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Bollettino U. M. I.
(8) 6-B (2003), 693-716

A Mathematical Introduction to the Wigner Formulation
of Quantum Mechanics.

Luict BARLETTI (*)

Sunto. — Il presente articolo ¢ una rassegna di alcuni aspetti matematici fondamentali
della formulazione Wigneriana della meccanica quantistica. A partive dagli assio-
mi della meccanica quantistica e della meccanica statistica quantistica viene mo-
tiwata Uintroduzione della trasformazione di Wigner e viene infine dedotta l'equa-
zione di Wigner.

Summary. — The paper is devoted to review, from a mathematical point of view, some
fundamental aspects of the Wigner formulation of quantum mechanics. Starting
from the axioms of quantum mechanics and of quantum statistics, we justify the
mtroduction of the Wigner transform and eventually deduce the Wigner equa-
tion.

1. - Introduction.

The present notes are intended to give a brief introduction to the math-
ematical aspects of the Wigner formulation of quantum mechanics. We shall
restrict our discussion to quantum mechanical systems with d degrees of free-
dom. By this we mean that we do not treat here spin-like degrees of freedom,
identical particles systems, relativistic quantum mechanies, or quantum fields.
To be more precise, we shall focus our attention on quantum systems whose
states are described by the Hilbert space L2(R?, C). However, more general
versions of the Wigner equation have been introduced for spin systems
[2,8,10] and for second-quantized systems, [7, 15].

During the last decade, the mathematical community has devoted to Wign-
er equation and related topics an increasing interest. Two aspects of such in-
terest, among many others, are worth to be underlined here: the use of Wign-

(*) The author’s research in the field of Wigner equation is supported by INDAM-
GNFM «Progetto Giovani 2001» entitled Modelli matematici per i dispositivi a
semiconduttore.
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er equations to deduce and prove semiclassical limits [5, 16, 20, 21] and, from a
more applied point of view, the use of Wigner equation for semiconductor de-
vices modeling [11, 14, 22, 28]. It is also worth to remark that the Wigner
equation itself brings interesting mathematical problems. For example, the
well-posedness of the stationary Wigner equation with inflow-like boundary
conditions has not been fully proved so far, even in the one-dimensional case,
[1, 3,4].

Since in the present paper we wish to focus our attention on founding and
mathematical aspects, the point of view that we are going to adopt is that of an
axiomatic exposition, which is not concerned with the why of things. We re-
commend the book of Mackey [19] to the reader interested to a careful discus-
sion of the axioms of quantum mechanics.

The paper is organized as follows. In Section 2 we recall and briefly com-
ment the fundamental axioms of quantum mechanies, concerning the descrip-
tion of physical states, observables, measurements and dynamics. In Section 3
we recall the concept of «quantization» of a classical system and illustrate the
Weyl quantization rule. This topic is closely related to the Wigner formulation
of quantum mechanics, as it will become apparent later on. Section 4 is devoted
to motivate and introduce the axioms of statistical quantum mechanics, which
are an extension of the axioms presented in Section 2. This is the main step to
the defintion of Wigner transform, which is most naturally defined for mixed
states, rather than pure states. In Section 5 we introduce the Wigner trans-
form & as a unitary mapping of LZ(R%¢, C) into itself. We also define the
«Wigner functions» as the image under W of the functions that belong to the
physically meaningful subset of LZ(R??, C) representing mixed states. The
axioms of statistical quantum mechanics are then revisited in such Wigner
representation that shows interesting analogies with classical statistical me-
chanics. Finally, in Section 6 we discuss the «wignerization» of operators. The
explicit expressions of two important categories of operators, namely the con-
stant coefficient differential operators and the multiplication operators, will be
computed. This allows us, starting from the quantum Liouville equation, to de-
duce the so-called Wigner equation, i.e., the dynamical equation for the Wi-
gner functions.

2. — The axioms of quantum mechanics.

Let us consider a mechanical system with d degrees of freedom. The de-
scription that quantum mechanics (QM) gives of such system can be summa-
rized under the form of four axioms.
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Axiom 2.1 (States of the system). — The possible states of the system are
represented by unitary vectors belonging to the Hilbert space

2.1) I :=L32R%, C).

Such vectors are usually called «wave functions» of the system.

Axiom 2.2 (Observable quantities). — The physical observable quantities of
the system (or, simply, «observables»), such as position coordinates, momen-
tum coordinates, kinetic energy and so on, are represented by linear, self-ad-
joint operators on IC(%).

Axiom 2.3 (Measurements). — The result of the measurement of an observ-
able associated to the self-adjoint operator A, performed when the system 1is
wn the state vy € IC, is a random variable X4 . The law of X, ., is given by the
spectral measure associated to A and y:

2.2) Prob[X4,, e Bl = (), J5(4) v)

for all Borel subsets B of R.

In the above equation, (-, -) denotes the standard Hermitian product of IC

23) (p, )= [ @) pla) do

Rd
and J; denotes the indicator function of the Borel set &:

1, ifxe®B

2.4) Jg () { 0 ifued
We recall that the spectral theorem [24] defines a self-adjoint operator f(A)
for any Borel-measurable function f: R—R and any self-adjoint operator A.
In particular, if fis bounded, then f(A) is a bounded operator and if = 0, then
f(A) is a positive operator. It turns out that, if ¥ belongs to the domain (D(A) of
A, then the random variable X, , has finite expectation and

(2.5) Expect [X,,,]1 = (v, Ayp).

