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Bollettino U. M. 1.
(8) 7-B (2004), 129-157

Holder Continuity Results for a Class of Functionals
with Non Standard Growth.

MiCHELA ELEUTERI

Sunto. — In questo lavoro si provano risultati di regolarita per minimi di funzionali
scalari [f(x, w, Du) a crescita non-standard di tipo p(x), cioé:

L7 2|P® < f(x, s, 2) S L(1+ |z|P™@).

Si considerano per la funzione esponente p(x) > 1 ipotesi di regolarita ottimali.

Summary. — We prove regularity results for real valued minimizers of the integral
Sfunctional [f(x, w, Du) under non-standard growth conditions of p(x)-type, i.e.

L7 z|P < f(x, s, 2) SL(1+ |z]P™)

under sharp assumptions on the continuous function p(x) > 1.

1. — Introduction.

The aim of this paper is the study of the regularity properties of local mini-
mizers of integral functionals of the type

(L) Fu, @) 1= [fo, u@), Du(w)) da,
Q

where Q is a bounded open set of R", f: 2 Xx R x R"—R is a Carathéodory
function and u e W.1(2, R). The regularity theory for minimizers was suec-
cessfully carried out under the assumption of p-growth
L7 z|P<flx,s,2) <SL(1+ |z]"), p>1
and under natural assumptions of convexity or quasiconvexity of f (see for
example [G], [Ev], [AF1], [AF2]). At the end of the eighties some articles con-
sidering the more flexible (p, q)-growth
L*1|z|”Sf(ac,s,z)$L(l+|z|q), g>p>1

were published, after the pioneering papers of Marcellini (see [M1]-[M3], and
[ELM] with the references therein). Despite the considerable number of pub-
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lications devoted to the issue, for this type of functionals a general theory is
still lacking. A borderline case between standard and non-standard growth is
the so called p(x)-growth

(12) L 2| < fle, s, 2) S L(L+ |2]")

a prominent model functional being:

(1.3) 1D des .

Q
Such types of energies owe their importance to the fact that several models
(also non variational) coming from Mathematical Physics are built using a
variable growth exponent. For instance, Rajagopal and Ruzicka (for more de-
tails see [RR], [R1], [R2], [D], [AM3] and [AM4]) elaborated a model for elec-
trorheological fluids, which are special non-Newtonian fluids characterized by
their ability to change very quickly their mechanical properties in presence of
an electromagnetic field E(x). Later, a model for fluids showing a similar de-
pendence on the temperature was elaborated by Zhikov ([Z2]). In a different
setting, (see [Z1]) the differential system modelling the so called «thermistor
problem» includes equations like

—div (p(x) |Du|?™ " 2Du) = 0.

On the other hand, functionals like the one in (1.3) have been studied also from
a functional spaces theorical point of view since they motivate the introduction
of certain related function spaces with interesting features (see, for instance,
[ER1], [ER2], [F]).

For such functionals a regularity theory was recently developed ([AF2],
[Z1], [FZ], [CM], [AM1], [AM2], [MM]) obtaining some optimal regularity re-
sults for local minimizers of integrals functionals of the type

Fo(u, Q) 1= [flx, Dutw)) da
Q

with the Lagrangian f(x, z) satisfying a p(x) growth assumption as in
1.2).

In this article we extend the results in [AM1] to more general functionals
of the type in (1.1), including model examples like:

(1.4) [ate, w@)) | Du | da,
Q
and, more generally:

(1.5) [atz, ww)) fee, D) de,
Q
where f(x, z) is as in (1.2) and a(x, %) is a continuous function of its argu-
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ments. Our results can be shortly summarized as follows: if the exponent p(x)
has modulus of continuity w,, satisfying the following assumption:

. 1)\
1.6) 1131210 w1(R) log ( E) =1,

then ue C%*(Q) where a = a(l) is such that:
lim a(l) =1.
A—0

Clearly, if

. 1)
1.7) IIBILDO w1(R) log ( 2 ) =0,

it turns out that u e C2%.*(R) for each a < 1. Moreover if both p(x) and a(x, )
are Holder continuous, then Du is Hélder continuous too. It is worth stressing
that the previous results are optimal, in the sense that if the condition (1.6)
fails for each A, then, as shown by mean of a counterexample by Zhikov, (see
[Z1]), local minimizers fail to be, in general, locally Hélder continuous. In this
respect our result is therefore sharp. In a second step, assuming higher regu-
larity both on p(x) and a(x, #) (i.e.: Holder continuity) we prove the Holder
continuity of the gradient Du itself. Since the Holder continuity of the gradi-
ent is the maximal regularity expected even when p(x) is constant (compare
[Ur], where the scalar case is treated; the vectorial case has been subsequent-
ly studied in [Uh]; see also [FM] for the case of non standard growth condi-
tions) also this result is the best possible.

Finally, let us comment on some technical aspects of the paper. We are
dealing with very general convex Lagrangians of the type f(x, u, Du). Indeed
our functionals will be of the type:

(1.8) [ 1Du| " + g, w, Duy d

where g is a Carathéodory function, convex with respect to variable z, such
that:

0 <g(w, u,z) < (1+ |z]P").

In particular such functions are not C? and fail to be even differentiable at
each point. Therefore, such Lagrangians f are convex but fail to be smooth and
depend explicitly on the variable u € R; so when proving our results we have to
adopt a refined freezing, variational argument based on the Ekeland varia-
tional principle and combine it with the arguments developed in the paper
[AM1]. This is due to the fact that, in order to overcome the lack of smoothness
of the function f, an involved approximation procedure is required. In turn this
leads to consider a sequence of approximating functionals whose (approximat-
ing) minimizers do converge to a certain limit function. For such minimizers,
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uniform regularity estimates are found. Now, since the functional we consider
is not, in general, convex (due to the u dependence of the function f) unique-
ness of minimizers, and therefore the convergence of the approximating mini-
mizers to the original minimizer, is not a priori guaranteed. To overcome this
obstruction, the above mentioned Ekeland principle turns out to be the appro-
priate tool, ensuring that the constructed approximating minimizers converge
to the original one. The regularity of the original minimizer is then obtained
passing to the limit the uniform estimates found for the approximating ones.
We like to remark that such a technique has been successfully adopted for
functionals with standard p-growth in the paper [CFP] (see also [CP], [FH]),
and its application in our setting arises a certain number of technical prob-
lems, especially when dealing with the estimates.

