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Existence and Uniqueness of Solutions for Nonlinear
and non Coercive Problems with Measure Data.

PIRRO OPPEZZI - ANNA MARIA RosSI

Sunto. — St prova lesistenza di una soluzione rinormalizzata per un problema ellittico
nonlineare noncoercivo in forma di divergenza, in presenza di termini di ordine
mferiore al secondo e dato misura. In ipotest pin restrittive si ottiene anche un teo-
rema di unicita.

Summary. — We prove the existence of a renormalized solution for a nonlinear non co-
ercive divergence problem with lower order terms and measure data. In a particu-
lar case we also give a uniqueness result.

Introduction.

In this paper we deal with a nonlinear and non coercive divergence equa-
tion containing lower order terms. Precisely we consider the following
problem:

D ( —div(a(-, u, Du) + &(-, u)) + (-, u, Du) =k in Q
J[u=0 on 089

where §e R"—a(x, s, §) e R" is monotone, coercive and increases as |§|? -1
Moreover se R— ®(x, s) e R" increases as |s|p’1, while Ee R" —g(x, s, &) €
R increases as |&|” and satisfies a sign condition with respect to s. Here xis a
Radon measure vanishing on sets with zero p-capacity.

It is well known that a solution of nonlinear Leray-Lions type equations
does not lie in H! () when the data is a measure. Therefore problem (I) has
no meaning in the usual distributional sense. So we use the framework of
renormalized solutions, which seems proper for such problems with measure
data (see [4], [7], [10] and others).

Denoting by 7, (%) the truncation 7, (%) = (u\V (—k)) A k, then we look for
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a function u : 2 — R such that
[(7,(w) e HY?(Q)  VE>0

f(a(', u, Du), Do (u) v) dx + f{ﬁb(', u), Do (u) v) dx +

Q Q

11
(1) ) +fg(-,u,Du)ak(u)vdm=fvok(u)d1< Yve HP(Q)NL*(Q)
Q

Q

1
L lim — f |Du|Pdx =0

k= K< ] <2n)

where o, (u) = ((—|u| +k+1)VO)AL.

We get an existence result which improves the one obtained in [10] and
[11], where only the lower term g was considered and the one obtained in [3],
where @ =0 and stronger assumptions on g are made.

We point out that in [8], [9], [10] it was possible to get a stronger limit
condition

lim f |Du|Pde=0,

k= sl <k +1)

however also under asymptotic condition in (IT), we are able, under regularity
conditions for the dependence on u, to obtain an uniqueness result when g de-
pends only on s.

A case where an operator with such a kind of lower order terms was con-
sidered is the paper [5]. In [5] the distributional formulation is possible, be-

cause g does not depend on Du and the authors assume p >2 — i. Just such
n
an assumption allows them to get a solution in a Sobolev space W} (),

1<g<—"_(p-1).
n—1

1. — General hypotheses and definition of the problem.

Let 2 be a bounded open set in R", n=2. Let p be a real number
such that 1 <p<mn and let p’ be its Holder conjugate exponent (i.e.,

p' = Ll ) Moreover we denote by

{u:B()—>R: |u|(2)<x, |u|(E)=0 VEe B(2) such that c,(E) =0},
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where B(L) is the Borel o-algebra, |u| is the total variation of u and
¢,(K) is the usual p-capacity of a set E'c 2 with respect to 2.
For k, t, 2 >0 we define the functions 7,, 0,: R—R as:

1.(8) =(sAK)V (=k), os)=((—|s|+t+1)VO)AL.

We say that u : 2 >R is c,-quasi continuous if for every & > 0 there exists an
open set U,c Q, with ¢,(U,) <e, such that u|q\y, is continuous.

We shall write «c,-a.e.» instead of «almost everywhere with respect to
p-capacity».

