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Bollettino U. M. I.
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Quasimonotone Systems of Higher Order.

MANFRED KRONZ

Sunto. — Consideriamo sistemi nonlineari quasimonotont di tipo di divergenza di or-
dine alto con crescenza di ordine p, p = 2 e coefficienti di Dini continui. Usando la
tecnica dell’approssimazione armonica, diamo una dimostrazione dirvetta per la
regolarita parziale di soluzioni deboli.

Summary. — We consider higher order quasimonotone nonlinear systems of divergence
type with growth of order p, p =2, and Dini continuous coefficients. Using the
technique of harmonic approximation we give a direct partial regularity proof for
weak solutions.

1. — Introduction.

In this paper we are concerned with the regularity of weak solutions to
quasimonotone nonlinear systems of higher order in divergence form of the

type

)] f(il(x,D’”u)D”Z(;Jd(E”:O,
Q

where Q is a bounded domain in R", u is a function in the Sobolev space
wWmr(Q,RN), m=1, p=2, £" is the Lebesgue measure and (1:Q X
O™R", RY) ->Hom(O™(R", RY), R), (x, Q) — A(x, Q), is Dini continuous
with respect to @, strictly quasimonotone and C' with respect to Q. Here
O™(R", RY) = RN(W:; ) denotes the vectorspace of symmetric m-linear RY-
valued functions on R”.

In the case of weak solutions ue W™ 2(2, RY) to inhomogeneous nonlin-
ear elliptic systems of the type

) f(il(x, ou, D"u) D" pdL" =
Q

m—1
fa(ac, ou)yD"pdL"+ X by(x, ou, D"u) D¥@dL"
k=0

Q
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of higher order in divergence form (here ou = (u, Du, ..., D™ 'u)), it has
been proved by Giaquinta and Modica [GM1], assuming natural hypotheses on
the regularity and the growth of 4 = A(x, q, @) with respect to @, Holder
continuity with respect to & and ¢ and suitable growth and continuity assump-
tions on the inhomogenities and regularity assumptions on u (ie. ue
WL =(Q, RY)), that u has Hélder continuous m "-order derivatives outside
a singular set of Lebesgue measure 0 for some positive Holder exponent. Re-
cently, Duzaar, Gastel and Grotowski [DGG] gave a partial regularity proof
for the homogeneous elliptic system (2), which yields, using the technique of
harmonic approximation, the optimal partial regularity result (with respect
to the Holder exponent). Partial regularity results for minimizers of the
functional

® Fauy = [ fouy d.e”
Q

of second order, whose integrand satisfies a quasiconvexity condition in the
sense of Morrey were first proved by Evans [E], using an indirect blow-up ar-
gument. A direct proof, using higher integrability arguments, for minimizers
of quasiconvex variational integrals Qf flx, u, Du) dL" was supplied by Gia-

quinta and Modica [GM2]. In [K] the current author obtained a partial regu-
larity result for minimizers of quasiconvex functionals [f(D™u) d£" of higher
2

order with the technique of harmonic approximation. Guidorzi [Gu] proves the
same result with an indirect blow-up argument. In attempting to extend Evans’
partial regularity result for minimizers of the variational integral (3) to weak
solutions of second order nonlinear systems of type (1), Hamburger [H] re-
placed the quasiconvexity condition on the integrand in (3) by a quasimono-
tonicity condition on (. This corresponds to the fact that quasiconvexity of a
function is implied by quasimonotonicity of its gradient. Moreover he assumes
Holder continuity of @ with respect to & with Holder exponent a and proves
partial C™ “-regularity of u. (For the concept of quasimonotonicity and rela-
tions to monotonicity, convexity and quasiconvexity see Hamburger [H] and
also Fuchs [F] and Zhang [Z].)

In this paper we extend Hamburger’s result on weak solutions of quasi-
monotone systems of second order to those of quasimonotone systems of arbit-
rary order. To prove partial regularity results for weak solutions of system (1)
we assume that @ is uniformly strictly quasimonotone, which means that for
all balls B,(x))ccf, any Qe ©™(R", RY) and all test functions ¢e
Co* (B,(29), RY) there holds

| A, Q+D ) D gder =0 [ (D4 D)) der.

By (x9) By (x9)
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Moreover we assume, that @ is Dini continuous with respect to «. This means
that there exists a modulus of continuity w:R.y—R., with W(g) :=

f w(s) ds < « for some o > 0 such that for all x;, x,€ 2 and Q@ € ©™(R", RY)
there holds

0 s

| Ay, Q) — Alxrz, Q)| < (| — 2| )1+ |Q]P 7).

Our main result can be stated as follows: Assuming the additional standard
hypothesis |Dq@(x, Q)| < L(1+ |Q|?), a weak solution u e W™ (2, RY),
p=2,is C™ outside a (relatively) closed singular set X of Lebesgue measure 0
and D™ wu has the modulus of continuity o W(p) in a neighborhood of every
point x, in the regular set Q\ZX.

As in the case of second order systems, the uniformly quasimonotonicity
condition for (@ implies that Dy is elliptic in the sense of Legendre-
Hadamard. With regard to regularity theory, the uniform strict quasimono-
tonicity permits the proof of a Caccioppoli inequality for weak solutions of (1).
Both allow us to apply the technique of harmonie approximations and to give a
direct proof of our partial regularity result.