Acknowledgement. The author wishes to thank prof. E. Acerbi and prof. G.
Mingione for proposing this investigation and for many useful discus-
sions.

2. — Notation and statements.
In the sequel £2 will denote an open bounded domain in R" and B(x, R) the

open ball {yeR": |[x—y| <R}. If u is an integrable function defined on
B(x, R), we will set

f u(x) dx

Bz, R)

W)y, R = f w(x) da =
B(x, R) Wn
where w , is the Lebesgue measure of B(0, 1). We shall also adopt the conven-
tion of writing By and (u)g instead of B(x, R) and (u),, r respectively, when
the center will not be relevant or it is clear from the context; moreover, unless
otherwise stated, all balls considered will have the same center. Finally the
letter ¢ will freely denote a constant, not necessarily the same in any two oc-
currences, while only the relevant dependences will be highlighted.

The Carathéodory function f : 2 X R X R"— R will be supposed to satisfy
a growth condition of the following type:

@D L' < flw, w, 2) S L(L+ |2] ")

for all xe 2, uelR, zeR", where p: 2 — (1, + ) is a continuous function
and L = 1. Next, we will set

Fu, @) = [ fle, u@), Du(w)) dx

a

for all ue W.'(2) and for all Ac Q.
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With this type of non-standard growth, we adopt the following notion
of local minimizer and local Q-minimizer:

DEFINITION 2.1. — We say that a function u e Wik, (Q) is a local minimizer
of the functional F if |Du(x)|"™ e L.(2) and

[ fe, w), Duy) de < [ fle, w(z) + @), Dulz) + Do) da
spte sptg

for all ¢ e WH(Q) with compact support in L.
DEFINITION 2.2. — We say that a function ue Wk (2) is a local Q-mini-
mizer of the functional F with Q =1 if for all ve W, (Q) we have
5—{%, K) < Qlc}/(/va K)7
where we set K =: spt(u —v)cc Q.

We shall consider the following growth, ellipticity and continuity condi-
tions:

(HD L7+ |22 P92 < fle, w, 2) S L(u? + |z|2)P0%,
(H2) f[f(xO’ Ug, 20+ DQO(%)) _f(xo, U, ZO)] dx
@1

ZL—lf(‘uZ + |z0|2+ |D(p(9€) |2)()3(xo)72)/2 |D(p(90) |2d90
Q1
for some 0 <u <1, for all z)eR", upeR, ¥ e 2, pe Cy (Q,), where @ =
(0, 1)",

(H3) |f(.CU, u, Z) _f(xo, u, Z) |

()/2 (09)/2
<L, (o - D@2+ |27 + @2+ |27 ][1 + [log (% + |2])|]

for all ze R", u e R, « and xy € 2, where L = 1. Here w;: R* —R™" is a nonde-
creasing continuous function, vanishing at zero, which represents the modulus
of continuity of p:

(H4) |p(@) = p(y) | S 01 (Je —y]).
We will always assume that w, satisfies the following condition:

1
(2.2) lim sup w,(R) log(—) < 4 0 ;
R—0 R

thus in particular, without loss of generality, we may assume that
2.3) w1 (R)<L|logR|™?
for all R <1.
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We shall also consider the following continuity condition with respect to u:
(H5) |f(xa /M, Z) _f(x’ %0’ Z) | = Lw2( |?/L - uO | )(qu + |Z|Z)P(9J)/2

for any u, uy e R. As usual, without loss of generality, we shall suppose that w,
is a concave, bounded and, hence, subadditive function.

REMARK. — Following [FFM] it is possible to prove that a functional satis-
fying the previous assumptions can be written in the form (1.8), with ¢ de-
scribed as in the introduction.

No differentiability is assumed on f with respect to « or with respect to z.

Since all our results are local in nature, without loss of generality we shall
suppose that

I<y;spw)sy, VweQ,

and
2.4) [ 1Dua) |7 dae < + o0
Q

Our main result is contained in the following:

THEOREM 2.3. — Let ue WL (Q) be a local minimizer of the functional
(1.1), where f is a continuous function satisfying (H1)-(H5). Moreover sup-
pose that

1

Then we CLHR), for all 0 <a<1.

After the proof of the previous results we shall make some remarks lead-
ing to the following more precise statement:

THEOREM 2.4. — Let ue WL1(2) be a local minimizer of the functional
(1.1), where fis a continuous function satisfying (H1)-(H5). Then there exists
a nonincreasing function:

a:R*"—(0,1), lin%a(s)zl
such that if

. 1
(2.6) Ilelinowl(R)log(E)—i—wﬂR)sl,

then we CLIP(Q).
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Clearly, Theorem 2.3 is then a consequence of Theorem 2.4, taking
A=0.

In the case when both the functions f and p(x) are smoother, we recover
the classical C!'* regularity of local minimizers:

THEOREM 2.5. — Let ue Wk (Q) be a local minimizer of the functional
(1.1), where f is a continuous function satisfying (H1)-(H5). Moreover sup-
pose that w(R) + w»(R) < LR* for some 0 < a < 1 and for all R < 1. Suppose
also that fis of class C* with respect to the variable z in Q X R x (R"\{0}),
with D*f satisfying

L7+ [2]HP9 D2 |12 < D2 fle, u, )AL < L(? + |2]3)P@ 22|72

for all e R"™. Then Du is locally Hélder continuous in Q.

3. — Preliminary results.