Analogously to [1] we also define the functional class:

Gy P(R)={v: Q>R :v measurable, 7,(v)eH,?(Q) for every keR,,
3 an unique c,-quasi continuous representative v of v}

We recall that for every u e G ”(£2) there exists a measurable fuction v : Q —
R" such that D7, (u) = vl{w <k} a.€.in Q for any k > 0 (see Lemma 2.1 in [1]).
This function v, which is unique up to almost everywhere equivalence, will be
denoted by Du.

Now let a: 2 xR X R"—R" be a Carathéodory function satisfying the
following conditions:

(i) there exist ve L'(RQ), ce R, such that
(alx, s, &), &) =v(x) +c|E|”
for a.e. xe 2 and every seR, £eR";
(i) there exist ue L?'(Q), ¢;, coe R, such that
(ii0) late, s, E) | <u@)+c |E]P "+ e |s]P !
(iil) (alx, s, &) —ala, s, 1), E=n)>0

for a.e. xe 2, for every seR, &, neR", E#=.
Let g: 2 xR X R"—R be a Carathéodory function such that:

(iii) there exist an increasing, continuous function 3 :[0, ©)—[0, «)
and a nonnegative function d e L!(Q) for which

lgCe, s, &) | < B(|sD(|E]7 + d())

for a.e. xe 2 and every seR, £eR";
(iv) there exists o e R, such that

g(x,s,&)s=0

for a.e. xe 2, 5eR" and every seR such that |s| =o.
Let @: 2 X R—R" be a Carathéodory function such that:
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(v) there exists beLﬁ(Q), for which
|®(x, s)| <bx)(1+|s|P™1)
for a.e. xe 2 and every seR.

The aim of this paper is to prove the existence and, with some restrictions
on the data, uniqueness of solutions for problem (I), where ke N ().

The notion of such a solution is determined by the following defini-
tion.

DEFINITION 1.1. — Let ke IME(2) be given. We say that e GyP(Q) is a
renormalized solution of problem (I) if u satisfies

1.1) f{a(-, wu, Du), Do (u) v) dx + f(qﬁ(-, ), Do (u) vy de +
Q Q

+ fg(', u, Du) o, (u) vde = fwk(u) dx
o o
for every ke R, ,ve H?(Q)N L *(LR), and

1
1.2) lim — f | Du|P doee =0

b= B ] <2k}

Such a definition is the same as in [7], because it is equivalent to consider
hou in place of o) ou, with he W' *(R) having compact support.

2. — Preliminaries and estimates.

For heN, let us consider

@D @@ 5= — D s e I® )

1
1+%|<I>(ac, s) |

1+ > g, 5, &) |

with @, g like in Section 1.
We inform that from now on we shall denote by C a generic positive con-
stant which can change from a line to another one.

THEOREM 2.1. — Let fe H 2 ?(Q) and, for heN, &, g, as in (2.1). Then
there exists uwe HL)P(Q), which solves

(2.2) a,(u, v) = (f,v) for any ve HY?(Q)



EXISTENCE AND UNIQUENESS OF SOLUTIONS ETC. 419

where

a,(u, v) = f((a(-, u, Du) + @,,(-, u)), Dv) + fgh(-, u, Du) v .
Q Q

ProoF. - Since ¢,,, @, are bounded by %, we may apply Theorem 2 of [6]. =

LEMMA 2.2. — Let Fe L? (2)",(f,) a sequence in H 1P (2) N L' () such
that sup Ifulh < o and, for any heN, w,e HP(Q) a solution of (2.2) with

i — dlvF i place of f.
Then there exists C,,e R, such that the following estimate holds

f |Dw,|?P<C,, VheN, VmeR,.