The point of this technique is the fact, that for a bilinear form & on
O™(R", RY) which is elliptic in the sense of Legendre-Hadamard, an «ap-
proximately (B, m)-harmonic» function v — that means Qf BD™v, D" @) dL"

is sufficiently small for all test function ¢ — lies L>-close to some function
with [BD™h, D" ¢) dL" = 0. Then, standard a priori sestimates for % lead
Q

to estimates for excess terms.

In this paper we deal with the bilinear form B = DyA(x,, D™ P, ,), where
ro€ 2 and P, , is a special polynomial of degree at most 7 which is associated
to a weak solution of system (1) on a ball B,(x,). Applying the technique of
harmonic approximation we derive decay estimates for our excess term

g/(xO’ 0, Pxo,g) =

12
(9_2 f o rw-p, ppde o f |D7”_1(“—Pxo,@)|pd£n)

Bg(x()) BQ(.?L'())

in points x,e 2 where ¥(x,, 0, P, ,) is sufficiently small. Iterating this ex-

cess term, we derive an estimate for [ |D™ '(u — P, ,)|*d£" which is valid
B,.(x)

for all 0 <7< and all x in a sufficiently small neighborhood of x, and which
implies our partial regularity result. Here, even in the case p # 2 of non-linear
growth of @, we only use L 2-estimates, i.e. standard a priori estimates for sol-
utions of constant coefficient elliptic systems.
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2. — Hypotheses and statements of results.

Assume that @ in (1) fulfills the following conditions:

(H1) The function @ is C* with respect to Q and strictly quasimonotone, i.e.
there exist an exponent p = 2 and a constant 4 > 0 such that for all balls
B,(x5) cc 2, Qe ©"(R", RY) and ¢ € Cy* (B, (xy), RY) there holds

f(il(aco,Q+Dm<p)Dm(pd£”2/l f (|ID™@|*+ |D™@|?) dL";

By (o) By (x9)

(H2) there exists a nondecreasing concave function w:R.,—R., with
w(0) =0 such that for all x;, 2,2 and Qe ®™(R", RY) there
holds

| A2y, @) — Az, Q) | Sw(|wy — a2 |) (1+]Q|7™1);
moreover we assume that s—s #w(s) is nonincreasing for some expo-
nent €10, 1[ and that w fulfills Dini’s condition

Q

Wo) 1=f

0

(H3) there exists L >0 such that for all xe 2, and Qe ©®™(R", RY) there
holds

w(s)

ds < o for some ©>0;

| Doz, Q)| SL(1+ |Q|"2).
REMARK 1. — (1) Notice that the conditions (H2) and (H3) imply that there

exists k> 0 such that

@ A, Q| s|Ax, Q) — Alx, Q)| +

1
| Ay, 0) | + ‘fDQ(il(xo, Q) di||1Q] <k (1+|Q|P™ )
0

for all xe Q and Q@ € ©@™(R", RY). From this we infer that hypothesis (H1) is
valid for all @ e W ?(B,(x), RY).

(2) From (H3) we infer the existence of a continuous, non-negative func-
tion v(t, s), for fixed s monotone increasing in ¢ and vice versa, concave in s
with v(t, 0) =0 and

| Do Q(y, Q1) — Do, Q) | <

(1+ |Q1|p72+ |Q2|p72) v(|Q1], |21 — x| + |Q1— Q:2|)
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for all x;, 2, 2 and @, Qs ©™(R", RY). This implies that there exists a
monotone increasing and concave function vjy:Rso—Rs, with v,(0) =0
and

(B)  [DQ(wy, Q1) — DoAlws, Q) | <

(1+MP2+ |Q2|p72) VM(|901_902| + |Q1_Q2|)

for all x;, x5 2 and Q;, @ O™ (R", RY) with |Q: | <M.
(3) In view of hypotheses (H1) and (H3) we see that for given ¢e
Wi P (B, (), RY)

f Axy, Q+D™ @) D" pd L" = f (Axy, Q+D™ @) — A2y, Q) D" pd L" =

B(,(ocg) BQ(CE‘())

1
| Do, @+tnm @7 ¢, D7) dtac =i [ (|p7g>+ D7 gP)de

By(xg) 0 B, ()

Rescaling ¢ to ep and letting £\0, we obtain that (H1)-(H3) imply

(6) f DqoA(xy, Q)(D" @, D" @) dL" =2 f [D™@|*dL"

By () By (o)
for all balls B, (1) cc 2, @ e ©"(R", RY) and ¢ e W™ P(B, (o), RM). This in-
tegral condltlon is — as in the case m =1 — equivalent to the Legendre-
Hadamard condition

A
Do, QUE" @0, " @) = — 1S1%" |n]?

for all xye 2, Qe ©™(R", RY), LeR" and 7 e RY, see [M], Theorem 7. Here

{"=0Q...0C¢ »
(4) From hypotheses (H2) we infer fw(ﬁt )dt < 2 w(¥p) <

j=0

fw(ﬁt 10) dt for ¥ €10, 1[ and o > 0. This implies (usmg 1/9 > 1 and the con-

cav1ty of w)