The last axiom we are going to consider concerns the time evolution of the
system.

(!) We remark that an observable A is not necessarily a bounded operator and, the-
refore, a domain (D(A) c IC should always be specified.
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Axiom 2.4 (Evolution). — Let H denote the self-adjoint operator, called
«Hamiltonian», associated to the observable «total energy». If at time t, the
system 1s in the state v, then, at any other time te R the system is in the
state
2.6) p(t)y=e 7Ty
In eq. (2.6), the one-parameter famaily e7tH, te R, 1s the unitary group of
transformations generated by H, [24]. The symbol # denotes Planck’s con-
stant divided by 2m. The differential version of eq. (2.6) has the form of an
evolution equation in the space I, namely

2.7) ih%w(t) =Hy(t), teR,

which is the abstract form of Schrodinger equation.

Let us make some comments on Axioms 2.1-2.4. The first Axiom tells us
how QM describes physical states (?). Contrarily to classical mechanics, where
the state is a distribution in phase-space, having, therefore, a direct physical
meaning, a quantum mechanical state 1 does not possess such direct physical
meaning. However 3 encloses all the physical information, which has to be
«extracted», so to speak, from . Axioms 2.2 and 2.3 constitute the general
rule to extract physical information from the wave function. In particular, they
tell us that such information has an intrinsically probabilistic nature. The ran-
domness of nature at the quantum scale is something unavoidable, which do
not disappear even if we would use an ideal instrument of infinite precision.
Thus, the knowledge of the distribution of the random variable X, , is the
best we can expect from the theory and from the experiments.

It is important to notice at this point that the already mentioned spectral
theorem fournishes the following «consistency» rule:

(2.8) FXa, ) =Xpa),

which holds for any Borel-measurable function f: R— R and any self-adjoint
operator A.

REMARK 2.1. — So far, nothing has been said about the stmultaneous mea-
surement of two or more observables. Indeed, Axiom 2.3 should be completed
by the following statement: a set of «commuting observables» (i.e., a set of k
observables whose associated self-adjoint operators A, ...A;, commmute

(®) We remark that here we should have been speaking of pure states; in Sec. 4 we
shall see that a more general class of states, the mixed states which are needed in quan-
tum statistics, can be introduced.
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pairwise) can be measured simultaneously in any state y and the result of
the measurement is a multiple random variable (Xy, , ..., Xa,,,) whose law
is given by ()

(2.9) Prob[(Xy4,, », .-, X4, ) € Br X ... X Bl = (9, Ig, (A1) ... Ig, (A1) ),

where By, ..., B, are Borel sets in R. In the case of non-commuting observ-
ables, the possibility of simultaneous measurement may be state-dependent or
even undefined at all (for a careful discussion of this point see
Ref.[23]). =

Finally, Axiom 2.4 tells us that the evolution of the system is deterministic:
once the quantum mechanical state is known at a certain time, all the past and

future states of the system are determined. Since the operators e 7" are uni-
tary, the norm of 3, is preserved during the evolution.

3. — Quantization.

The presentation of QM developed so far is rather formal and, indeed, Ax-
ioms 2.1-2.4 describe quite general aspects of the theory, which are common to
other quantum theories. In order to make the axioms really «work», the cru-
cial point is to specify the correspondence

observable quantities — self-adjoint operators .

Such specification is the so-called quantization. To be more precise, let us re-
call that a physical observable is described in classical mechanics (CM) by a
real function y = y(r, p), defined on the phase space R*’=R?XxR% For
example, the kinetic energy of a free particle of mass m is given by the func-
tion y(r, p) = p?/2m (and d = 3, in this case). From the point of view of quan-
tization, such function y is usually termed the classical symbol (or simply the
«symbol») of the observable under consideration.

DEFINITION 3.1. — We call «quantization» a procedure that allows to asso-
ctate to a classical symbol y a self-adjoint operator A, that describes in QM
the same physical quantity represented in CM by 7.

The quantization procedure starts from a fundamental quantization, i.e.,
the quantization of the symbols y(r, p) = r, associated to the observable «posi-
tion», and y(r, p) = p, associated to the observable «momentum».

() We recall that the probabilities of the «rectangular» Borel sets, of the form
x%_,B;, uniquely defines the probabilities of all the Borel sets in R¥. Thus, the law of
the multiple random variable (X, , ..., X4, ,) is completely determined by (2.9) (see,
e.g., Ref. [6]).



698 LUIGI BARLETTI

OBSERVABLE

CM QM

quantization
SYMBOL v S.A. OPERATOR A,

Figure 1. — The quantization scheme.

