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Some Lattice Properties of Normal-by-Finite Subgroups.

MARIA DE FALCO - CARMELA MUSELLA

Sunto. – Un sottogruppo H di un gruppo G è detto normale-per-finito se il nocciolo HG
di H in G ha indice finito in H. È stato provato da Buckley, Lennox, Neumann,
Smith e Wiegold che se ogni sottogruppo di un gruppo G è normale-per-finito, allo-
ra G è abeliano-per-finito, supposto che le sue immagini omomorfe periodiche sia-
no localmente finite. In questo articolo si descrive la struttura dei gruppi G per i
quali l’insieme parzialmente ordinato nf (G) dei sottogruppi normali-per-finito ve-
rifica alcune rilevanti proprietà.

Summary. – A subgroup H of a group G is said to be normal-by-finite if the core HG of
H in G has finite index in H. It has been proved by Buckley, Lennox, Neumann,
Smith and Wiegold that if every subgroup of a group G is normal-by-finite, then G
is abelian-by-finite, provided that all its periodic homomorphic images are locally
finite. The aim of this article is to describe the structure of groups G for which the
partially ordered set nf (G) consisting of all normal-by-finite subgroups satisfies
certain relevant properties.

1. – Introduction.

A subgroup H of a group G is said to be normal-by-finite if the core HG of
H in G has finite index in H . It has been proved by Buckley, Lennox, Neu-
mann, Smith and Wiegold ([1], [2]) that if every subgroup of a group G is nor-
mal-by-finite, then G is abelian-by-finite, provided that all its periodic homo-
morphic images are locally finite (in particular, this is the case if the group G is
locally soluble). Clearly the intersection of finitely many normal-by-finite sub-
groups is likewise normal-by-finite, while the join of two normal-by-finite sub-
groups need not be normal-by-finite. In fact, every finite subgroup of an arbit-
rary group is obviously normal-by-finite, and any periodic simple group G
which is not locally finite must contain two finite subgroups X and Y such that
aX , Yb is infinite. On the other hand, if G is a locally finite group, the set nf (G)
of all normal-by-finite subgroups of G is a sublattice of the subgroup lattice
7(G). A similar property does not hold in general for soluble non-periodic
groups, as the following example shows. Let A4 aab3 abb be a free abelian
group of rank 2 , and let x and y be the automorphisms of A defined by the
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properties a x 4a 21 , b x 4b 21 , a y 4b , b y 4a; in the semidirect product
ax , yb l3A the infinite core-free subgroup aa , xb is generated by two sub-
groups of order 2 .

The aim of this article is to describe the structure of groups G for which the
partially ordered set nf (G) consisting of all normal-by-finite subgroups satis-
fies certain relevant properties. Since all subgroups of a finite group are nor-
mal-by-finite, we will restrict the attention to situations that have already
been studied in the case of subgroup lattices of finite groups. Our results
should also be seen in relation to the corresponding statements for the lattice
of normal subgroups or for other relevant lattices of generalized normal sub-
groups that have recently been considered (see for instance [4], [5], [9]).

Most of our notation is standard and can be found in [10]. We will use the
monograph [11] as a general reference for results on subgroup lattices.

2. – Decomposable ordered sets.

A partially ordered set is said to be decomposable if it is isomorphic to the
direct product of two non-trivial partially ordered sets. It has been proved by
Suzuki [12] that a group G has decomposable subgroup lattice if and only if G
is periodic and G4G1 3G2 , where G1 and G2 are coprime non-trivial sub-
groups of G . Groups with decomposable lattice of normal subgroups have been
characterized by Curzio [3], while Franciosi and de Giovanni [7] described
groups for which the partially ordered set of subnormal subgroups is
decomposable.

THEOREM 2.1. – Let G be a group. The partially ordered set nf (G) of all
normal-by-finite subgroups of G is decomposable if and only if G4G1 3G2 ,
where G1 and G2 are non-trivial subgroups of G such that if N1 and N2 are
normal subgroups of G1 and G2 , respectively, the factor groups G1 /N1 and
G2 /N2 have no elements of the same prime order.