W(o) , W(o)
7 Y S o) < - —2
@ " Tog () jgo o) S = e ®

THEOREM 1. — Suppose that A in (1) satisfies (H1), (H2) and (H3) and
ue W™ P(Q, RY) is a weak solution of (1). Then there exists an open subset
Uc Q with

L7\U) =0
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and we ClL(U, RYN). In addition, for 1 > a > 8, D™ u has the modulus of con-
tinuity s—>s*+ W(s) in a neighborhood of x,e U.
Furthermore Q\Uc X, U X, where

3, = {xer diminf f D" - D", ,|Pde"> 0},

N0 B (ap)

3y = {%oeg :lim sup [(D™" )y, .| = oo}.

o0

3. — Polynomials with good properties.

Let P be a RY-valued polynomial of degree at most m with
m 1 m 1
Px) = 2, T D P =, . w =) = > D P~
=0l —— =
where D' P(x,) e ©'(R"”, RY). For we W™ ?(B,(x), RY) let P be a polynomial
satisfying

®) ka(u—P)do@”:O for all 0<k<l-1 (=sm).

B, ()

Then a repeated application of Poincaré’s inequality shows the existence of a
constant Cpgin = Cpoin(n, N, m) such that

1/p 1/p
) ( [ iptu-p) |Pd£"<ac>) < pome”( | 1piw-p) |"d£"<x))
B, () By (o)
holds for every 0 <k << m. Analogously we derive Sobolev inequalities for
ueW™?(B,(x), RY) and polynomials P satisfying (8). If
np
(10) p*= n—p
p*ell, o fixed if p=mn,

if1sp<mn

then there exist a constant Cg,, = Cy,(n, N, m, p*) such that

1/p 1/p

11) ( f|Dk(u—P)|p*d£”(x)) < Sonl_k( f |D’(u—P)|Pd£”(oc))
B () By (xg)

holds every 0 <k <l<m.

In this paper we will work with special polynomials P, , of degree <m,
associated with ue W™ (B, (x,), RY), which fulfill condition (8). Hence
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Poincaré’s and Sobolev’s inequality (9), (11) are valid for these polynomials.
They are defined in the following way:

Let p,,, be the unique polynomial of degree <1 minimizing p—

[ |v—p|?de", veL*B,(x), RY) given, among all polynomials p B, (x)—

By()

RY of degree <1. An explicit formula for p, , (see [K], §2) is given by
Pag, 0(T) = Qay, 0 T Quy, o (X — @), Where

2
12 Gy, fvdo@” and Q= = fv(x)@(x—xo)dﬁn(x).

By (o) Q" By

From [K], Lemma 2, we have

LEMMA 1. — Let ve L*(B,(xy)), 0 <O <1, ¢y, o, Quy, o and Q,, 4, be as in
(12). Moreover let p,, , be the polynomial of degree 1 with p,, ,(x) =q,, ,+
Q.y, o (X — ). Then the following estimates hold:

Q) | Qry. 00— Quoo |2 <00 +2)( D)2 f |v—puy.,|2dL"

90 (o)

() |Quy, o — D)y, o |* < Clinnln + %)( f) |Dv — (D), ,|*dL"
oo

Here we have used the abbreviation (Dv),, ,= f DvdL". =
o (%)

A fruitful way, showing that a given LZfunction has a Holder continuous
representative is Campanato’s integral characterization of Holder continuous
functions (see [G], Theorem 3.1). Inspecting the proof it is obvious (using Re-
mark 4) that an L2function w has the modulus of continuity s— W(s) in a
neighborhood of x,e 2 if

1/2
(13) ( f|w—wm,g|2dfn) < Coo)

B, ()

holds for all balls B, (x), 0 < 0, with center x in a neighborhood of x,, where w
and W satisfy hypothesis (H2). It is then straightforward to show (using Lem-
ma 1) that this integral characterization (13) with w = Dv is equivalent to

1/2
(14) (Qz f |U(?/)_Qx,g—Qx,g(?J—9€)|2dfﬁ'(y)) sC(/U(Q)

B, (@)

Hence, if (14) holds for all balls B, (x), 0 < 0, with center « in a neighborhood
of x, then Dv is continuous in a neighborhood of x, with the modulus of conti-
nuity s— W(s) (see also Campanato’s integral characterization for C" *-func-
tions [C1], [C2]).
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For ue W™2(22, RY) and a ball B, (x,) cc 22 let P, , be the unique polyno-

mial of degree <m such that D"’"IP%,Q minimizes

a5 P [ D" - P)Pder

B, (xg)

and f D*(u—-P,, ,)dL"=0 for 0<k<m-2.

B,y ()

From (12) we see D’"‘lPxO,Q(ac) = Quy,0 T Quy, o (X — ), where gq, ,=
(D™ w),, , and

n+2 ,
(16) D" Py o= Quy o= —5— J[ D™ () @ (x — x) dL™ ().
Q" By

implies | D" '(u-P,
By (o)

fulfills condition (8) with [ =m — 1. Moreover we can apply Lemma 1 with

D™P, ,instead of Q,, ,, (D" u),, , instead of (Dv),, , and D™ u instead of Dv.