(o] <m}
Proor. — It is not restrictive to assume m =p. Let us consider
2
v=¢,(t,,(u;)) as test function in (2.2), where qa,l(s):se’lsz, with A= (52(@)) .
Cc

Being [ g,(, wp, Dwy) @ (z,,(;)) =0, we have:

{\uh\ZQ}
f(a(" Upy D/M/h)y D‘Em(uh,)) qpi(tm(uh)) =
Q

S fthp},(rm(uh)) + f<F; D-"—m(uh»(p}’»(rm(uh)) +
Q

Q

f<¢h( uh) DTm(“h)) gD/l(Tm(uh)) - f gh( U, Duh) q)/l(fm(uh)) ~=

{lun| <o}

C , '
<gimswll+ [ 1wl cponr et s

(Il <m}

f b(l+mp_1)|Duh|q)/’l(rm(uh))—'—ﬁ(Q) f (|Duh|p+d)|¢l(rm(uh))| S

{lun| <m} {lunl <o}

< g;(m) sup 17l + Z f | Duy |” + Co s (my"” |[FIls: +
(L'<)

+O(1+m? 1y @i (m)P ||l +

1
+p(0) f —(aC, wy, Duy,), Duy ) + |v|) | @ (7, () | + Bl0) @3 (m)|[d]];.

{upl<m} €
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Using the following property of ¢,

23) 036~ 2Vilous) | = 5 VseR
we get

1
— f (v +c|Duy,|?) <

2w <m)
f (a(-, wy,, Duy,), Duy,) |:§0).(Tm(uh)) - @ |@ (T, (uy)) |]
|uh|<m}
(o)
<& [ 1w+ gaom sl + 22 g onl, + ol +
{lun| sm} v

+Cl i) [|FIp + (L +m?= 1y @i (m)P [lBlf5]

Hence the boundedness of ( / |Duh|p)h v follows. =

{lun| <m}

LEMMA 2.3. — Let Fe L? (2)",(f,) a sequence in H 17" (2) N L () such
that sup ||f;|l; < o and, for any heN, u,e H-?(Q2) a solution of (2.2) with

h
[, — divF in place of f. Then there exists a constant Ce R, such that:
||h'1(1 + |M;L|)||Hl1),p<9>$c VheN

t

Proor. — Let ¢(t) = f w(Jls It is clear that ¢ is bounded and Lips-
chitz continuous, so the sequence (¢(uy,)), is uniformly bounded and lies in

H!'?(Q). Moreover, by using ¢(u,) as test function in (2.2), remembering con-
dition (iv) and Lemma 2.2, we have:

|D/I/Lh|p _
gfc<1+|uh|>p+<1+|uh|>p Qf<“( oo D), DY) = i, 9+

D
_f<®h(5 ) —u|> fgh( Uy, y Duh) ¢(uh)<Cf |ﬁ7| +

P (1+ |u

| E P N o ey LRl e ©)(| Duy|?+d) <
f< A+ |u hl)”>9f & A+ Jo ] {uh{g}ﬂgl !

c | Duy,| P f | Duy|
<C L+chp cf +Jb +CP)C,+ ).
sup /il +CJ |F| 2 Ty T D Bo)(C,+ldlly
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Hence by using Young’s inequality too:

f |Duh|p < , ,
— =C + su +||F|B + ||l + C,+ld|l)]|-
J L <l sl I+ el + o + o)

Then by Poincaré’s inequality our assertion follows. m

THEOREM 2.4. — Let F, f,, w;, be like in Lemma 2.2. Then there exist A,
BeR. such that

2.4) [\Desu)P<A+kB  VEkeR., heN.
Q

ProoF. — By using the test function v = 7,(u;,) — 7;(u;) in equation (2.2),
with o <t <k, where ¢ is given in condition (iv) of Section 1, we get

e | urs [ ovskswlabe [ o puye

{t< |up| <k} {t< |up| <k} {t<|up| <k}

o] s e 1 < s L+ R + ) +

{t<|wy| <k}

C ) , )
c& ] mpee [ ksl oQeg - b +

4{ts|u,,|sk} {t<|uy| <k}
c pln \Pp*
+ = f |Duh|p+C( f bn/(p—l)) ( flrk(uh)lp*) <
{t<|uy| <k} {t<|uy| <k} Q