The fundamental quantization rests on physical experience and prescribes
that to the symbols 7 and p correspond the self-adjoint operators A, and A, de-
fined as follows:

B.1) (A ) @) ==ay(x), xeR?
for all y e X(A,) := {y e I|A,yp e I}, and

(3.2 (A, y)(x) = —ihaiw(m), xeR?
o

for all p e (A,) := {yp e IC|A,y e I}. Note that » and p are vectors of sym-
bols and, correspondingly, egs. (3.1) and (3.2) define vectors of operators. For
J=1,2,...,d, each component 7; of » and p; of p is a scalar observable and,
correspondingly, each component A4, of A, and A, of A, is a self-adjoint opera-
tor. Note also that we used the notation '

) ‘_( o) ) 0 )
on &xl’ 8902’“" oy '

An interesting fact is that the operators A, and A, transform into each other,
by similarity, through the Fourier transform

(33) F)p) = @) [y e da

Rd

Since the components of A, are pairwise commuting operators, according
to Axiom 2.3 and Remark 2.1 the result of a measurement of the position, when
our system is in the state w, is a multiple random variable X, , =
(XA”‘I,,, e X Ard,w) whose law is given by (2.9). Each component A,,j of A, is
such that [A, y1(x) = x;1(x) and thus, if B; is any Borel subset of R, from the
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spectral theorem we have that the bounded operator Jg(A,) is given by
(3.4) [95,(A,) 91(2) = g, (x) p(x), xeRY,

for every y e IC. Therefore, for any rectangular Borel set B cR? of the form
B = x4_,B;, from (2.9) and (3.4) we obtain

Prob[X, , e B] = (, 35, (A,) 55 (A,) ... 5. (A,) p) =

d
J 11 @) 5@ wiw) do = [ 35,00 5@ ey do = flpay |2
B

Rt /=1 RY

Hence, we can conclude that the (multiple) random variable X, ,, is absolutely
continuous and |y(x) |2 is its density. We therefore have the well known fact
that the squared modulus of the wave function is the density of the random
variable «measurement of position».

Analogously, let us consider the momentum operator A,, whose compo-

nents A, = —ihai ,j=1,2, ..., d, commute pairwise. According to Axiom 2.3
%

and Remark 2.1 the result of a measurement of the momentum, when our sys-
tem is in the state v, is a multiple random variable X Ay =
(X4, > ---» Xa,,,y)- In order to apply (2.9) to obtain the law of X, ,, we ob-
serve that the spectral theorem implies that, for any given Borel set $,eR,

the Fourier-transformed operator 3’33], (4,,) F ! acts as the multiplication by
J{Bj(pj)a i'e-7

(3.5) [T (A,) T 9Ip) = 3 () w(p), peRY,

for every v e IC. Thus, according to (2.9) and (3.5), for any rectangular Borel
set B = x{_;B;cR? and for every y e I we can write

Prob[X,, € B = (v, J5,(A,)d5,(4,,) ... Ig,(4,) p) =

(T, TFdg (A

DT NT (A, T T,

Ay T TY) =

d
(15, | 9w [*dp = [| ) dp.
= B

reJ

Hence, the (multiple) random variable XAP,I/) is absolutely continuous and
|(Fp)(p)|? is its density. Therefore, the squared modulus of the Fourier
transform of the wave function is the density of the random variable «mea-
surement of momentum».

Starting from the fundamental quantization, we need a recipe to quantize
all the other observables. If the symbol y is a function of the sole », or of the
sole p, the consistency relation (2.8) implies that the only possible quantization
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rule is given by the spectral theorem:
(3~6) Af(’r) :f(Ar)7 Ag(p) = g(Ap)a

for every measurable f=f(r) and g = g(p). But for a general y = y(r, p) we
immediately step into a difficulty. In fact, the lack of commutativity between
A, and A, makes unclear any «naive» attempt to establish a correspondence
y—A,. Consider, for example, the symbol y(r, p) = *p: how do we quantize
it? It is evident that there are many possible choices, such as A7A,, A,A,A,,
A, A7 or also (A7A,+A,A,A. +A,A?)/3, and so on. It is immediate to see
that, indeed, not all these expressions define the same operator.

We have, therefore, to choose a unambiguous quantization rule. The re-
quirements for such quantization are the following:

(Q1) it must associate to any symbol y (with the opportune regularity) a
unique self-adjoint operator A,;

(Q2) it must respect the fundamental quantization, defined by (3.1), (3.2) and
(3.6);

(Q3) it must reduce quantum mechanics to classical mechanics in the «classi-
cal limit» 2—0.

A commonly accepted rule which satisfies the requirements (Q1)-(Q3) is
the Weyl quantization, [26], defined by

6D Ay = [ V(x;y,p) w(y) &7 dydp

d .y pd
Ry xRy

for all x € R%. We remark that the above expression is only formal since we did
not specify the required properties of the symbol, neither the domain of A, .
For a rigorous description of Weyl quantization we refer the reader to [13, 26].
The above defined operator A, is sometimes indicated with the suggestive no-
tation y(A,, 4,). As an exercise, the reader may check that, at least formally,
the quantization properties (Q1) and (Q2) are satisfied and compute the Weyl
quantization of the symbol r2p, with d =1 ().

REMARK 3.1. — We have seen that, thanks to Weyl quantization, every clas-
sical observable has its counterpart in QM. However, the converse is not true:
there exist quantum observables (i.e., self-adjoint operators) that are not the
quantization of any classical quantity. m

As an important illustration of the above Remark 3.1, let us consider for
every wave function 3 the orthogonal projection P, onto the subspace of IC

(*) Solution: A,2,=A,A4,A, = (AZA,+A,A%)/2.
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spanned by :
3.8) Pz/) = <1/)7>1/)

It is easy to see that P, is self-adjoint and that its spectrum is composed by the
two eigenvalues 1 and 0 corresponding to the eigenspaces P,JC and (I —
P,) 9, respectively. Thus, according to Axioms 2.2 and 2.3, to P,, there corre-
sponds an «observable quantity» that takes the value 1 with certainty if and
only if the system is in state 1. We shall, therefore, interpret P, as the observ-
able quantity «beeing in state y», which has the possible values 1 (=yes) and 0
(=no). The observable P, has no classical counterpart. We also note that,
since there is a 1-1 correspondence between states an projections, we should
also identify the two objects. Such point of view will be prevalent in quantum
statistics (ses Sec. 4).