This leads to

This special structure of P, )dL"=0 and P,

0, 0 0, 0 0, 0

D" P, 0y=D" Py P <n(n+2)00) 2 § |D" 1w—P, )|*de",

Byo ()

0, 0

— (D), 0 |2 < Clipm(n +2) f 1pmu- (D" ), ,|?dL".
Bg(%o)

|DWZP

o, Q@

Further we can apply integral characterization (14) with D"~ '(u — P, ,) in-
stead of v —q, , — Qu,,(y — ®).

4. — Caccioppoli inequality.

In this section we prove a Caccioppoli inequality for solutions e
W™ P(Q, RY) of (1).

First we demonstrate the following technical lemma which is an extension

of Lemma 5.1 in [Gi]:

LEMMA 2. - Let 0 <9 <1,4,=20,a,>0fork=0,1,...,[,B=0andf=0
a bounded function satisfying

l
J(0) < 0f(s) + IEOA;C(S -~ +B
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for all O0<r<t<s<g. Then there exists a constant Ciq=
Ciecn(g, .., aj, ¥) such that

l

ProoF oF LEMMA 2. — For 0 <t <1 satisfying 7“9 <1 for k=0, ...,
(Ge. 1>¢m™@) > 9) define the recursive sequence t,=17 and t,,;=t,+
1-7)1t"(0 —7) <p. We get

n—1 l )
fr) =fto) S O7f(8,) + ZOW(kEOAkm — 1) T — 1]+ B)
j= =

n—1

! n—1
=9"f(t,) + 2 A1 =) =M1 X (Jr~ Y+ B X 9.
k=0 j=0 j=0

(1—17)" %0 (1-7)"* 1
1—dr=0’ " 1—g9r’ 1-9
mate letting n— . =®

Define Ci., = max( ) and get the desired esti-

For a ball B,(x) c 2, ue W" (B,(x), RY) and a polynomial P : B,y (xy) —
RY of degree <m we define the quantities

1/2
an  &(x, 0, P) ::( f pr@-p)pac+ f |Dm(u—P)|7”d£"’) ,

B, () By (o)

(18) q’(%o, 97 P) =

12
(9-2 fipmtw-ppaervor f |Dm‘1(u—P)|pd£") .

By(x9) By(o)

Now we state a Caccioppoli inequality.

LEMMA 3. — Let ue W™ P(2, RY) be a weak solution of equation (1), where
@ satisfies (H1), (H2), (H3) and let M > 0. Then there exist constants Ce, =
Ccac(L’ lv p7 m7 n’ N’ M) 2 1 and QOZQO((D’ /17 p’ M) < 1 SuChf that

(19) ®2(xy, 0/2, P) < C2.(W3(xy, 0, P) + »*(0))

holds for all balls B,(xy) cC 2 with o < 0, and all polynomials P : B,(x) —

RN of degree <m satisfying |D"P| <M and [ DF¥(u—P)dL"=0 for
By (o)

0<k<sm-—2 (Here ®(xy, 0/2, P) and ¥(xy, 0, P) are as in (17) respecti-

vely (18).)
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Proor. — Take a polynomial P of degree at most m fulfilling the assump-
tions of the lemma and choose the functions
g=nu—P) and y=(1-n)(u—-P),

where 5 e Cy* (B, (%,))) satisfies (0 <t<s<p)0<sy<1,p=1onB(x),n=0
on 2\B, (%) and |D*n| < (C,(s - t))fk for all 0 <%k <m. From the product
formula D(fQ g) = Df Qg + f® Dg for tensor products and our choice of ¢ and
1 we get for both |[D™¢| and |D™y| the estimate

20) |D"@|<n|D"™(u—-P)|+roT, |D"9|<(1-n)|D"(u—P)|+LOT
where LOT are lower order terms with

m—1

(21) LOT = Z (7:) (C,(s — t))—m |Dk(u -P)|.
Later we will use the estimates:
m—1 m 2
(22) LOT2 < m 2 (lc) (C,,(s—t))w‘"” |D’“(u—P)|2,
k=0
m—1 m D
(23) LOTP < mP ! 2 (k) (C,(s— t))pte—m |Dk(u -P)|".
k=0

Using the quasimonotonicity condition (H1), D" P+ D" ¢ =D"u — D" and
(1) we obtain

(24) /lf[|Dm(p|2+|Dm(p|”]d£”

B(wo)

< f A(xg, D" P+ D" ¢) D" ¢ d L"

Bg (o)

— f (a(gco, D™y _me) _ a(xo’ D7rL%))D1n¢d£n

B (xo)

+ f (A(xg, D™u) — Ax, D" u)) D" pd L"

By (o)
=1+11.
From the estimate
(25) (a+DbyP 2<20"%(aP 2+ b7 %)

for @, b=0 and p =2, hypothesis (H3), |y| =0 on B,(x,) and Young’s in-
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equality we now get

1
@) I< | Do, D"u—D"y))|de| D" y||D" g|dL"

Bg(xg) 0

<02l [ (M7 Dw—P)P 2+ | Dy |2 DMy | Dl der

B (200)\ By ()