Before proving our main theorems, we need some preliminary results and
establish some basic notation. In the following we shall consider varying balls,
always having the same center when not differently specified. Moreover, by ¢
(or similar symbols) we denote a constant, that may vary from line to line,
while only the important connections will be highlighted. If B, = B(x,, 4R)
we shall set:

(3.1) P1,0,(R) := min p(x),  p, , (R) = max p(x).

xeByp xeByp

When it will be clear from the context we shall omit to indicate the dependence
on x, just denoting

P1=P1o, DP2=D2 g,

The following is a higher integrability result which is due, in its original ver-
sion, to Zhikov, and which we adapt to functionals of type (1.1).

THEOREM 3.1. — Let © be an open subset of 2, let ue Wik, (O) be a local
mainimizer of the functional (1.1) with f: O xR X R*"— R satisfying (H1) and
with the function p(x) satisfying (H4) and (2.2). Moreover suppose that

[ Dut) |79 de < m,

O

for some constant M. Then, there exist two positive constants ¢y, 6 depend-
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mg on v, Ve, L, My, such that, if Bpcc O, then

1/(1+0)
3.2) ( f | Duz) | P +‘”olac) < ¢ f | Du(x) |P“ de + ¢, .

Bgys Bp

PROOF. — First step: let R2 <t <s<R <1, and let 5 € Cy° (Bg) be a cut-off
function such that 0 <% <1, 7 =0 outside B, y=1 on B;, |Dy| <2(s—t)""
Moreover we set @(x) = n(a)(u(x) — (u)g) and let g = u — ¢. We remark that
g = u on 9B while on B; we have g = (u)z, consequently Dg = 0 on B;. Hence,
using the fact that « is a local minimizer, we may write

f | Du(x) |p("”) dx

By
< Lff(ac, u(x), Du(x)) dx
By
<L | f(x, g(x), Dg(x)) dx
B;

< sz(1 + | Dg(x) |P™) da
Bs

<L? f [(1—n(®) | Dux) | + |ul®) — (w)g | |Dy(x) | P dx + ¢

Bs\Bt
R . w(x) — (u) _
<¢ f | Du() | P dac + cf ‘ R @ e+ 6
B\B, B, st

- i . 1 _
<¢ f |Du(x)|”("”)dx+c—p2f|u(x)—(u)R|”(”)dac+c,
B,\B, |s 1] Bz

where ¢ = L2271 ¢ = [?27271 ¢ = L*|Bg|. Now adding the quantity (i.e.:
«filling the hole»)

¢ [ [Duto) |7 da
By

to the first and the last term of the previous chain of inequalities and dividing
by ¢ +1, we get

- 1 _
f|Du(ac)|p(”)dacS191f|Du(x)|p(x)dx+dmf|u(90)— (Wg |Pde +d,
B

By s R
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where

~ L#27r21 - L*|B
0= <1, a--LEr 0 ogo LBl
c+1 L2221 41 L2271 41

Now we can apply [G], Lemma 6.1 with the choices

Z(t) = f | Du(x) | da |

By
~ — R
Azdflu(x)_(u)}%lp(x)dmy B:d’ C=0, a = Pa, ﬁ:o, 0= —,
obtaining

f | Du(a) | P dae < ¢ [(R/Z)”Zalf |u() — (w)g |*™ dac + E]
Bp

Bpyp

p(a)
< cRM™ P dx +cR"

Bpr

‘ u(x) — (ug
R

p(x)

—u(ac) — (e dx + cR"

<en oo
R

B

p(w)

) = W |19 4 4 o

< cexp (8L)f
B

<

Bp

pl)

—u(ac) — e dx + cR"

R

where in the fourth inequality we used (2.3) and c is a constant depending only

on yi, Ve, L
According to the previous facts, we find that

p()

w(x) — (u)g
(3.3) Du(x) |P@dx <c ‘ - =
B1€/f| | Bl:ef E

Second step: we fix 9 = min {1 f ntl , Y 1} and we take R < R,/16 where R,
n

is small enough to have w,(8R;) <9 —1. It is easy to see that

Pt n+1

1< 2= <9?<
D1 n
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From the standard Sobolev-Poincaré inequality for a ball with ¢ = % =1,t=
P29
P

, we get

JC ‘ w(x) — (Wp
Bg R

u(x) — (wg
<1+ ‘—
5

p(a)
dx

P2

(p2—pD?
1 s
s1+c( f|Du(x)|de) ' (f|Du(x)|pl/ﬁdx)
Bg Bg

(p2 —p1)?

e ez v
S1+c( f(1+ |Du(x)|p(x))dx) R~ n ( f|Du(x)|p1/L’dac)
Bp

Bp

9
<c(M,;) ( f|Du(x) |”1/”dx) +c,

Bg
o

9
—(p2—pD¥n

last one we use again the fact that, by (2.3), R » is bounded. So, by the
second step
w(x) — (up

b
(8.4) f g de < ( f|Du(ac) |”(‘”)/0dac) +c.

B Bp

Third step: from (3.3) and (3.4) we obtain

where in the third inequality we use the fact that % < p(x) and in the

p(x)

o
f |Du(9c) |p(x> de < C( f|Du(9€) |p(m)/ﬂdx) +c.
Bp

By

Let us observe that the previous reverse Holder estimate follows only for
those radii R < R,/16, so we recall the version of Gehring’s lemma that can be
found, for instance, in [S] and we can finish the proof. The desired dependence
of the constant follows again looking at the statement in [S]. =

COROLLARY 3.2 (Caccioppoli inequality). — Suppose that the function ue
WE.HRQ) is a local minimizer of the functional (1.1), with f satisfying (2.1)
and (2.3), and let Brcc Q. Then

w(x) — (g
f D P@ oy < f _
| Du(x) | x CBH ‘

Brp

p()

)

where ¢ depends only on y1, yq, L.
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Proor. — It follows from the first step of the previous proof, formula
33). =

Before going on, we need to prove some propositions. In the following we
shall consider balls Bpcc Q and functions «, such that:

ueWbti(Bg) q>1.