' , C
<ksup il + QR+ 1)+ S [ ypuges

{t< ) <k}

pin
+C( f bn/(p—l)) ( f |Duh|p+ f |Drk(uh)|p)
{luh

{t< Jup] <k} [<t} {lunl =t}

By Lemma 2.3 we get |{|u,| =t} | < — % foreach heN,t>0, then we
(In(1 + )y

m
choose ¢ > p such that C( f bn/(p—n)p < £
{1}
Therefore, thanks also to Lemma 2.2, we obtain:

[ pwgrsc( Jivt o+ ol + cilelp' ) + ke suplfh.
Q p-1

{t=uil <k}
Hence Lemma 2.2 gives the assertion. =

THEOREM 2.5. — Let (u,),cz, be a sequence in HL?(Q), for which
estimate (2.4) holds. Then there exist weGLP(Q), a subsequence of (uy),
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n

still denoted by (uy,), and a function weL"(2)" for every 1<r<
such that

n—1"

a) Dty ou,— Dt ou in LP(2)" for each keR ., u,—u a.e. on L.

b) a(-, Up,s Duh) 1{|uh| Sk}éa)l{\zd <k} pl;n Lp’(Q)n

o) [{xeQ: |u,| =1} | <SP (A+B)7» A """ for each . =1, where S
1s the Sobolev embedding constant.

d) For each lsr<L1 |Du|?~te L"(2), a(-, wy,, Du;,) —w in
L7 (Q)1<p<n). "

ProoF. — The proof is analogous to the one given in [8] (Theorem 2.2 and
Proposition 2.4). =

THEOREM 2.6. — Let F, f,,, u, like in Lemma 2.2. Moreover we assume (fj,);
to be weakly convergent in L'(Q). Then, for a suitable constant C and for
every heN, the following inequality holds:

pin
(2.5) f |Duh|?’skc[ f |ﬁz|+( f bn/(p—l)) ]+
{luhl

{k < |wy| <2k} {|up| =k} =k}

+C(Wll + 171 + ol -1)), k=0
Besides if u e Gy P (Q) is the limit of a subsequence of (u;,) like in Theorem
2.5, it satisfies estimate (1.2).

PRrOOF. — Let us consider v = 75, (u;,) — 7, (u;,) as test function in the equa-
tion (2.2) with k= o. Analogously to the proof of Theorem 2.4, we have:

f (c|Duy |” + v) <2k f fil + < f | Duy, |” +

(k< |y <2k} (] 2k} (k< || <2k}

pin » (n—p)/n
+C f (|F|”'+b”')+C( f b”/(p‘“) (f|r2k(uh)|f’*) <
Q

{l”’hl Zk} {luhl Zk}

<2k f hil+ < f |Duy, |? + C f (|JF|?" +b7) +

{|un| =k} {k < |uy| <2k} {|un| =k}

pn
+C( fbn/(p_n) ( f |Duh|”)$2k f /il +
{‘uh‘

{|up| =k} <2k} {|up| =k}

pn

+2 f | Duy, |+ C f (|F|”'+b”')+C( f b”/(”“) (A +2kB),
4{ks|u,,,\s2k} {un| =k} {ur| =k}

in virtue of Theorem 2.4.
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Thanks to equi-integrability of f;,, Theorem 2.5 ¢) and semicontinuity of the
norm, it results:

1 1
- f |Du|? = Elimhinf f | Duy, | <

{k< | <2k} {le< |up| <2k}

pin C ) , ,
<ofe+ | o004 2l U Dl + -1
{lun

|2k}

for each k= k,, k.e N suitable. =

THEOREM 2.7. — Let f, e C;°(Q), FeL? (2)", heN, f,—f in L*(Q). For
each h e N, let u, € HY P(Q) be solution of (2.2) related to f, and F. Let u be the
limit of a subsequence of (uy,), still denoted by (uy,), as in theorem 2.5. Then for
any k>0, it results:

(2.6) lim f {a(-, uy,, Duy,) — a(-, uy, Du), D(uy, — u)) dx = 0.

h= % ) <k, | <k}

Proor. - For k > 0, let us consider the function o, introduced in Section 1,
@.(s) = se™*, with

[1 if |s|=j
b(k + 1) . . .
AZT and for jeN, y;(s)=40 if |s|=2j
c
—|s|li+2 ifj<|s|<2j.