<47"2L(1+Mp_2)[ [ ipmyliprglaers [ ppra-ppae

B (wo)\ By(o) B (a0)\ B ()
+ f (|D1’IL,¢)||D’HL(p|)p/2d£’M+ f |Dﬂlw|p*1|DWl¢|d£ni|.
By (29) \ By (ao) By (1) \ By(o)
Using (20) and Holder’s inequality we see
i |Dm¢||Dmcp|d,,ens2( [ iprw-ppae+ [ LOTZdo@”).
Bi(acp)\By(xo) By(wo)\ By(o) By(x)\ By(o)
Similiary we obtain

f (lewHDm(pl)Wzdoen_'_ f |me|p—1|Dm(p|d£w

B (2)\ By () By () \ By(wp)

st’( f |DP(u— P)|PdL" + f L0TPd£”).

B () \By () By (a9) \By ()

Inserted in (26) this yields the estimate

IsCI( f [|D™(u—P)|*+ |D™(u—P)|P] dL"+ f [LoT2 + LoT?] d£")
By (x9)\ By () B ()
where C;=C;(p, L, M) =4""2L (1+MP? %)(2" +1).

Next we estimate II, using (H2), (21), Holder’s and Young’s inequality for
e > 0 arbitary:

1< [ o(je—m)1+ D"~ | D" g|de"

By ()

<221+ M? VYols) | (D™wu—P)|?"'|D"¢| + |D"¢|) de"

By(wo)

<2031+ MPY) w(s)[ f |D™(uw—P)|PdL"

Bg(xg)
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+ [ \pmu-pP)ptrorder + f[|Dm(u—P)|+LOT]d£"]

By () By (xg)

SCII(a)(s)+£)[ [ [Ip"w-P))2+ | D"w-P)Plden+ f[LOT2+LOT7’]d£n]

B(xg) B(wo)

CII
+ =) a,s",
€

where C;; = Cy(p, M) =2°"1(1+M?" ') and a,, is the volume of the unit ball
in R". Since D™ @ = D™ (u — P) on B;(x,) we find by (24), s <o and the esti-
mates on [ and II:

A f [|D™(uw—P)|*+ |D™(u—P)|P]dL" <
By ()

C f [|D™(w—P)|2+ |D™(u— P)|"] d.e” +

Bg(a) \ By (o)

C(w(s) + s)[ f [|D™(u—P)|*+ |D"(u—P)|"] doe"] +

Bg(x)
f 2 n CH n, 2
(Cr+ Cr(w(s) + ¢) [LOT? 4+ LoT?] d L™ + TGnQ 0*(0).
Bg(xg)

«Filling the hole» on the right-hand side and choosing ¢ and e sufficiently
small with C;; w(9) < A/4 and Cj;e = A/4 — this fixes 0o =0 o(w, 4, p, M) — we
derive

f [|D™(w—P)|*+ |D™(u—P)|"] d£" <

By (x)
+ A2
CI l/ f (|Dm(u—P)|2+|D"”(u—P)|”)dJ3”+
Cr+4 By(xg)
+ A2
Crt 4 [LOT2 + LOT?] d £ + M@"wz(g).

Cr+2 g eCr+ A1)
Using (22) and (23), Lemma 2 and Poincaré’s inequality (9) we obtain the de-

sired result after taking integral mean values. The dependence of C.. on

L,x,p,m,n, N and M follows from (22), (23), the dependences of C;, Cy,
C,+ A2

7+

Cpoim n (9), and Ciee, in Lemma 2 on ¢ = . Note, that M — « implies

9—1 and Cyppy— ©. ®
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5. — The harmonic approximation lemma.

The result of this section, the (B, m)-harmonic approximation lemma, is
central to our technique. In the case m =1 the result was given in [DS] Lem-
ma 3.3 (cf. [S], Section 1.6 for the case of Laplace’s equation and harmonic ap-
proximation). The point of this technique is to show that for a bilinear form B,
which is elliptic in the sense of Legendre-Hadamard (compare Remark 1 (3)),
a function v which is «approximately (8B, m)-harmonic» — that means

JBD™v, D" @) dL" is sufficiently small for all test function ¢ — lies
Q

W™~ 1 2 close to some (B, m)-harmonic function # — that means a function %
with [BD™h, D" ¢) dL" =0 for all test functions.
Q

LEMMA 4 ((8, m)-harmonic approximation lemma). — For any given & >0
there exists 6 =o6(n, N, A, L, m, €) €10, 1] with the following property: for
any given Be OX(O™(R", RY), R) satisfying

27 ffB(D’”’w, D™w) dL" lef |D"w|*dL" for all we Wi 2(Q, RY)
Q Q

and
(28) B(A, B) <L|A||B| for all A, Be®"(R", R),
and for any ve W™ (B, (%), RY) satisfying f |D"™v|*<1 and
B, (o)

f fB(DmU, Dm(p) d£n

By(o)

there exists a function he W™ 2(B,(xy), RY) such that f |D™h|*d£"<1,
By ()
f BD"™h, D" @) dL"=0 for all e Cy" (B, (), RY) and

Bg(mo)

<o sup |[D" @] for all ¢ € Cy” (B, (%), RM),

By (o)

m—1
0* f S |D'(h—v)|?dL <e. ™
By(wg) 70
For the proof of this Lemma 4 we refer to [K], Lemma 6. The next result is a stan-
dard estimate for solutions of systems with constant coefficients (see [C3], [C4]).