This is a technical assumption that will be always satisfied with a suitable
choice of the function % and of the exponent ¢, when applying the propositions
below in the next section.

PROPOSITION 3.3. — Let g : R"—R be a function of class C* satisfying

(Hlc) L'+ 2D < g(z) < L(u® + 2|27,

(H2e)  [Tg(zo + Dop(@)) — glz)] dv
@1

=L [P+ |2|2+ | Do) |22 | Do(a) |2 de
@1

with L >1, where q is a constant such that y1<q<y,, and u>0. Let ue
WY 9(Bg), Bpcc Q and let v e u+ W 9(RQ) be a minimizer of the functional

9w, By) = [ gDw@)) dae + 0, [ | Dw — Duy|dac := G+ 9 [ | Dw — Doy |dv
Bp Bp Bgr

in the Divichlet class w + W 9(Bg), where 9, =0 and vyeu + Wi 1(Bg) is a
fixed function. Then for all 5 >0 and for all Ay>0 we have

f|D?7(x)|quSc(g) f(ﬂ2+ | D(x) | )72 dw
B, E Bp

o[ 1 Qe r
+Cﬁ0f|Du(96)—D7~)(96)|doc+cR"ﬁg1[X]

Bg 0
+c[A0]"ﬂf(1 + | Du(x) |) da
Br
Sfor any 0<o <R, where ¢ = c(y, ys, n) 1s independent of vy, v, u, ¢, u and R.

ProOF. — Let ve WY %(Bg) be a local minimizer of the functional
w [ g(Dw(x)) do in the Dirichlet class u + Wi 9(Bg). We remark that the
Bg
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function g(z) satisfies the assumptions of [AM1], Theorem 3.2 and y; < ¢ <y,
so comparing v and v in By we have, for any 0 <o <R

f(ﬂ2 + |Dv(w) |)Pde < c ( g) ,f(#z + | Do) |7 da,
B, R B

where 65;3(7/1, y2, n). Now, arguing in a standard way (see again [AMI1],
[CFP]), it is easy to see that

(3.5) f (W + | D) |2)"2 dow
B

e

sc(ﬁ) [w? + 1Dy 122 da
r))

+cf(ﬂ2 + |Do(x) |2+ |Dv(x) |39~ 2"2 | Di(w) — Dv(x) |*dw
Br
and that (since in our case we are assuming u > 0):

B.6) G — Go(v)

=c *lf(pﬂ + |Do(x) |* + |Dv(x) |92 | Dd(x) — Du(x) |*de .
Bpr
Again we remark that ¢ depends only on L, y, y2. On the other hand, using
the minimality of ¥ and triangular inequality in the second estimate, we
deduce

So(@) = Go(v)

< () — I(w) + ﬁof | Dv(x) — Dv(x) | dee

Bg

+190f | Dv(x) — Du(x) | do — ﬁof | Dv(x) — Du(x) |dex

Br Bp
B
sﬁof|Du(x)—m(x)|dx+f[0o[Ai] ]{|Dy(x)_Du(x)|[Ao]ﬁ} i
B By 0

B

e | 1 et

< ﬁof | Du(x) — Dio(e) |dac + cR™ 97 7 [Z]
Br 0

+c[A0]‘1ﬂf(1 + | Du(x) |9) da
Bp
for all §> 0 and all A, > 0. Connecting the last inequality to (3.5) and (3.6) we
get the thesis. =
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The previous result, as the following one, are technical preliminaries that
will be needed later. Now, our next task is to derive a «non smooth» version of
the previous proposition. Let us start with a simple smoothing result.

LeEMMA 3.4. — Let h(z): R"—R be a continuous function satisfying (Hle)
and (H2¢) where q is a constant such that y,<q<y, and u=0, and let
(Gp)men be a sequence of continuous functions defined by:

6oy = [ iz LYay,
B(0,1)
where ¢ : B(0,1)—1[0, 1] is a positive and symmetric mollifier. Then for
any m e N the function G, satisfies (Hle) and (H2¢) with L replaced by 8'2L

and u? replaced by u® + iz
m
ProOF. — It easily follows from [FF]. =

PROPOSITION 3.5. — Let h(z): R"—=R be a continuous function satisfying
(H1c) and (H2c) where q is a constant such that y, < q<y,, and u = 0; for all
ue Wh4(Q) let voeu + Wi 1(Bg) be a minimizer of the functional

9w, By) —fh(Dw(ac)) dac+190f|Dw Duy | da

i the Dirichlet class u + Wol 1(Bg), where 00 2 0. Then for all >0 and all
Ay >0 we have

f|Dv0(90)|‘1d90<c( ) f(pc + | Dvy(w) |2)7? da

+c190f | Du(xc) — Dvy () | da

B
9B

e | 1 [e1
+CR”19611[—] +c[A0]qﬁf(1+ | Du(x) |) da ,
A, 5
for any 0 <o <R, where c=c(yq, y2, 1) 18 tndependent of vy, u and R.

Proor. — The proof of this proposition can be obtained following a standard
approximation argument (see [FF], [CFP]). We confine ourselves to sketch it.
We define v,,eu + Wi 9(Bg) as the unique minimizer of the functional

96,(w, Br) i= [ G,,(Du(x)) dac + 9 [ | Dw — Doy |dx
B Bg

in the Dirichlet class u + W{?(Bg). Using a standard coercivity argument and
the strict convexity of the functional J(, it turns out that, up to subsequences,
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v,, weakly converges to u in W (Bg) and the estimate stated follows passing
to the limit the corresponding ones of Proposition 3.3, valid, uniformly, for
each v,,. =

Finally, we recall the main result from [FZ]:

THEOREM 3.6. — Let ue WL.1(Q) be a local minimizer of the functional
(1.1), where fis a continuous function satisfying (H1) and with the function
p(x) satisfying (H4) and (2.2). Then there exists an exponent y =
y(n, p(x), L) € (0, 1) such that any local minimizer of the functional (1.1) is
n Clgéy(Q)-

4. — Proof of Theorems 2.3 and 2.4.