We end this section by noting that, for every self-adjoint operator A and
for every e D(A) the following equality holds

(3.9) (yp, Ay) =Tr (P, A),

where Tr denotes the operator trace (°). From eq. (2.2), therefore, we have
that all the physically relevant informations of the theory (probabilities and
expectations) can be expressed as traces of operators of the form (3.9).

4. — Statistical quantum mechanics.

The wave function of a quantum mechanical systems represents the «best
possible» physical knowledge we can have on the system and, as we have seen
in Sec. 2, such «best possible» knowledge is «uncertain» in its intrinsic nature.
However in many occasions we cannot expect to have such complete, although
probabilistic, information. This is the typical situation, for example, when the
number of degrees of freedom is very high, as in many-particles systems. In
such cases we are forced to describe our system by something which is differ-
ent from the wave function that we have considered so far and we say that we
are doing statistical quantum mechanics, or quantum statistics, [12, 23].

In order to see which kind of object has to substitute the wave function in
statistical QM, let us consider the case of a system S with d degrees of freedom
which is a subsystem of a larger system S with d + D degrees of freedom
(where d is usually small and D very large as in the case of a single particle

(®) We recall the definition of trace. If C is a separable Hilbert space with Hermi-
tian product (-, -) and {¢ & He =1 is an orthonormal basis of JC, the trace of a positive ope-

rator A is Tr(A) = 2 <¢> s A¢ ). Such definition does not depend on the choice of the
basis and it is extended to all operators such that Tr(|A|) < + o« (see Ref. [24]).
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dispersed into a gas of many other similar particles). Let ¥ = ¥(x, 1) be the
wave function of the large system S', with xeR? and 7 e Rg. From Fubini’s
theorem we have that, for almost every neR?, the function x—vy ,(x) :=
Y(x, n) is a wave function for the small subsystem S. Now, consider an observ-
able A which involves only the first d coordinates x of ¥. Note that A can be
regarded as acting on L*(R% x RY, C) as well as on L*(RZ, C). Such operator
A represents a physical quantity possessed by the subsystem S.

If we formally compute the expected value of A in the state ¥ by using (3.9)
we obtain

4.1) w, AWy = [(p,, Ap,ydy = [Tep, 4) dn:Tr( wadnA),
D D lR[)

RW RW n

where in the first and in the second term (-, -) indicates the Hermitian prod-
uets in L2(RE x RY, C) and in 9€ = L2(RY, C), respectively. The above equa-
tion shows that the expected value of A can be expressed as the trace of pA,
where the operator ¢ = £ P, dn is defined by

R

"

(4.2) oY = wawdn, Pe X.

Ry

Before going on, it is worth to make a brief digression in order to recall
some basic facts about Hilbert-Schmidt and density operators. We firstly re-
call that a bounded operator ¢ on I is a Hilbert-Schmidt (HS) operator if

4.3) llolles = (o, 0)us)™® := (Tr (00 *)"*

is finite. The space of HS-operators on ), denoted by J»(J(), is a Hilbert space
with respect to the above norm and Hermitian product.
The proofs of Theorems 4.1 and 4.2 below can be found in Ref. [24].

THEOREM 4.1. — An operator o0 on I is HS if and only if a function
o(x, y), belonging to LRI x RY, C) exists such that

(4.4) (oy)(x) = f o(x, y) y(y) dy
RY

Jor all y e IC. Moreover, the correspondence between the operator o and the
wtegral kernel o(x, y) is an isomorphism between the Hilbert spaces Jp(I()
and L*(REx RY, C).

The Hilbert spaces J»(90) and LZ*(R%x RY, C) are both isomorphic to
H Q IC. In the following, for the sake of simplicity, we shall make a systematic
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identification of the three spaces. In particular, the same symbol ¢ will be used
to indicate both the HS-operator and its kernel. Moreover, we shall allow a
double interpretation of the tensor product y @ ¢ of vy, ¢ € I:

1. as a HS-operator:
(4.5) YQ®p:=(g, )y

2. as a function (kernel of the above operator):
(4.6) (Y @¢)x, y) ==y gy), w,yeR.

We now focus our attention on density operators, which are a special class of
HS-operators.
DEFINITION 4.1. — A HS-operator o on ) is called density operator if it has
the following properties:
() o is self-adjoint;
(ii) o is positive (%)
(i) Tr(o) =1.
The following characterization is a fundamental point in the analysis of

density operators.

THEOREM 4.2. — An operator o on I is a density operator if and only if
there exist a complete orthonormal system {¢;};=1 of I and a sequence of

non-negative real numbers {a;},, with > a;=1, such that
il =t

4.7 0= élaj 999

Moreoveg every ¢; 1is an eigenfunction of o with eigenvector o; and

lolffis = 2 .
j=1

It is now time to come back to the operator o = [ P, dn which we have met
P\D

n
at the beginning of this section. We recall that ¥ e L*(R% x R?, C) is a wave
function of the «large» system §" and vy, := ¥(-, 5) is a wave function of the
«small» subsystem S.