LEMMA 5. — Consider BeO*(O™R", RY), R) satisfying 27) and
28) and heWm’z(Bg(aco), RYY with [ BWD"™h, D"¢)dL"=0 for all

B, (%)
@ € Cy” (B, (xp), RY). Then there exists a constant Chuym=Cham®, N, m,A, 1)
such that the following estimate holds:

o Zsup |D™h|*+ sup |D" 1 h|*< Cimo * f |ID"h|*dLr. =
Bz (o) By (ao) B, (t9)
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The last lemma in this section is required in order to be able to apply the
(B, m)-harmonic approximation technique. In the proof of Theorem 1, an ap-
plication of this lemma will show that a in terms of Caccioppoli’s inequality
rescaled solution of (1) is approximately harmonic in the sense of Lemma 4.
Then, the standard a priori estimates Lemma 5 will be used to derive esti-
mates for an excess-decay term.

LEMMA 6. — Let M > 0 be a constant and let A satisfy hypotheses (H2) and
(H3). Then there exists a constant Cy = Cou(p, L, M) =1 such that the fol-
lowing holds: If ue W™ (2, RY) is a weak solution of equation 1) and if P

is a polynomial of degree at most m fullfilling f D'(u—P)dL"=0 for
B, (o)

1=0,...,m—1, Dy, 0, P) <1 and [D"P| <M, then ()

J( DyA(xy, D" PYD"(u—P), D" @) dL"

By (o)

Cou (v 3 (D(y, 0, PP ®(, 0, P) + w(g))Bsup |D™ |
g(fvo)

for all B,(xy) cc 2 and ¢ € Cy” (B, (), RM). (The constant L is from hypothe-
sis (H3) and vy is from Remark 1 (2). ®(xy, 0, P) is defined in (17).)

Proor. - We may assume sup |D™ ¢| <1 and abbreviate @ = ®(xy, 0, P).
Q<1'0)

Since u is a weak solution of equation (1) and given the fact that

I Q(xy, D"P)D™@dL£L" =0 we infer
Bg(%)

f DyA(xy, D" P)(D™(u— P), D™ ¢) aL”
By (o)

1
= f [1Dy@wy D7)~ D@, D"+t D™ (u~ PY)] D™ (u~ P), D™ ) d.£”

By, (g) 0

+ J( [A(xy, D™ u) — Az, D™ u)] D™ ¢ dL"

B, (xg)

=I1+1I.

(") Here we use the notation Dy @(wy, D™ P)(A, B) := Dy, D™ P) A-B, where

«+» is the dot product in @™ (R", RY) = (H'” ) , which regards Dy A(xy, D™ P) as a
symmetric bilinar form on @™ (R", RY )
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For 0 <t <1, using in turn (H3), (25) and |D™P| <M, we see
| Do Q(xg, D™ P) — Doy, D" P +tD™(u — P))| <
2 'L +MP"*+ |D™(w—P)|""?)
as well as, via (5), (25) and |D™P| <M,
| Do Q(xg, D™ P) — Doy, D" P +tD™(u — P))| <
20" Y1+ MP 2+ |D™(uw—P)|P"2) vy (|D™(u— P)|).

This gives the estimate

I<2 'L 1+ M) vyu(|D"w— Py

B, (w9)
(|D™(w—P)| + |D"™(u—P)|P~1) dL.

Therefore Holder’s, Jensen’s and Minkowski’s inequalities together with

L1<2 and @ <1 imply
b

(29) ISPLT 1+ M) vy(®) "o

Next we estimate II using (H2), |D™P| <M, Holder’s inequality and
D=1

30) < § joe—o)1+ D upY)|der

By (o)
S22 21+ MP Y w(e)l+ D)

<2 Y1+ MP Y w(o).
Combining (29), (30) we obtain the desired estimate with C,, =
p-1
max (2PL v (1+MP~2), 20" Y(1+MP~ 1), =m

6. — Proof of the theorem.

Let ue W™ ?(2, RY) be a weak solution of (1), where @ satisfies hypothe-
ses (H1), (H2) and (H3). For a given Ball B, (x,) choose the unique polynomial
P, , of degree at most m specified in (15). Let ®(0/2) := ®(x,, 0/2, P, ,) and
Y(o) := ¥(xy, 0, P,, ,) where @ and ¥ are defined in (17) respectively (18).
First we prove the following decay estimate:
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LEMMA 7. — Let M > 0 fixed. For any 0 €]0, 1/4] there exist constants 6 =
6(”5 N) 2'5 L’ m, ﬁ)’ q= (I(Tl, p) and Cdec(M) = Cdec(n9 Nv 2'5 L’ m, M’ p)

2
such that if v, (D(0/2)" < 8/2, W2(0) + 4‘”62(9) <99, |D"P, ,| <M and
0 < 0(M) then

2
W2(90) < CL.(M) 02('1/2(9) | 4o (@ ) .

62

Here n, N, A, L, m are as in hypotheses (H1) and (H3), w is as in (H2), vy
ts the modulus of continuity for DyQ from Remark 1 (2). The constant
0o(M) =0¢(w, 4, p, M) <1 is the constant from Lemma 3.