We give the proof of Theorem 2.3, the proof of Theorem 2.4 being just a
straightforward consequence of the arguments developed for the first
one.

Setting of the quantities.

From now on, since we are going to prove local regularity results, we shall
assume that our minimizer u is globally Holder continuous, that is:

4.1) |u(e) —uly) | < [ul, | —yl|”

for all x, ye Q.

We start the proof of the main theorems by fixing some important quanti-
ties. We start applying Theorem 3.1 in order to get a higher integrability expo-
nent for the gradient Du, ¢ > 0. Obviously we can replace at will the exponent
0 with smaller constants; so we choose d such that 6 < min {yl -1, IL},

-y
where vy is the Holder continuity exponent coming from Theorem 3.6. There-
fore the exponent 6 will depend upon the quantities v, vo, L, M;, where (see
2.4)

42) My = L2 [(1+ | Duto) |2V da
Q

Let 0 < Ry <1 (that will be used as a radius) such that w;(8R,) < 6/4, where 6
is the higher integrability exponent. Observe that since o=
on, y1, vs, My, L) then also the radius R, will depend on the same
quantities.

In the following R > 0 will always denote a radius such that 16 R < R, < 1;
therefore we shall always take balls Bp = B(x,, R)cc Q with R satisfying
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16R <Ry <1. For such a ball we shall set

4.3) pi(R) =py,,,(R) := min p(x), p(R)=p, , (R) = max p(x).

veByr reByr
This choice implies that
4.4)  p(14+6/4) <plx)(1+6/4+ w0, (8R)) <p(x)(1+06) in Byp,
and also that
4.5) ple)y =y, >0+1>14+0/4.

Finally we set

P = maxp().
Bpg,
With such a choice, (4.4) and the higher integrability result given by Theorem
3.1 allow us to say that:

4.6) [ 1Du@) |Prde< [ |Dut) |90 da + cRy

Brysu Brysu

1+6
SCR(;Z( f(|Du(ac)|p(x>+1)dm)

Bp,

1+06
< cRO-”é( [ (| D@y |7 + 1) dx) . < M,.

BR()

In the last inequality, we use the previous (4.2) and the fact that R, =
Ry(n, v, vs, My, L) (since it is determined only after 6) to deduce that the
constant M, depends only on L, y 1, ¥, ||| Du|"™||;1o); we may suppose, with-
out loss of generality, that M, = M.

Let B(x,, 4R) = By CC Bg, s be not necessarily concentric with Bg ; from
now on, when not differently specified, all the balls considered, except Bpg,,
will have the same center «x,.

Freezing.

We first remark that by Theorem 3.1 and by (4.4) we get that ue
W1:P2(1+é/4)(@).
Let x,e B,r such that

p(y) = pe, ., (R) := max p(x).

:L'EB4R
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For any x e B,r, 2ze R" we set
h(Z) ::f(xO’ (u)R’ 2') )

4.7) Go(w, Bg) = fh(Dw(x)) dx = ff(%'o,(%)R, Dw(x)) da ,
Br Bp

since we are freezing the function f at the point (x,, (u)g), let us remark again
that the center of the ball By is «,, which in general it is different form x,. Let
v be the local minimizer of G, in the Dirichlet class u + Wi !(Bg). We observe
that the function h(z) := f(xy, (w)g, z) satisfies the assumption of [AM1], Lem-
ma 3.1 with p=p,, v{<py;<7v,. So, by the minimality of v, it follows that
there exist two constants ¢ and ¢ e (0, /4) both depending on y, v,, L and
independent of R and v, such that

1/(1+¢)
4.8) ( f Doy |21+9 dac)
Bg

)

i 1/(1+ 0/4)
< cf|Dv(x) |P2da + ¢ ( f | Du(x) |p2<1”’/4)dac)
Bp Bar

4.9) [1Dv@) |de < ¢ [(1+ |Dute) |7 de.
Bp Bp
Since u is a local minimizer of the funectional (1.1), we obtain

(410) Go(w) < Go@) + [ f, v(@), Do) dax — [ flar, (), Do(w)) da

Bp Bp

+ ff(ac, w(x), Dv(x)) dw — ff(aco, w(x), Dv(x)) dw
Br Br

+ [ fo, @), Do) dee — [ fla, wig, Do) da
Bg Bg

+ [ Fay, Wi, D)) dae — [ flag, (@), Dula)) dae
Bg Bg

+ [ flao, ua), Dut)) dx — [ flae, u(), Du(a)) da
Bg Bpr

=G+ I+IT+IT+IV+V.

Bounds for the quantities I, 11, ..., V.
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First of all we estimate [

I<L [ wy([ot) - ut@) | (® + | Do) [PV da
B

Swa2(|v(x)—u(ac)|)(MZ+ |Dv(ac)|2)W2dac+wa2(|v(x)—u(ac)|)dac=:A+B.
Bp B

Let r=p,(1+¢) € (ps, p2(1 + 6/4)) the higher integrability exponent given
by [CFP], Lemma 2.7. Using Holder inequality with exponents ~ and
p.

r\’ 2
(E) =" and the fact that w5 is bounded, we deduce that
=Dz

r—p2

pa/r r ”
A< c[ f(y2 + | Do(x) |2)”/2d90] [ fwﬁﬂv(x) —u(ac)|)dx]
Bp B

r—p2

$CR”[ fw2(|v(x) —u(x) ) dx] 7
Bg

r—p2

p2/r N -
+c( f|Dv(x)|de) [fwzr_pz(w(x)—u(x)pdx] = C+D,
Br Br

where ¢ =c(y, Y2, L, n). Using the concavity of w, we estimate:
r—p2

Cch”[ fw2(|v(x)—u(x)|)dx] ” scwg( f(|v(x)—u(x)|)dx)R”,
Br Br

where we set o= 2 = % Further using (4.8), (4.9), (4.4), by Theorem
&

r
3.1 and arguing as before, we obtain

1

Trom
f|Dv(9€)|”2dm+( f|Du(x)|”2(“‘5/4>dx) ]