PROOF. – Suppose first that nf (G) is decomposable, and let

W : nf (G) K71 372

be an order isomorphism, where 71 and 72 are non-trivial partially ordered
sets. Clearly 7i has a smallest element Oi and a largest element Ii (i41, 2),
and the preimages G1 4W21 (I1 , O2 ) and G2 4W21 (O1 , I2 ) are non-trivial nor-
mal-by-finite subgroups of G such that G1 OG2 4 ]1(. Moreover G has no
proper normal-by-finite subgroups containing both G1 and G2 . If a1 and a2 are
elements of 71 and 72 , respectively, we have

(a1 , a2 ) 4sup ](a1 , O2 ), (O1 , a2 )(
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and

(a1 , O2 ) 4 inf ](a1 , a2 ), (I1 , O2 )(, (O1 , a2 ) 4 inf ](a1 , a2 ), (O1 , I2 )(.

It follows that, if X is any normal-by-finite subgroup of G , then X coincides
with the smallest normal-by-finite subgroup of G containing aXOG1 , XOG2 b.
Let g be any element of G1 . Then G2

g is the smallest normal-by-finite subgroup
of G , containing

a(G2
g OG1 ), (G2

g OG2 )b 4G2
g OG2 ,

so that G2
g 4G2

g OG2 GG2 and G2 is a normal subgroup of aG1 , G2 b. A similar
argument shows that also G1 is normal in aG1 , G2 b, so that aG1 , G2 b 4G1 3G2

and aG1 , G2 b is a normal-by-finite subgroup of G . Therefore G4G1 3G2 is the
direct product of its non-trivial subgroups G1 and G2 . If X is any normal-by-fi-
nite subgroup of G , it follows that also aXOG1 , XOG2 b is normal-by-finite,
and hence X4 (XOG1 )3 (XOG2 ). Let N1 and N2 be normal subgroups of G1

and G2 , respectively, and assume by contradiction that there exist elements
g1 �G1 and g2 �G2 such that the cosets g1 N1 and g2 N2 have the same prime or-
der p . Put K4 ag1 , g2 b. Then KN1 N2 /N1 N2 is an elementary abelian group of
order p 2 , and the interval [KN1 N2 /N1 N2 ] is contained in the set nf (G). It fol-
lows that KN1 N2 /N1 N2 has decomposable subgroup lattice, a contradiction.

C o n v e r s e l y , s u p p o s e t h a t t h e g r o u p G4G1 3G2 s a t i s f i e s t h e c o n d i t i o n o f
t h e s t a t e m e n t . I f N1 a n d N2 a r e n o r m a l s u b g r o u p s o f G1 a n d G2 , re s p e c t -
i v e l y , s u c h t h a t G1 /N1 a n d G2 /N2 h a v e n o n - t r i v i a l c e n t r e , i t f o l l o w s f r o m t h e
h y p o t h e s e s t h a t Z(G1 /N1 ) an d Z(G2 /N2 ) ar e p e r i o d i c a n d c o p r i m e ; t h u s t h e
l a t t i c e o f a l l n o r m a l s u b g r o u p s o f t h e g r o u p G i s d e c o m p o s a b l e a n d N4

(NOG1 )3 (NOG2 ) for each normal subgroup N of G (see [11], Theorem
9.1.5). Let X be any normal-by-finite subgroup of G , and put X1 4XOG1

and X2 4XOG2 . Assume that the subgroup X1 X2 is properly contained in X ,
so that X1 is a proper subgroup of K1 4XG2 OG1 and X2 is a proper sub-
group of K2 4XG1 OG2 . Moreover the factor groups K1 /X1 and K2 /X2 are
isomorphic (see [11], Theorem 1.6.1). Consider now the core XG of X in G ,
and write N1 4XG OG1 and N2 4XG OG2 . On the other hand, XG 4N1 N2 and
XG has finite index in X , so that also the indices NK1 : N1N and NK2 : N2N are fi-
nite. As K1 /X1 CK2 /X2 , it follows that there exists a prime number p dividing
the orders of both finite groups K1 /N1 and K2 /N2 , a contradiction. Therefore
X4 (XOG1 )3 (XOG2 ) for every normal-by-finite subgroup X of G , and
hence the map

X O (XOG1 , XOG2 )

is an order isomorphism between the partially ordered sets nf (G) and
nf (G1 )3nf (G2 ), so that nf (G) is decomposable. r
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Combining Theorem 2.1 and Suzuki’s result quoted in the introduction, we
get the following corollary.