We choose v, ;=@ (Tops2(uy, —u)) yi(uy) op(u) as test function in
equation (2.2). In fact v, ;e HY?(2) because v, ;=@ ;(Tap42(;—
Tr1(u) ¥ ;(uy) 0 (u) ae. in 2, by definition of .

Moreover let k> p,s0in {xeQ: |u,| Zk+1}N{reR:o0,(u) %0}, v, ;
has the same sign as u;,. Then, for j >3k + 3, it results:

f(a(', iy Duy) — als, uyy D)y DT oo (g, — ) @5 (Topepa(uy, — u)) 0 (u) de <
Q
< f (ay wpy Duy) — Ay gy D), DT g4 5 (uy — 1)) @ 5(T g4 2(uy, — ) 9 5(uy) 0 () die +
Q
+ f gh('7uh5Duh) vh,jdx=f<a‘('vuh9Duh)9 Dvh,j> di +
{|up| =k+1} Q

- f(a(', iy D), D (uy) 01.(w)) @ 3(Top 4 2(uy — u)) div +
5
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- f<a(', Uy, Du)y DToy oy, — u)) @5 (Top 4 2(uy, — ) ¥ (uy,) 04 (u) dac +
5

+f9h(', uh;Duh)vh,jdx_ f 9n(y uh,D%h)wL,]‘dm: ffhvh,jdx+
Q {|up| <k +1} Q

+ f<Fa Dvh/,j> dw — f gh('7 U, Duh) /Uhufdx +
Q

{|un| <k +1}

— Jtat, w, Duy), D) 010) @3 o 20, — ) dr +
Q

- f(a(', Upy D)y DTy 2wy, — ) @ 5(Top 4 2wy — ) ¥ (uy) 0 () doe —
Q

- f‘ph(', uy,) Dvy, ;.
o

By assumptions (i) and (iii) it follows:

- f gh(',Mh,D%h,)vh,,jdxsﬁ(k'f'1)[fd|¢1(fzk+2(%h—%))|d9€+
Q

{|up| <k +1}

+ f | Duy, |P | @1 (Tap 4 2(uy, — w)) |04 () dac] <
{Jug] <k+1}

<pk+ 1)[ fd|¢l(r2k+z(uh —w)) | dx +
Q

1
+; f (al-, wy, Duy), Duy) = v) | @ 3 (Tag 4 2(uy, — w)) |0 (w) dae | <
{Jug] <k+1}

1
< Bk + 1)[ fd|§0/1(f2k+2(%h,—%)) |dow + ;f|V€0z(Tzlc+2(%h—%)) |doe +
o Q

1
+— f (@, wp, Duy) — alyup, Dw), D(wy,— w)) | @ 1(T g+ 2(uty, — ) | 0 1 (w) dac +
Y {|up—u|<2k+2}

1
+ - (al, wy, Duy), Duy | @ ;(Tap + 2wy, — ) |0 (w) dac +
{|up| <k+1}

1
+ " f (a(, wy, Du), D(uy, — w)) | @1 (Top 1 2wy, — ) |0 () d%]-
(] <k+1}



EXISTENCE AND UNIQUENESS OF SOLUTIONS ETC. 425

Let us now evaluate:

f(a(‘, Wy, D), D j(uy,)) 0 (w) @ 5 (T4 2(y, — ) dic <
o

1
$¢l(2k+2)— f ([L{‘f'cl|D/U/h|p_1+(32|uh|p_1)|Duh|dﬂﬁs
i< il <27}

1 : 1
S(p,l(2k+2)[—, f |u|? dax+C— f | Duy, | P da +

J{|un] =4} J (i< || <2}

. . ’1 l/p
+c2<zy>p-1|{|uh|>y}|“p]—.( | |Duh|”dx) ]