Bp Bag
X [w%( f|v(ac) —u(x) |dx)]
Br

< c[ [+ |Du@) ) de + R* £ 1+ | Duta) |p(”)(“‘5/4+w1(83)>dx)”_‘”4]

Bp Bog

X [w‘z’( f|v(9c) —u(x) |dac)]
B

DsCm[
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1+06/4+w1(8R))
1+0/4

s«:[ [+ |Duta) |7 dac+R”l( £+ [ Du)|7) dac)

Bpr Byg

X [a)g( f |[v(x) — u(x) |doc)]
Bp
®w1(8R)

_p 21R) 1+0/4
<c| [+ |Du@)|”) dv+R 'HM(f(1+|Du(ac)|p(“))dx)

Bp Byp

X f(l + | Du(x) |*2) dgc] [wg( f|v(x) — u(x) |dm)]

Byp Br

Sc[ f(1+ |Du(ac)|”2)dac] [wg( f|v(x)—u(m)|dm)],
B

Byr
_nwl(SR) ) . .
since B~ 1+o1 is bounded (argue as in the first step of Theorem 3.1). More-

over ¢ depends only on L, v, vs, M;. On the other hand, again using the
boundedness and the concavity of w,

BSCR”w‘Q’( f|v(ac) —u(x) |dac),
B

where again, c=c(yq, y2, 1, L).
Combining the previous facts and using Poincaré inequality we have

I< c[ f(l + |Du(x) |P2) dx] w‘z’( f|v(9c) —u(x) |dac)
Bp

Byp

<c1+ |Du|||i2p2(34k)wg(R f | Dv(x) — Du(a) |dac)
B
r 1/p2
<d1+ |Dul|Pg,,, 09 (szf | Dv(x) — Dua) |p2dx) ]
L\

r 1/ps
<t + Dl 0| (R f1 4 Duco ) |

) 1/p2
<dl + | D[P, @3 (sz f(l + | Dua) | P+ 00y dac) ]

L Bg

where in the last inequality we used (4.5). By Theorem 3.6, u € C*7(Q); we set
[u], to be the Holder constant of % in £ and recall that, by our choice, it follows

that6<1L.We set m :=y + yd — 0 and we remark that 0 < m < 1. So first
-y
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using Theorem 3.1 and then Caccioppoli inequality we get

1/p2
wg[(mzfu + | Du(e) [P+ ) dac) ]

Bg

- (1+8)/ps
R( f(l + | Du(x) [P dac) ]
A
- B ! (1+8)/ps
Scng(f(1+‘M p)dac) ]
= Byr E

[ P2 P poy (1+0)\ /pz
(sz[f(u[u];%i )dac] ) ]

Buyg

N
Q
S
[SIS)

N
=)
S
(SIS}

=cwl[(R"2 + [u]§z<1+6)sz[l+y+yéf 1-01ylp2]

Scoj(R™).

So, finally

I<co3(R™ [(1+ [Du)|™) de,
By
where c=c(yq, v, L, n, M;).
Now we proceed estimating the remaining terms starting by I71. We can

use (H5) and (4.9) and again the fact that « is Holder continuous (see
(4.1)):

IHSwaz(W(%) — (e |W?+ | Dv(x) |2)p(x)/2dx

Bp
<cwyRY) [+ |Du@) |*) da
B

In a similar way we get the estimate of IV:

IVs< wa2(|u(m) — ()| )(u? + | Dulx) |2)p(x)/2dx

B
<coy(RY) [+ | Du@) |7) dar .
Bp

We stress that the constants (denoted by c¢) found in the previous inequalities
depend on (yy, ys, n, L, M;) also via [u], (see again Theorem 3.6).
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To get the estimates of 17 and V we can argue exactly as in [AM1] but using
(4.6) and our higher integrability Theorem 3.1. We obtain

1
H$cw1(R)log(E) f | Du(z) |P2dx + cor 1 (R)R™,

Byr

1
V<co,(R) log(ﬁ) f | Du() |P2dic + co , (R)R™,

Bag

where the constant ¢ now depends also upon M,.
Collecting the previous bounds and summing up we get (keeping into ac-
count that w,(R") <cwg(R™)):

(4.11) I+I+ I +IV+V
sc[wl(R)log(%) +wg(an))] f(l + | Du(x) |P) dac .
Byr

Applying Ekeland variational principle.
We set for simplicity

1 _
F(R) = CUl(R) IOg(E) + wg(Rm)'

The assumption (2.5) allows us to say that

lim F(R)=0.
R—0
Now, by the minimality of v, from (4.10) and (4.11), we obtain
Go(w)s  inf G+ H(R),
1,1 BR)

w+ Wy (

where we set

H(R) := cF(R) [ (1+ |Du(x) |™) dar .

Bypr

We apply Theorem 1 from [Ek] («Ekeland variational principle»). Let V =u +
Wi (Bg) equipped with the distance

ER i
dwy, wp) :=H %R "% [ |Dwy(@) - Dun(w) |do

Bg

It is easy to see that the functional G, is lower semicontinuous with respect to
the topology induced by the distance d. Then by [Ek], Theorem 1 it follows
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that there exists voeu + W' 1(Bg) such that

@) [ |Du(x) — Dv(x) |dee < [H(R)]'* R
Bg

(@) Go(vo) < Go(u),

(111) v, is a local minimizer of the functional

2w go(w)+[ }; )

] f|Dw Dv, |dex .