COROLLARY 2.2. – Let G be a periodic group. The partially ordered set
nf (G) is decomposable if and only if the lattice 7(G) is decomposable.

3. – Complemented ordered sets.

Let 7 be a lattice with smallest element O and largest element I , and
let a be an element of 7; an element x of 7 is said to be a complement of a if
aRx4O and aSx4I . The lattice 7 is called complemented if every element
of 7 has a complement.

Recall that a group G is a K-group if its subgroup lattice 7(G) is comple-
mented, and G is a C-group if every subgroup X of G has a complement Y in G
such that XY4YX . Extending these concepts, we shall say that a non-empty
subset 4 of 7(G) is complemented (respectively, permutably complemented) if
for every element X of 4 there exists Y�4 such that aX , Yb 4G and XOY4

]1( (respectivley, XY4G and XOY4 ]1().
In order to characterize groups G for which the set of all normal-by-finite

subgroups is a permutably complemented subset of 7(G) we need a series of
lemmas. The first of them shows in particular that any periodic group with
permutably complemented set of normal-by-finite subgroups is meta-
belian.

LEMMA 3.1. – Let G be a group such that the set nf (G) is permutably com-
plemented. Then the subgroup G 9 is torsion-free.

PROOF. – Let x be any element of finite order of G 9 , and let K be a normal-
by-finite subgroup of G such that G4 axb K and axbOK4 ]1(. The factor
group G/KG is a finite C-group, so that it is metabelian, and G 9 is contained in
K . It follows that x41, and hence the subgroup G 9 is torsion-free. r

LEMMA 3.2. – Let G be a group such that the set nf (G) is permutably com-
plemented, and let N be a torsion-free normal subgroup of G . Then every G-
invariant subgroup of N has a G-invariant complement in N .

PROOF. – Let H be any G-invariant subgroup of N , and let K be a normal-
by-finite subgroup of G such that G4HK and HOK4 ]1(. Clearly KON is
a complement of H in N . There exists also a normal-by-finite subgroup L of G
such that G4(KGON) L and KGONOL4]1(, so that N4(KGON)(LON)
and N/KG ONCLON is torsion-free. On the other hand, KON/KG ON is
finite, and hence KON4KG ON is a normal subgroup of G . The lemma is
proved. r
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COROLLARY 3.3. – Let G be a torsion-free group. Then the set nf (G) is per-
mutably complemented if and only if G is a direct product of simple
groups.

PROOF. – Suppose first that nf (G) is permutably complemented. Then the
lattice of all normal subgroups of G is complemented by Lemma 3.2, and it fol-
lows that G is a direct product of simple groups (see [11], Theorem
9.1.8).

Conversely, if G is a direct product of (torsion-free) simple groups, it is
well-known that all factor groups of G are likewise torsion-free. Therefore
every normal-by-finite subgroup of G is normal, and hence the set nf (G) is
(permutably) complemented. r

LEMMA 3.4. – Let G be a periodic group such that the set nf (G) is per-
mutably complemented. Then G is a C-group, and its socle S has finite
index.

PROOF. – The group G is metabelian by Lemma 3.1, so that in particular the
subgroup S is abelian and G 8 is contained in S (see [11], Lemma 3.1.7). Let K
be a normal-by-finite subgroup of G such that G4SK and SOK4 ]1(; then
K is an abelian group with complemented subgroup lattice, and hence it is the
direct product of subgroups of prime order. Let N be a minimal normal sub-
group of G , and let E be any finite non-trivial subgroup of N . By hypothesis
there exists a normal-by-finite subgroup L of G such that G4EL and EOL4

]1(, so that N4E3 (LON); moreover, LON is normal in G4NL and it is
properly contained in N , so that LON4 ]1( and N4E . It follows that every
minimal normal subgroup of G has prime order, so that S4Dri�I Ni , where
each Ni is a normal subgroup of G of prime order. Therefore G is a C-group
(see [11], Theorem 3.2.5). Since K does not contain minimal normal subgroups
of G , the core of K in G is trivial (see [11], Lemma 3.1.7), and hence K is
finite. r

LEMMA 3.5. – Let G be a group such that the set nf (G) is permutably com-
plemented. Then G 9 is perfect and G/G 9 is a C-group. Moreover, G 9 is the sub-
group generated by all torsion-free minimal normal subgroups of G .

