+w)2d.’)c-
B0, t+R)

Let y be fixed in (2a ¢, 8) and ¢ so small such that 18” — > 1. Then we take
p and f satisfying vi+e)
87 1
(26) 1<p<—andﬁ>Ly(1+—).
y(1+ &%) p—1 2
Using Hélder’s inequality, we obtain
2 1 (v + w2
lgt, e s ——— o7 g
e(y _zao)B(O,t+R)
Y 82 1}2 L 7,()2
<K f QM0 (st 5
B(0,t+R)
SK[ f 6”(1”2)”2(ey(1+%>w2—1)dac+ f e“l”z)”?dx]
B0, t+R) B0, t+R)
) 1/p 1. 1/q
$K[( f er"(l*fZ)”de) ( f ("I l)qu)
B0, t+R) B0, t+R)
+ f e”l”z)”zdac],
B(0,t+ R)
where K = % and X +1=1. Using the fact that
ely —zay P q
(ey(1+%2)w2 . ].)q < eyq(1+g—12)w2 . 1,
we obtain:
o 1/p 1, 2 1/q
||g(t, .)”1212 $K[( eyp(1+sl>vld%.) ( (eyq(1+§)w —1) dx)
B0, t+R) B0, t+R)
+ f e”(l”z)vzdac].
B(0,t+R)

We take T,e (0, 1) and set 6, =2me*™ + (e — 1)7(1 + R)* where M is the
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constant appearing in Lemma 2.4. Since w e B,, it follows by (5) and (26)
that

eypﬂﬂzwzdxscl(—z + (t+R)2)
B0, +R) 87 — yp(1+ &%)
and
(71 5" _ 1) de <0,
B(0,t+R)
So
2 Up 2
Hg(t;)ll%stCl[(m +(t+R)2) oY+ PFe——— +(t+R)2]
1/p

KCI[(—Sn—yp(l—}—ez) +(1 +R)2) oY1+ F—Tey +(1 +R)2].
Thus
@0 lgct, ). < KC K
and
(@8) 91l 10, 71 12y < To(KK' C)'2.

We finally choose 63 =T, and T, so small that

(29) (KK’ C, Ty)"* < %

where C is the constant appearing in the energy inequality (25). Therefore
(25), (28) and (29) imply

< VT _ 9
||9||L1<[o, Tol, L2) = C = F
and
(30) [su%)](Hativ(t, Mgz + IV a0t, 2 < 0.
0, Ty

STEP 2. — In this paragraph we will prove that the solution w satisfies

sup f (ef™ —1)de<0,.
[0, Tolp, 4+ )
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On one hand, according to (27) and (29) we have:

1
(31) lgct, Iz < -
e
On the other hand, using the Hadamard representation, the solution w of the
problem (24) is given by

t
i, ) = [B(t s, x)%g(s, v)ds,
0

where

1
Bt 2) 2—(t2—|x|2)’1/2, if |w| <t
, L) = T

0 if |x|=t.

Applying Lemmas 2.4 and 2.5 to the function A(t, s, x) = E(t — s) = g(s, x) in-
stead of v, we get for 0 <s <t

1 t—s\"2
lg(s, -)||L2(M+ Elog ) if o<t—s

h(t, s, x) =

s\ _
Mw,wy( ) if g=t—s.
2mo

So for ¢ <t and using (31) we have

s 1 t-s\? s\
|0t, @) | < sup [lg(s, )2 f (M+—10g ) ds+ f( ) ds
selo, t] B 4w Y (Lo V2O

1/2
< -2 f”" (M + ilogy) dy + L
CVTo | dm V2

sl bt )

We deduce that

; 12
(32) |w(t, x) | < [—(log ) +M”2].
CVT, | Van
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For o =1,
~ t t—s |\
|0(t, @)| < sup ||g<s,->||sz( ) ds .
sel0, 1] 2mo
0
So
- 2
(33) it m) | < — V2o

CVT,mo
(1), (32) and (33) then yield for o <t <Ty:

s 2pTo 1 t
eﬁwz <e [“(logg +M)]

and
. MBI BTo/22C?
34) I <o (i) .
(¢
For o=t
~ 267
(35) 6’37"’2 <e 9an .

We choose again T, so small that

BTy
27C?

(36) <1,

so (34), (35), (836), Ty <1 and the definition of ¢; imply

t t+R
(ef™ 1) deane“”MtdQ + 27e f odo
B0, i+ R) 0 ‘
—at+RP<2me*™ + (e—1)n(1+R)P*=96;.

STEP 3. — In this section we prove that ¢ is a contraction. Let us define the
energy norm by

ldlls = sup ([8,u(t, llze + IV, ut, )22

te[0, Tol

For every w; and w, in By, we have by the energy inequality

B7  lew;) — p(ws)|ls < Cll(w + w;) €@+ — (v + w,) e“O(”””Z)ZHLl(Lz).
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If we note for 1=1, 2

ao(u +w;)?
)

gi=wW+w)e

we then have

lgs = golBe= [ (o — w1 + 207220 d,
B(0,t+R)

where w =v+ 0w, + (1 —0) w,, [0, 1]. . .
So for y fixed in (2a, 87) ,p" and ¢" in (1, + ) such that — + — =1, we
obtain by Holder inequality P 1

r— l/q’
39) lgr — g > < K, ooy _@,,2”%2;,( d) ,

B(0,t+R)

where K; is an absolute constant.
On the other hand using again the Hélder inequality, we have for every po-
sitive ¢

f 0?1 dop < f eyq’(l+sz)v2[(e27q’(1+rlz)zvlz_1>(e2yq’(1+%2)wzz_1)]

B(0,t+R) B(0,t+R)
z J/q'(1+£2)02+2yq’(1+i)w?z
+ > e 2 d
i

=150, 1+ R)

< ||eyq’(1+sz)v2|

L8|:( f (e2yq’r(1+s—12)wlz_ 1) dx)l/’n

B(0,t+R)

2y¢ UL+ 2 )wd v
o f e a)
B,

2

+ 2

i=1

2y¢" k(1 + L yw? 1k
( (27 Mt et _q) dac)
B(0,t+R)

- 2.2
+2 f eVl (1T eV g
B0, t +R)

)

11 1 1 1 1
where —+ -+ -=1and ===+
s ! r k l

r

We then choose ¢’ s = p, defined in step 1 and we take S again sufficiently
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large in order that:
1
qu’(l—l— —2)1" <p
€
1
2yq’(1+ —2) I <8B.
€
Using (5) and the fact that w, and w, are in B, we obtain:

)—2
(39) f e dp <
B(0,t+R)

01[3 ( T—Oz +(T0+R)2) oVr+2 ( T—Oz +(T0+R)2)] =C,K,
St—yp(l+e?) S8t—yq'(1+¢&?)

So by (38) and (39) we have

(40) g1 = ga 172 < Ky (CL KDY [lwy — w720

Since suppw;c B(0, Ty + R)cB(0, 1+ R), we have for 0 <t<1+R

(41) llwy = ws [ 20 < Cp [V, (01 — w2) |12,

where C, depends only on E.
Combining (40) and (41) we then have for positive ¢

llgr — gall2 < C, KI2(CLK) V24 |V, (wy — wy) || 2
and
(42) g1 — g2ll1¢0, 71, 12 < To € Ki2(CLKp)20 [V, (wy — w3) || 2.
Then, (37) and (42) imply
(1) = @(wy)l|s < Ty CC, VE(Cy Kp)2 [Jwy — w5 | 5.
Chosing again T, sufficiently small such that
T,CC, VE(C Ky < 1,

@ is a contraction and Theorem 1 is proved. =
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