PROPOSITION 4.1. — The operator o defined by (4.2) is a density operator on ).

() We recall that o is «positive» if (1, o) =0 for all y e IC.
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ProorF. — We have to prove that o is HS and that (i), (i), (ii) of
Definition 4.1 hold.
(i) From (4.2) and (3.8) we have, for any given y € J(,

(oy)(x) = f fwn(y) Y, (@) (y) dy dny = f@(ac, y) Y(y) dy,

D d d
Ry By Ry

where

o, y) = | T v, @ dn= | T, P e, n)dn.

RY RY

By using Holder’s inequality we obtain

| te@ pirazay<s [ (e, mpipaeay [, Payan<a,

RYx RY RYx RY RIX R}

since ¥ is a wave function and, as such, it is normalized to unity. Thus, ¢ is a
Hilbert-Schmidt operator (see Theorem 4.1) and the self-adjointness follows
immediately from o(x, ¥) = o(y, ).

(ii) For any given 1y € JC note that

2
fﬂl’(x,n)de dn=0,

RY

o ovy=J

D
RW

which means, by definition, that o is positive. (see, e.g., Ref. [24]).
(iii) Let {e;};=, be a complete orthonormal system of JC. For almost every
neRY we have

S (e v 2= [ 1wy@ 2de= [0, ) |2ds
' RY

d
@ Rx

and, therefore,

f‘l’(ﬂc, 1) e;(x) du 2d77 =

RY

Tr (o) = 21(67:, 0e;) = i f

=1.D
Ry

= .21 f|<9ia ¥ |Pdn = f |¥(x, n)|*dedy =1,
1= R?

RIx RY
where we used again the fact that ¥ is a wave function. =

We remark that putting w(x) := [ W(x, ) dy does not define a wave
RD

function for the subsystem S since, n general, such ¥ does not belong
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to IC. The integration with respect to n of a wave function ¥(x,n) of
the large system S' has a well defined meaning only as an operator.

All this considered, we are led to generalize Axiom 2.1 by defining a more
general class of quantum states.

Axiom 4.1 (Mixed states of the system). — The mixed states of a quantum
mechanical systems, whose wave functions belong to IC, are represented by
the density operators acting on I. The mixed state o is said to be a pure state
if and only if a wave function y € IC exists such that o =P, (see (3.8)).

The integral kernel o(x, y) of a density operator ¢ (see Theorem 4.1) is
usually called density matriz. Note that, according to (4.5) and (4.6), the pure
state o =P, has the form v ®v and its density matrix of is o(x, y) =

W) p(y).

REMARK 4.1. — We can restate Theorem 4.2 by saying that mixed states are
convex combinations, possibly infinite, of pure states.

We are led by (2.2), (3.9) and (4.1) to extend Axiom 2.3 as follows.

AxioMm 4.2 (Measurements in mixed states). — The result of a measurement
of the observable A, performed when the system is in the mixed state o, is a
random variable X, , with law given by

4.8) Prob[X,, ,e€ B] =Tr(oJg(A))
for all Borel subset $B of R.

We recall that J;(A) is a bounded operator and, therefore, the trace ap-
pearing in (4.8) is finite (see Ref. [24], Theorem VI.19). The discussion of the
cases in which X, , has finite expectation, given by

4.9) Expect[X, ,] = Tr(0A),

is more delicate and goes beyond the scope of the present notes.

We now turn our attention to dynamics; in fact, we still have to extend
Axiom 2.4 to the evolution of mixed states. Recall that the evolution of
a pure state is given by eq.(2.6). Therefore, if we use the operatorial
form v ®y to describe pure states, we obtain from (2.6) and (4.5)

i i i i
*Z(t*to)H q(t*tq)H *Z(t*to)H *Z(t*tg)H

POyt =(e UG Po,)e

e‘;(t_tO)H

Yo =(e Yo=

Lt—t H

(1/)()@1/)0)9" ’

i
g(t tO) H

(Yo, e ) e_i(t_tO)Hi/Jo:

where the unitarity of e 7" was used. Since every mixed state has the
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form (4.7), by linearity we are led from the previous calculation to extend
Axiom 2.4 in the following way.

Axiom 4.3 (Evolution of mixed states). — Let H be the Hamiltonian of the
system. If at time t, the system is in the mixed state o, then, at any other
time te R the system is in the mixed state
(4.10) oty = e FTWH g er W

By formally differentiating eq. (4.10) with respect to time we obtain the
differential version of (4.10), called quantum Liouville equation:

(4.11) ih%@(t) =[H, o(®)], teR,

where [A, B] := AB — BA is the commutator between the operators A and B.
The quantum Liouville equation (4.11) is the mixed-state version of
Schrodinger equation (2.7).

5. — The Wigner transform.

The Wigner transform was introduced by E. Wigner in 1932, [27]. It is a
«phase-space like» representation of (statistical) QM. By this we mean, exact-
ly, that the Wigner transform is a unitary mapping that takes a mixed state
mto something that is formally similar to a distribution in phase-space. In
QM, of course, it cannot exist a thing like a «distribution in phase space» since,
owing to Heisenberg’s uncertainity relation, the position of the system in
phase-space is an undefined quantity. The analogy of the Wigner representa-
tion of QM with the classical statistical mechanics, however, turns out to be
useful and very suggestive in many situations, [8, 22, 25]. Nevertheless, it is
worth to remark that the Wigner transform constitutes also an useful tool in
other branches of pure and applied mathematics, [9, 10, 13, 16].