By the minimality of v, we have that for every ¢ e Wi "2(Bg):

-1

(R)} f | Dvy(x) + Do () — Doy (x) | dee

R"

So(vo, Br) < Golvy + ¢, Br) + [
1 ,
< oo+ ¢, Br) + = [ |Duge) + D) [ d
2L,

1
+— f|DvO(ac) | d + cH(R),
2L )

Using growth assumptions (2.1) it follows in a simple way that

[ 1Dvo@) [P2dee < ¢ [ | Dug() + Do) | dee + e(H(R) + R™),
Bp

with ¢c=c(yy, v9, , L). This means that v, is a Q-minimizer of the functional

H(R)
wef(|Dw|7’2+ R + 1) dx

where @ = Q(y 1, y2, n, L) > 1. Observe that the dependence upon M; and M,
is incorporated in H(R). Then it is easy to see that (see [G], Theorem 6.7) there
exists an exponent of higher integrability s e (ps, po(1 + 6/4)) and a constant
¢ >0 such that

p2/s
f | Dvg () |sdac) < cf | Doy () |P2dae + c(l +

Bpyp B

H(R))

Rn
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On the other hand from the growth assumption (2.1) and from property (i):

L [ |Dvy(a) P2de < Go(wg) < So(w) < L [(1+ | Duta) |P)da

B B

SO

p2/s
4.12) ( vaO(ac)Pdac) <c 0+ [Du)|”) dz.

Bpp Byp
Comparison and conclusion.

We apply Proposition 3.5 witp};ﬁ!:he following choices: h(z) :=f(xy, (U)g, 2),

9= P2y Ao =F(R), 002[%] “ and
1’2*1
P2
] lew_D”0|d90.

Bpr

Iw, Bp) = Qo(w)+[ l;)

Then, by property (¢) we have for every >0

f|Dvo(w)|p2dac<c( ) f(u2+ | Dv, (ac)|2)W2dac+c[F(R)]p?ﬁf(1+ | Du(x) | %) da

b
[ BT LT
R" F(R)

<c ( % ) /f(ﬂz T | Dut@) [2P2di + cH(R) + cHR)F(R)]T-»
B

p2—1

+c[ H};{?) ] " HR™R

+c[F(R) f (1+ |Dux) |) da

Bg
for any 0 <o <R. We choose >0 such that
- - -1 -1
Y1 1<]02 1<ﬂ<]92 < V2 _

73 ps D2 71

Combining the previous facts, we easily get

(4.13) f | Dy (x0) |72 dee

B,

) f (W?+ |Du(x) [2y22 de + c[F(R) P f (1+ | D) |72) de,

B Byp
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with c=c(y, y2, n, L, My, M) and for any 0 <o < R. Now we use (4.13)
obtaining

(4.14) f | Du(x) |P2de < cf | Dvy () |P2de + cf | Du(a) — Dvy(x) |P2de
B, B B

[4 4 4

Q n , ,
$c|:(E) +[F(R)]P/’} f|Du(x)|de

Byr

+cR"+¢ f | Du(x) — Dvy () | P dee

Bgys

again for any 0 < ¢ < R. In order to complete the proof, we have to estimate of
the last term in the previous formula. We are going to do this by (4.12), (4.4),
(2.3) and Theorem 3.1. We choose 6 € (0, 1) such that 6/s + 1 — 6 = 1/p,; then,
recalling that s e (ps, po(1 + 6/4)), we have that

f | Du() — Dy () | P2 dax

Bpys

Opa/s (1-0)py
sCR"( f 1Duz) — Doy (o) |3dac) ( f 1Dutz) - Dvy(a) |dx)

By Brp

Opa/s Opa/s
sCRn[H(R)WzR"/pz]ﬂ9>pz[( f|Du(m)|Sdac) +( f|Dv0(ac)|8dx) ]
Brpe Brp

6

T+oi 0
ScR"{’[H(R)]“‘G)l( f|Du(x)|Pz<1+6/4>dx) +< f(1+|Du(x)|P2)dx)]

Bryp Byg

< CRna[H(R)](l—(i)

Trom 0
xl( f(1+|Du(ac)|”(“)(1+"/4+‘”1<83)))dx) /+( f(1+|Du(x)|p2>dx)]

Bgp Byp

< CRM)[H(R)](I—G)

0(1+9/4+ w1(8R))

1+0/4 0
xl( f(l + | Du(x) [P dac) + ( f(l + | Du(x) |2) dac) :|
B Byp

<c(My) R"™THR)]" 7
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001 (8R 6 0
%( fa+ |Du(ac)|p2)dac) +( fa+ |Du(m)|"2)dac)]
Bg

Byp

<|

0

< c(L)( f(1+ | Du(x) |#2) dac) [HR)]Y P <c[F(R)]*? f(1~|— | Du(x) |P2) de .
Byg Byg

In the previous estimate the constant dependsewlo(ge : (y1, Yo, m, L, My, M,)

while we remark that we used (2.3) to bound R "9 < ¢. We can now insert

this estimate in (4.14) and get
f | Du(x) |P2de<c [(% ) + [F(R)]T-9 + [F(R)]mﬂ] f | Du(x) |P2dx + cR™,
B, Byr

for any 0 < o < R. We set W(R) := [F(R)]" =9 + [F(R)]**#; from our assump-
tions it is clear that

lim W(R) =0.
R—0
Therefore, since the function
R—py(R)

is non-decreasing, we may estimate:
f | Du(zc) |P2(Q>dac < c[(%) + W(R)] f | Du(a) |P2(R)dx +cR",
B, Byg

for any 0 <o <R, where ¢ depends only on y, ys, n, L, M;, M,. At this
point the conclusion come arguing as in the last part of the proof of [AM1],
Proposition 3.1; so fixing 0 < 7 <n, by [AM1], Lemma 3.2 if we take R; > 0 de-
pending only on y+, vy, L, My, M5, w1, ws, T, such that W(R) < ¢, whenever
0<R<16R,, we may conclude, since p,(0) is nondecreasing with respect to o,

[ 1Dut) |9 d < e(My) "~

B,
whenever 0 < ¢ < Ry, a fact that we may assume without loss of generality. On
the other hand y; < py(p); so that

[ 1Dut) |71 dee < e(M) 0"

B,

for any 0 < o < R;. At this point the thesis of the theorem follows from an inte-
gral characterization of Hélder continuous functions due to Campanato (see
[G], chapter 2, section 3) together with a standard covering argu-
ment. ®



HOLDER CONTINUITY RESULTS FOR A CLASS ETC. 153

Proor oF THEOREM 2.4. — The proof of this theorem can be achieved follow-
ing Remark 3.3 from [AM1] observing that, fixed the Holder continuity expo-
nent a, in order to apply the iteration lemma as Proposition 3.1 from [AM1],
the assumption (2.5) is only used to establish that, for a constant 1=
An, p(x), L, a) >0 it follows there exists R;=R;(n, p(x), L, a) such
that:

, 1
glinowl(R)log(E) +w,(R) <A,

that is exactly (2.6). =

5. — Proof of Theorem 2.5.