PrOOF. — For 9 €10, 1/4] choose e =9"** and 6 =d(n, N, A, L, m, ¢) =
on, N, A, L, m, ¥) <1 from Lemma 4. We define

40%(p) u— P
o) =~ | w? +— =" and set v=— 2% .
() \/ @+ —; Cese Ceu T(0)

Here the constants C,,. = C.,.(M) and C,, = Coy (M) are from Lemma 3 and
Lemma 6. The assumption ¢ < 0((M) and the choice of P =P, , allows us to
apply Lemma 3, ie. (19), and Lemma 6. In view of <1 we get from (19):
(31) D*(0/2) < Cqe(WP(0) + 0*(0)) < Ce TP (0)

This leads to f |D™v|*d£"<Cy,%<1 and

Bz (o)

f Do Q(xg, D™ P, )D™"v,D"@)dL" | < (v 3 (D(0/2)P +6/2) sup |D™g].

Ba(xo) B2 (o)

By our smallness condition (v M((P(Q/Z))”” < /2 the assumptions of Lemma 4
are fulfilled. This implies that there exists a (DyA(xy, D™ P, m)-harmon-
ic funection & with

wels

@2  § De@Gw, D"P, XD"h, D g)de =0, f |Dmh|Pder<1

Bya (o) By (o)

and

-2
(33) (%) f D" 'y —D" T h|PdLr < e =9t

By (o)
The standard a priori estimate (cf.Lemma 5) for solutions of the linear system
(32) applied to & on B,s(w,) yields

-2
(g) sup |D™h|*+ sup |D"™Th|*<

2 BQ/4(900) 89/4(-7¢'0>

-2
Cfm.m(g) f D" h[?d.L" < Clm(0/2) 2

Bz (29)
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where the last inequality follows from (32). Applying Taylor’s theorem to % on

By, (x)) we deduce

sup |D"™ 1 h(x) — D™ h(xy) — D" h(x)(x — xp) | <
By (o)

V0)? z
(( o up u)m+1h|) <CZ,. 9402
2 ! BQ/4(950)

Denoting by P, s, the unique polynomial associated to u on By, (x,), we infer
using the minimal property (15) of P, 4,, (33) and the above mentioned a
priori estimate for A:

1/2
( f|Dm1m—Pm%HW£ﬂ <

By, (xg)

1/2
( ;{|Dm1u—Dm¥%£—0m1@[@XDmlhm@+Dmhm@m—xwﬂ%MW) <

Bigo(ao)

_n+2

(277 + Charm) 920Ceac Cou T0)

n+2
respectively with C; = (275 + Cham) Ceac Cou

(34) f |D’”*1(u—Pﬁx0,Q)|2d£"$012(029)21“2(9).
By, (x0)
Next we derive an estimate for the second term
f D7 tw-p, ) |Pder
Bo (o)
in the definition of ¥(¥p). For this we let (in the case p > 2)
np

pr=q n-p
p*>p fixed in the case p=n

>p the Sobolev conjugateto p in the case 2<p<mn

with % > 1 > L* Therefore we can find ¢<]0, 1[ such that
p P
1 1 1
(35) —=(1-t)— +t—.
p 2 p*
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Using Hélder’s inequality, Sobolev’s inequality (11) and (34) we compute:

(36) JC |Dm’1(u—PxO,ﬂQ)|?’d£"s
Byo ()
a-nz tL

( f o rw-p, 0 0”3) =

By, (x0)

( f | D™ N — Py, 5p) |2d£"')

By, (x0)

t
(cf<029>2r2<9>)“”p/zc;gabw@)t”( [ |Dm(u—Px0,og>|pd£")=

By, (x0)
t
Cfcf"(Bﬁg(%o))t(ﬂQ)pﬁ(lt)pr(Q)(ltm( / |Dm(u_PW)|pd£”)
By, (29)

where Cy=C{* PCl,=Cy(n, N, A, L, m, M, p, p*). From Lemma 1 (i),
Caccioppoli’s inequality (19) and (31) we deduce

1/p
( f |Dm(u—Px0,,9@)|”d£”) <

By, (o)

1/p
( J |Dm(u—PxO,Q)|Pd£") + £"(Byy(@))'? | D™ P, 4~ D™ P,

By (20)

<
O,Ql\

1/p
(JS”(BO/z(xO))@2(9/2))1/p+ n(n+2)(9o) ! D" Yu—P, )|PdL"] <
0 | wl

B, (o)

L£7(B, ()9 (27" CZI + Vn(n + 2)) T(0)?".
From this estimate, inserted in inequality (36) and Young’s inequality we

obtain, letting C£=C§ (27" C2 )P + \V/n(n+2))?=C%(n,N,A,L,m,M,p,p*)

3D (o) f D" (u—P

Biyo(o)