In the last section we introduced the main objects of statistical QM, which
are density operators on the Hilbert space IC = L2(R%, C). We have also seen
that such operators are in a 1-1 isometric correspondence with their integral
kernels belonging to L*(R% x RY, C) ~ IC® IC and, therefore, kernels and op-
erators can be canonically identified.

Let us consider the map R of LZ(R%x R, C) into LZ(R¢ x R{, C) given
by

h h
(5~1) (S{Q)(T9 5) = Q (7‘+ Eé? r—= Eg) ’
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corresponding to the change of variables (x, y)—(r, &)

+
p=2Y r=r+—§
2
r—y
= :'}/‘——
§=— Y £

A simple computation yields

(5.3) (Ro1, Ro2) =001, 02)

for all o4, 04, i.e., R is a unitary transformation from LZ2(R?¢, C) into itself,
apart from the constant factor 7%

Let us also consider the map % of L*(R¢x R{, C) into L*(R¢ x RY, C)
given by

(5.4) (Fg)r, p) = @) [ g(r, &) e 74 dE,

d
Rg

for all g e L2(R¢ x RY, C). Note that J; is the Fourier transform with respect
to the second group of variables, with the normalization constant (27) ¢ in-
stead of the standard (27)%2. Thus, Plancherel’s theorem yields

(5.5) (Foth, Foga) = (2m)" U g1, o)

for all gy, g5.

DEFINITION 5.1. — The Wigner transform is the map

(5.6) Wi= HR: LARE X RY, C) = LA2RE X RY, O).
Explicitly:
4 h h .
6.7 (Wo)(r, p) =Q2r) *Jo|r+ Eé,r—gé e PEdE
Rd

for all pe LA(RE X RY, C).
From eqgs. (56.3) and (5.5) we obtain that

(5.8) (Wo1, Wos) = (2ah) o1, 02)

for all 01, 02€ L2(RY X RY, C), ie., the Wigner transform is a unitary trasfor-

mation of L2(R%¢, C) in itself, apart from the constant factor (27#) % By

using (7 'w)(r, &) = [w(r, p) e®Pdp and (5.2), it is immediate to see that the
“Rd
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inverse Wigner transform W 1= R 1F ! is given by
+ .
5.9 (Wﬁlw)(x, y) = fw ( % , p) ez(xfy)‘P/h dp
Rd

for all we L*(RY x RY, C).

So far we have considered the Wigner transform of a generic function ¢ e
L2(RY x Rj, C). However, the ¢’s that interest us the most are those which
represent quantum mechanical mixed states, i.e., density matrices/opera-
tors.

DEFINITION 5.2. — A «physical Wigner function» (or, simply, «Wigner
function») is the Wigner transform of a density matrixz (7).

For example, the Wigner transform of a pure state P, is a Wigner function
that will be denoted by w?:

(5.10) w¥ = WP, eI,

This is the most important example since from Theorem 4.2 it follows, by li-
nearity, that every Wigner function is a convex combination of pure-state Wi-
gner functions.

The following proposition gives another characterization of physical Wi-
gner functions.

PROPOSITION 5.1. — A function we L*(RE x RY, C) is the Wigner transform
of a density matrixz o if and only if it has the following properties:
(P1) w is real;
®2 [ wer, pydrdp=1,
RYx RY

(P3) f w(r, p) w?(r, p) drdp =0, for all v e I

RYx RY

ProOF. — Recalling Definition 4.1 and Theorems 4.1, 4.2 of Sec. 3, it is not
difficult to prove that ¢ is a density matrix if and only if
P1) olx, y) = o(y, x), for all x, yeRY;
®2) [o(w, ) de=1;

R¢ _
(P3’) f o, y) y(x) w(y) dedy =0, for all ye IC.
RIx RY
(") Note that, if the density matrix o(x, ¥) has, as usual, the physical dimensions of a
density in position space, then, the Wigner transform of ¢ has the physical dimensions of
a density in phase-space.
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Now, if w = Wo, 0 = W 'w, by using (5.1) and (5.9) we immediately see that
(P1') is equivalent to (P1). Moreover, if we compute f w(r, p) drdp and use
) R x RZ
the identity (27)"% [ e " *dp = 5(E), we can see that (P2') is equivalent to
Rd

14
(P2). Finally, by using (5.8) and denoting by ¢ ¥ the density matrix of the pure
state P,, we can write

f 0@, y) (@) Y(y) dic dy =(0, 0 V)2 e, oy = ) (w, 10V )25 g, ) =

RIXRY

@y [ wir, p)w?(r, p) drdp

»d 5 Rl
Ry xR,

(where we also used the fact that wV is real) and, therefore, (P3’) is equivalent
to P3). =

Analogously to wave functions (and density matrices), a Wigner function
does not possess a direct physical meaning and physical information has to be
extracted by taking expected values (see Axioms 2.3 and 4.2). To this aim, by
using (3.7), (4.7) and (5.7), it is not difficult to prove the following important
result.

PROPOSITION 5.2. — Let o e LA(RY x RY, C) be a density matriz and let
w="WoeL?*RYx Rg, C) be the corresponding Wigner function. Moreover,
let A, be the Weyl quantization of a symbol y, such that oA, has finite trace.
Then,

(5.11) Tr(0A,) = f y(r, p) w(r, p) drdp .