PROOF. – Since G/G (3) is a soluble group in which every normal subgroup
has a complement, we have that G/G (3) is a K-group (see [11], Theorem 3.1.14),
so that in particular it is periodic (see [6]). Thus G/G (3) is a C-group by Lemma
3.4, and hence it is metabelian, so that G 94G (3) is perfect and G/G 9 is a C-
group. As G/G 9 is periodic, G 9 contains the subgroup K generated by all tor-
sion-free minimal normal subgroups of G , and by Lemma 3.2 there exists a
normal subgroup L of G such that G 94K3L . Assume by contradiction that K
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is properly contained in G 9 , and consider a non-trivial element x of L . Let M
be a G-invariant subgroup of L which is maximal with respect to the condition
that x�M . Again by Lemma 3.2 we have that L contains a G-invariant sub-
group V such that L4M3V . Write x4ab with a�M and b�V0]1(. Let N
be any non-trivial G-invariant subgroup of V . Then x belongs to MN4M3N
and hence b�N . It follows that the normal closure abbG is a minimal normal
subgroup of G , so that it is contained in K . This contradiction proves that G 94

K is generated by the torsion-free minimal normal subgroups of G . r

We can now prove the main result of this section.

THEOREM 3.6. – Let G be a group. The set nf (G) of all normal-by-finite sub-
groups of G is permutably complemented if and only if G4E l3 (N3A),
where E is a finite C-group, N is a direct product of torsion-free non-abelian
minimal normal subgroups of G , and A is a direct product of normal sub-
groups of G of prime order.

PROOF. – Suppose first that the set nf (G) of all normal-by-finite subgroups
of G is permutably complemented, so that it follows from Lemma 3.5 that the
subgroup N4G 9 is a direct product of torsion-free minimal normal subgroups
of G . Let K be a normal-by-finite subgroup of G such that G4NK and
NOK4 ]1(. Then K is a C-group by Lemma 3.5, and so its socle S is abelian.
The socle A of the core KG of K contains every abelian normal subgroup of K
(see [11], Lemma 3.1.7), so that in particular SOKG is contained in A; thus
KG /A is finite by Lemma 3.4, and hence also K/A is finite. Moreover,

A4 Dr
i�I

Ai ,

where each Ai is a normal subgroup of prime order of K (see [11], Lemma
3.1.7). Since NA4N3A , every Ai is also normal in G4NK . Let E be a nor-
mal-by-finite subgroup of G such that G4 (NA)E and NAOE4 ]1(. Clearly
NA has finite index in G , and so E is a finite C-group. Conversely, suppose that
the group G4E l3 (N3A) satisfies the conditions of the statement, and let X
be any normal-by-finite subgroup of G . Put Y4XONA; as N is torsion-free
and Y/YG is finite, we have YON4YG ON and by Remak’s theorem (see [10],
p. 86) there exists a normal subgroup M of G such that N4 (YON)3M .
Moreover, A contains a G-invariant subgroup B such that A4 (YNOA)3B
(see [11], Lemma 3.1.8). It follows that the normal subgroup MB of G is a com-
plement of Y in NA (see [11], Lemma 3.1.4). Since E is a C-group, there exists a
subgroup L of E such that E4 (XNAOE)L and E4XNAOEOL4 ]1(.
Thus the normal-by-finite subgroup K4MBL is a complement of X in G (see
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[11], Lemma 3.1.4). Finally,

XK4X(YMB) L4XNAL4XNA( (XNAOE)L) 4XNAE4G ,

so that XK4KX and the set nf (G) is pemutably complemented. r

Observe that the elements of finite order of a group with permutably com-
plemented set of normal-by-finite subgroups need not form a subgroup. In
fact, if N1 and N2 are isomorphic simple torsion-free groups and a is any auto-
morphism of N4N1 3N2 such that N1

a4N2 , N2
a4N1 and a 2 41, the semidi-

rect product G4 aab l3N satisfies the conditions of Theorem 3.6 and hence
nf (G) is a permutably complemented subset of 7(G).