)lpdoens C?)Zﬁ(lft)pr(g)(lft)pﬁ 7(n+p)t1-v(9)2ts

X0, 0

(n+p)p*

tp - .
922 (o) + p—iﬂ 0 I[(p)?r /p)SCgQﬁZFZ(Q),

032( (1-%)p
2

provided I(p)?P" PP <9 *+PP*/P+2 If we choose q= w the de-
p*—p

sired estimate follows from (34) and (37) with C&.= (C?Z+ C?). Note that
Cdec = Cdec (M) u
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Given M >0 and 0 < 8 <1 from hypotheses (H2) we choose 1 > a > 3 and
fix 9 < 1/4 sufficiently small such that

Cuoe(2M)9 < O,

This also fixes e=9""* and 6 = d(n, N, 1, L, m, ). Then we choose S >0

and R >0 (depending on 2M also) such that v, (Ce.(2S +R))1/p < /2 and
2
4S2+46i2 <9 Then, by Caccioppoli’s inequality (19), if for some ball

B,(xy) cc 2 the conditions

(38) W(o)s<2S, w()<R, |D"P, ,|<2M and o<p,(2M)

are satisfied, we have the decay estimate

39) YZ(Ho) < 92 W2 (o) + CE(2M) w?(0),

where C,=C,(n, N, A, L, m,2M, p, a) =29%/6 depends on Cy..(2M) and 9.
LEMMA 8. — Let M > 0 fixed. Suppose ¥(0) < S, w(p) <R, 0 <0,(2M) and

|D™ P, | <M for some ball B,(x))ccf. Then there exist constants

Czt(ZM) = Cit(na N’ )“7 L7 m, 2M7 D, a, ﬂ) and C'W(ZM) = C'&)?(n7N7 la L7 m,

2M, p, a, B) such that C;(2M)w(o) <8 and Cw(2M)(¥(o)+ W(o)) =M
imply

P2 0) < 924 W2(o) + CE(2M) w?(9* )
for all keN. Here W is from hypothesis (H2).

ProOF. — For k£ =1 this follows from the decay estimate (39). Suppose that
the conditions (38) of the decay estimate (39) are fulfilled on the balls By, (%)
for j <k —1elN,. Firstly, we will show that this implies that these conditions
are also fulfilled on the ball Byr,(x). Therefore it remains to show that

Y(9* o) <28 and |D™P,, g, | <2M. In view of hypotheses (H2) we know
that s—s ?w(s) is nonincreasing for some <1 (note also < a <1).

k-1
(40) 11/2(,&199) < 92ak ]112(9) + Ca%(ZM) '20 ﬁZaja)2(,0(k—j—l)Q)
J=

k=1
< 9PPF P (0) + C2(2M) w*(9F ) 9 2F 200%*/3)]‘
7=

< 924 P2() + CE(2M) w?(9* )

C,(2M)

where Cy(2M) = 7
I*P(o) + Cy(2M) w(9*0) <28.

. By our assumptions, this implies ¥(9*p) <
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From (16), Lemma 1 (i) and (7) we infer

k-1
|D™ P, gr,| <M + ‘20 |D™ P, 5i+1,— D™ P, gi,|
=
k-1
SM+\nn+2)9 @22 3 yyig)
ji=0

k=1 k=1
=M+ \/n(n+2)0‘<"*2>/2(11’(g) 209+ Cy(2M) 2 w(ﬁfg))
Jj=0 j=0
SM + Cp(2M)(¥W(o) + W(0)) <2M ,
provided C-o(2M)(¥(0) + W(0)) <M. Here

Coo(2M) =\/n<n+2)ﬁ<"+2>/2( 1 GeM )

1-—9¢ ?log ()

We have demonstrated that our smallness conditions (38) are fulfilled on the
ball Byr,(x,). Hence we conclude that (40) holds with k+1 instead of
k. =

For 0 <7 < o fix ke N, with #* "o < r < 9¥*o. Then, if the assumptions of
Lemma 8 are fulfilled, we deduce, using (15) and w(sp) < sw(g) for s=1

( IcQ)n
|Dmfl(u_Pxoyr)|2d£n< (,0k )21}/2(&1{0)
By (o)
2a
<9 <n+2+2a>( z ) r2WE(o)+9 - HCEEM) riw ().
%
respectively

2a
41y 2 f |Dm‘1(u—P%,,,)|2d£"S19‘<"+4)((1) 'I’Z(Q)+Cl%(2M)w2(r)).
o

B,.(xg)

To show that the assumptions of Lemma 8 are satisfied locally for all x, in the
regular set Q\(2; U Z,) we made the following observations: From Lemma 1
(ii), Holder’s inequality, (15) and (9) we infer

1/p
ID"P, | <|(D"u),,| +Cpoin\/n(n+2)( { |Dmu—(0mu)xo,g|fod£n) :

B, (o)

2/p
072 f |Dml(u_Px0’0)|2d£nsC§0m( f |Dm D”lu)%,\,|pd£") ,

B, (o) By ()
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By (o)
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D" '(u— P, ,)|PdL" <

Clin (1 + Coon V(m + 2)) f 1p7u- (D™ u),,, ,|PdL".

By (o)

Using these estimates it is standard to show that (41) holds locally on the reg-
ular set. This implies the partial regularity statement of Theorem 1 by

(14).
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