REx RS

From the discussion developed in the previous sections and, in particular,
from eq. (4.9), we have that the above formula expresses expected values of
measurements of observables in the Wigner picture. Here, the analogy with
classical statistical mechanics is apparent; in fact, if w was a classical distribu-
tion in phase-space, eq. (5.11) would be the classical expectation of y. However,
w itself cannot be interpreted as a density. In fact, w is real, according to (P1),
but it is not necessarily non-negative.

Nevertheless, the «marginal distributions of w» are true distributions. In
fact, let BcR? and y(r, p) := J4(r). Thus, recalling the definition (3.1) of the
position operator A, and using (3.6), (4.8), (5.11) we get

Prob[X,, ,€ Bl =Tr(odz(4,)) =Tr(e4,) = f w(r, p) drdp
53ng
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which means that »— J w(r, p) dp is the position density. This can also be ver-
R

ified directly by computing

(5.12) fw(r, p) dp =o(r, r) = Elaj |pi(r)|?
RrY J=
from (4.7). Analogously, we can verify that p+— ! w(r, p) dr is the momentum
density Ry
(5.13) Jautr, )y dar=ao, p) = 3 a; [ )00 2
R} =

In the last equation, ¢ is the «density matrix in momentum representa-
tion»

(5.14) o, = 3 a9 ) T M0
J=

(see (3.3) and (4.7)). The precise meaning of the integrals and diagonal traces
appearing in eqs. (5.12) and (5.13) is discussed in Ref. [18], section II. We do
not enter here in details.

REMARK 5.1. — In Sec. 3 we have remarked that P, is an observable that has
no classical counterpart (see Remark 3.1) and the same is true, more in gener-
al, for a density operator p. Let w = Wo be the Wigner transform of o. Then,
by using (3.7), (4.4) and (5.9) we get the following interesting relation

(5.15) 0= A(Z:rh)dw

which means that the density operator is the Weyl quantization of the associ-
ated Wigner function (times a constant factor (2s74)%). Thus, o is not the quan-
tization of any classical symbol because it is the quantization of the non-classi-
cal symbol w. Note also from eq. (5.15) that in some sense the Wigner trans-
form and the Weyl quantization are inverse each other. =

6. — The Wigner equation.

In the previous section we have introduced the Wigner formulation of QM.
In particular, we have seen how mixed states and expected values of observ-
ables look like in such a formulation, which shows striking analogies with clas-
sical statistical mechanies.

We now turn our attention to the dynamical aspects. The aim of the present
section is to deduce an evolution equation for the Wigner functions starting
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from the evolution equation for density operators, i.e., from the Liouville equa-
tion (4.11).

In view of this, we focus now our attention on operators acting on a HS-op-
erator (or, equivalently, on a HS-matrix) ¢ in the commutator form [A, g],
where A is a linear operator on IC. The operator A is assumed to satisfy the fol-
lowing assumptions:

(A1) A is a linear operator on IC with domain (D(A);
(A2) (X(A) is dense in I
(A3) A is closable.

Let us suppose for a moment that o is a density operator; then, in this case,
(4.7) holds and we can easily deduce

6.1) (4, 01 = 5 a,{(49) @0, - ;8 (479}
J=
Explicitly, the action on the density matrix is
62 4, 0lw, =2 a {4 @) ;) —9,;(@) AT )W) } -
=

This suggests to re-define
(6.3) [A, ] =AQI-IQA*.

We recall (see Ref. [24], sec. VIII.10) that AQ I — I Q A * is defined as follows.
For elements of the form y ® ¢, with v e M(A) and ¢ € D(A*), we put

(6.4) ACI-ICA*) Y ®¢) = (AY)Qd — Y Q(A*¢).

Then, the definition is linearly extended to the subspace M(A) © (X(A*) of fi-
nite linear combinations of such elements. Under the assumptions (Al)-(A3),
such subspace is dense in H & I and the operator A O — I © A * with domain
M(A) © D(A*) is closable. Thus, the operator A®1 — I @ A* is defined as the
closure of AQI—TOA*.

We can now prescribe a «canonical way» of associating to an operator A
acting on JC (i.e., on the pure-state space) an operator A™ acting on Wigner
functions (or, more in general, to functions belonging to LZ(R} x RY, C)). We
recall that ¥ denotes the Wigner transform (see Definition 5.1).

DEFINITION 6.1. — For every A satisfying the assumptions (Al)-(A3) we
define the operator

(6.5) AVE = WIA, -] W_I:U)(Amg)ng(Rff, X Rg, C)—>L2(R‘Z X Rg, ©),
where [A, -1 =AQI - IQA* and MNAVE) := WA, - ).
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We shall call A™ the «wignerization» of A. Let us illustrate the wigneriza-
tion of two significant categories of operators: the constant coefficient differ-
ential operators and the multiplication operators. In the examples we shall
proceed in a formal way, disregarding questions concerning the domains.