Let f be as in the assumptions of the theorem. For any ue
WP (B(x,, R)), the problem

(5.1) min { f fxy, (g, Dw) da : weu + WP (B(x,, R))}
Bleo, B)

has a unique solution that we will denote with v. Using [Ma], estimates (2.4)
and (2.5), we can easily obtain

(5.2) f |D1;(90)—(Dv)xmg|p(”°)dm= f f (Dv(x) — Dv(y)) dy dx

’ plo)
B(xc,0) B(xe,0)  Blxe,0)

p(xp)
S[ sup |Dv(ac)—Dv(y)|]

x, yeB(xg, 0)

0 B plao)
S [c(—) sup|Dv|]
R Bgps

0 Bp(wo)
$C(E) f (1+ |Do(x) |P) da |

B(x,, R)
where o < R/2,¢> 0,0 </ <1 and both ¢ and  depend only on y , y,, L. We
consider the ball B(x,, 4R) cC Bg,s; from now on, when not differently speci-
fied, all the balls considered will have the same center x,. We set p, :=

maxp(x) = py(R). Let 7= asp , Wwhere we fix
Bin 2(n + B)
. [1 mo
:=min{ —, — ¢,

where o and m are as in the proof of Theorem 2.3. Arguing as in the previous
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section we get that there exists R; and a constant ¢, both only dependent on
L,y ve, @ and |[|Du|”™ |10, such that, whenever 0 <R <R;, we ob-
tain

(5.3) [ 1Dutz) | ® dor < R

Bg
Let now R be such that 4R < R, take x, € B, such that p(x,) = p, and let ve
u + W P2(Bg) be the solution of the previous problem (5.1). Working in a stan-
dard way and recalling the definitions of the function /(z) and of the function-
al G, given in (4.7), we get

(5.4) 90 (u) — 90(7))

= f(Dh(Dv(x)), Du(x) — Dv(x)yde [=0]

Bg

1
+ f dz f (1 — ) D 2h(tDux) + (1 — t) Du@))(Dule) — Dv() @ (Dulx) — Do) dt

Bg 0

1
= v [[do [(1=D(u? + |tDutz) + (1 - ) Do) )% 22 | Dux) — Do(x) |*dt
0

B

= [+ | Duo) |*+ | Do) |22 | Dutx) - Do) |2dac

B

We remark (see [SZ]) that the second integral in the first equality may have a
singularity when

(5.5) tDu(x) + (1 —t) Dv(x) =0,

but this may happen at most for one value of t. On the other hand D2h(p) is a
positive defined form for p # 0, so it is not difficult to see that this identity is
also valid in the exceptional case in which (5.5) is satisfied for a certain ¢,. For
example one can erase an interval (¢, — ¢, ¢, + ¢) from the integration domain,
get the result of the integral and then let ¢ —0. So estimates (5.4) are also
valid in the case of functions f of class C* with respect to the variable 2 in the
domain Q X R x (R"\{0}), while all the other estimates in this section are
still valid without differentiability assumptions on f; hence we can prove Theo-
rem 2 without approximation arguments.
Arguing as in the previous section, we get

] 1
8ol1) < Gy() + ¢ [wg[Rm] +01(R)log (— )] [+ |Du@) ) de.

Byg



HOLDER CONTINUITY RESULTS FOR A CLASS ETC. 155
Now, using the assumptions and by the previous definition of &, we get

f (u* + | Du(x) |* + | Do) [P~ | Du(xr) — Du(x) |* dee

Bp

<cR* [(1+ |Du(z)|") da .
Bsg

On the other hand, it is not difficult to get the following estimate:

(5.6) [ 1Dut) - Doty | ® dx < cR* [ (1+ | D) ) dav
Bp Byg

in the case p = 2, the previous inequality is obvious, while in the case p <2 we
can rapidly deduce it by Holder inequality (see [AM1], pag. 138), the minimali-
ty of v and the bounds for f.

Finally, we recall that we choose 4R < R; and so we can use (5.2), (5.3),
(5.6), the minimality of v and the fact that the map R+ p,(R) is nondecreas-
ing, to get

f | Du— (Du), | P2die < f | Du— (D), | "2dax

B, B,

e - o, e - Do

B, Bp

Bpa(R)
$C(E) Q”f(1+|Du|”2(R))dx
Bp

+cR“§f(1 + | Du(x) |P2) dx
Byg

Bpa(R) Bpa(R) n
SC(g) Q”(g) (E) R" T+ cR“IR"+R"]
R R R

<co""’R P T+ cRUR" .

Now we chose o = %R”e with 0 = (a&)/(n + B). If we write again the last

term only with o, we get that the exponent of the two term of the sum are
equal and so by the previous choice of 7, they are equal to n + 4 with 1 =
(a&B)/2(n + f + af); from the choice of a, 3, & we easily get that 1 = 1, > 0 for
some A, dependent only on L, y, v,. From the previous chain of inequalities,
again by the integral characterization of Holder continuous functions due to
Campanato and the usual covering argument, we get that Du is Holder contin-
uous. This finishes the proof. m
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