It has been proved by Napolitani [8] that if G is a soluble group in which
every normal subgroup has a complement, then the lattice 7(G) is comple-
mented. Here we note the following slight generalization of this result.

PROPOSITION 3.7. – Let G be a soluble-by-finite group. If every normal-by-
finite subgroup of G has a complement, then G is a K-group.

PROOF. – Let K be the largest soluble normal subgroup of G . Since every fi-
nite homomorphic image of G is a K-group, we may suppose that K is not triv-
ial, so that there is a non-negative integer n such that A4K (n) is an abelian
non-trivial normal subgroup of G . Let L be a complement of A in G . Then LC

G/A is a K-group by induction on the derived length of K . Moreover, A is a di-
rect product of minimal normal subgroups of G (see [11], Lemma 3.1.7), and
hence G itself is a K-group (see [11], Lemma 3.1.9). r

In the soluble-by-finite case it is also possible to describe groups for which
the set of all normal-by-finite subgroups is a complemented subset of the lat-
tice of all subgroups.

THEOREM 3.8. – Let G be a soluble-by-finite group. Then the following
statements are equivalent:

(a) every normal-by-finite subgroup of G has a normal-by-finite
complement;

(b) every subgroup of G has a normal-by-finite complement;

(c) G4E l3A , where A is a direct product of abelian minimal normal
subgroups of G and E is a finite K-group.

PROOF. – Suppose first that (a) holds, and consider the subgroup A generated
by all abelian minimal normal subgroups of G . Let E be a normal-by-finite sub-
group of G such that G4AE and AOE4 ]1(. Assume that E is infinite, so that
also its core EG is infinite, and hence E contains an abelian non-trivial G-invari-
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ant subgroup B of G . On the other hand, A contains all abelian normal sub-
groups of G (see [11], Lemma 3.1.7), a contradiction since AOE4 ]1(. There-
fore ECG/A is a finite K-group, and G satisfies (c).

Suppose now that condition (c) holds, and let X be any subgroup of G . Since
E is a K-group, there exists a subgroup Y of E such that E4 aXOE , Yb and
XOEOY4 ]1(. Moreover, aX , EbOA is a normal subgroup of G4AE , and
so there exists a G-invariant complement B of aX , EbOA in A (see [11], Lem-
ma 3.1.8). It follows that YB is a complement of X in G (see [11], Lemma 3.1.4),
and YB is a normal-by-finite subgroup of G since E is finite. Thus (b)
holds.

Finally it is clear that (a) is a consequence of (b). r

Let 7 be a lattice with smallest element O and largest element I . A non-
empty subset X of 7 is called boolean if it is a complemented subset of 7

and

(xSy)Rz4 (xRz)S (yRz)

for all elements x , y , z of X . Clearly a sublattice of 7 is a boolean subset if and
only if it is a boolean lattice and contains O , I . However, the above definition
applies also to arbitrary subsets of 7 .

COROLLARY 3.9. – Let G be a soluble-by-finite group such that nf (G) is a
boolean subset of 7(G). Then G is a periodic abelian group whose non-trivial
primary components have prime order. In particular, 7(G) is a boolean
lattice.

PROOF. – By Theorem 3.8, we have G4E l3A , where A is a direct product
of abelian minimal normal subgroups of G and E is a finite K-group. In particu-
lar, G is locally finite and hence nf (G) is a sublattice of 7(G); thus nf (G) is a
boolean lattice, so that it is uniquely complemented. It follows that E is a nor-
mal subgroup of G , so that G4E3A and 7(G) is a boolean lattice. Then the
group G is abelian, and it has the required structure. r
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