ExampLE 6.1 (Constant coefficient differential operators). — We look for
the wignerization of a constant coefficient differential operator D of the
form
(6.6) D:= > ¢k,

k| <mn
where the coefficients ¢, are complex constants and ne N U {0} is the degree

of D. Here we are using the multi-index convention: if k = (k,, ..., k;) is a d-
uple of non-negative integers, we put

(6.7 ok = oh o ot
' v St St S ke

and |k|:=k;+ks+...+k;. By using (6.1) we obtain the expression for
(D, I

6.8) [D,-1= 3 (85— (=1 3k
k] <n
Now, from (5.1) it follows that

3, 0 3, 9
RIR =2 + = and R ayg{,*l - oz
2 h 2 h

and from (5.4)

9, 1@ 9, 1
wa,wi=24+ L 4 o= - L
2 h 2 h
where p denotes the vector of multiplication oparators, by pi, ps, ..., ps- By

exploiting linearity and the commutativity of 9, and p, from (6.8) we finally ob-
tain the wignerization D™ of D:

‘ 3, ip\F 3, ip\*
69) D= 3 ¢ (_w_)— —1lk(_*’—_) . m
69 i < k{ > ") TV T T

As a particular case of the above example, let us consider the quantum-me-

chanical kinetic energy operator

(6.10) Aprpy=———4,
Ph2 2m
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where 4 is the Laplace operator which is of the form (6.6) with

1, ifk = (2,2,...,2),
(6.11) Cp =

0, otherwise.

Thus, from eq. (6.9) we obtain that in the Wigner representation the kinetic
energy operator is a free-streaming operator, namely

. h
(6.12) A = — 255
m

ExamMpLE 6.2 (Multiplication operators). — Consider a (complex) function
V=V(x) and let Ay indicate the corresponding multiplication operator on I(:

(6.13) (Apyp)(@) == V() p(x), weRY

(let us observe that the notation Ay is consistent with the definition (3.7)). By
(6.1) we have that [Ay, -], acting on L*(R% x RJ, C), is the multiplication oper-
ator by V(x) — V(y). Then, from (5.1) we easily obtain that R[Ay, -1R 1, act-
ing on LZ(R? x RY, C), is the multiplication by the function

(6.14) SVir, &):ZV(V—F 25) —V(r— gg)

After the application of the subsequent transformation 7, see (5.4), we finally
obtain that the wignerization of the multiplication operator Ay is given by the
pseudo-differential operator, [13],

(6.15) APE=6V(r, —id,),

i.e., explicitly,

(6.16) (AYEw)(r, p) = (2m)~ ¢ f OV(r, E) wlr, p') e PP EdEdp .

d.,, pd
Rg xRy

Note that the right hand side of (6.16) can be put in the convolution
form

6.17) ArEwr, p) = [ GV, p—p") wlr, p') dp'.

rd
RY,

After a little algebra, and assuming V real, we can relate the convolution ker-
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nel with the Fourier transform of the function V:

da/2
(_h) 2 Re[eZip'T/h(m(Zp)] if d is odd,
6.18) (FoV)(r, p)i=1 -

e
(_h) 2 Im [e2?""(FV)(2p)] if d is even.
7

It is now possible to write the dynamical equations for the Wigner funec-
tions. From the previous discussion it follows that, if the density operator o
satisfies the quantum Liouville equation (4.11), then, the corresponding Wi-
gner function w:= Wp satisfies the evolution equation

(6.19) th %w(t) =H"™8w(t), teR

in the Hilbert Space LZ(RY x RY, C), where H " is the wignerization of the
Hamiltonian H on IJ(, according to Definition 6.1. Let us consider a typical
Hamiltonian of the form

(6.20) H = Ap2/2m + Av,

where A2, is the kinetic energy operator (6.10) and Ay is the potential en-
ergy operator (V is the potential energy function). From eqgs. (6.12) and (6.15)
it follows that

) . . h
(6.21) H™e = A;f;‘fzm +AVE= — l—p-a,, + oV(r, —1id,).
m
Therefore, the evolution equation (6.19) takes the specific form

(6.22) Sty + Py + Lovir, —i3,) wit) =0,
ot m h
which is known as Wigner equation (%).

Eq. (6.22) confirms, at the level of dynamical equations, the analogy be-
tween the Wigner formulation of QM and the classical statistical mechanics.
In fact, we recall that a classical statistical ensemble f(r, p, t), subject to a po-
tential V, evolves in time according to the Liouville equation, [17],

2
(6.23) C o+ L s -0,v-8, fit) =0.
ot m
Note that the main formal difference between eq. (6.22) and eq. (6.23) is in the

(®) See Refs. [18, 20] for a discussion of the well-posedness of the initial-value pro-
blem for eq. (6.22).
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potential term, which in the former is given by the pseudo-differential opera-
tor (6.16).

One of the main results on the Wigner equation (6.22) is that it reduces to
Louville equation (6.23), i.e., it gives classical dynamics, in the classical limit
fi—0. The reader can readily check this by noting that, formally,

L y f SV(r, & w(r, p') e PPV dEdp' — —8,V-9, w(r, p)
h(z ﬂ) RY x Rz,

as #—0. For a precise mathematical statement and proof of this result the
reader is referred to the paper of Lions and Paul, [18].

In conclusion we leave the reader with an exercise: prove that for quadrat-
ic potentials, i.e., potentials of the form

d d
1

Vir)=— E a7+ Zbﬂi-ﬁ-c
2i,j=1 i=1

with a;, b;, ceR for 7,j=1,...d, the pseudo-differential operator oV(r, —19,)
reduces to the operator %9, V-3, and, therefore, the Wigner equation is for-
mally identical to the classical Liouville equation.
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