<l <2
, 1/p’
By theorem 2.5 ¢) (2j)P 1 |{|u,| =5} |7 (l) is bounded. Moreover by
J

theorem 2.5 c) again, the measure of {|u,| =j} decreases with j uniformly
with respect to %, so thanks to (2.5) and the assumptions on (f;) and F, it is
possible, for any & >0, to choose j, € N such that

f(a(', iy D)y D (uy,)) 0 () @3 (Top 1 2(uy, —u)) de| <& for any he N
5

With such a choice of j, and remembering the property (2.3) of ¢;, we
get:

1
3 f(a(‘, wuy, Duy,) — al-, wy,, Du), Dty a(uy, — w)) o (u) dae <
o

< f(a(~, uy,, Duy) —al-, wy,, Du), Dt yyio(wy —u)) o) () [Q‘Dﬁ(hmz(%h —u)) +
Q

bk+1)
——|(,‘0,1(‘L'2k+2(%h—u))| dﬂcS f‘h’/l)hyjfdx‘f' (F, D’l)h,js>dx+8+
Q Q

- f(a(-, wyy D), Do () 5, (wy) @ (T g 4 2wy, — w)) da +
Q

- f<a(', Uy, Du), DTy oy, — ) @5 (Top 4 2(uy, — ) ¥, () 04 (u) doe +
o

1
+ Bk + 1)[fd|€01(72k+2(%h—%)) |dow + ;f|1’(/7/1(1’2k+2(uh—u)) |do +
5 I
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1
+ - f (al-, wy, Duy), Duy |@ (T4 2 (uy, — w)) |0 (u) dac +
C{lu] <k+1}
1
+; f <a’('7uh,Du)yD(Tk+1(uiz)_Tk+1(u))>|@l(72k+2(u}z_u))|0k(u)d9€ +
{|un| <k +1}

- f (D15 up)y, Dy, —w)) @ 5(Top 12 (uy, — ) () 04 () do +

{|up—u| <2k+2}

- f<‘ph,(‘, up), D%‘s(%h) 0 (W) @3 (Top 4 2(uy, —u)) do .
Q
Clearly v, ;, —0 ae. in  and (v, ), is uniformly bounded; moreover
Dy, ; —0 in L"(2)", because

Dy =@ i (T 2wy —w)DT g4 3(w)) = DT (W) Ly — ) <2u 4239 5. () 01 () +

sign (u;,)
=@ (Tap oy, — u)) D(zy;, (uy,) — 7, () ————0(u) +

Je

+ @ (Top 12wy, — ) ¥, (wy,) Doy (u),

so it results
li}rbn ffh vy, ;,de =0, 11}1111 f{F, Dv, ;)dx=0.
Q T Q

Besides a(-, uy, Duy,) v, (w,) —wy; (u) in the LP?"-norm by Theorem 2.5
b) and (Do, (u)) ¢ ; (T2 12wy —u))—0 in LP(Q)", so, as h— o,

J¢at, wn, Duy), Do)y ;. () @5 (T s 2ty — 1)) d—0.
(o]

The fourth integral in the last inequality goes to zero, because
Dty oy, —u) @) (Top 4 o (uy, — u)) 0 (u) —0 in LP(LQ)", while
al, up, Du) v (uy,) = al-, w, Du) p; (u) in LP? (Q)".

By dominated convergence and reasons similar to previous ones also integrals
between square brackets go to zero as h— .
| D(, w,) |
i(uy) <
. . e e, ap L
b(1+ (25, 1) and E|¢(-, w,) | < zb(l + (25, 1)—0. So, being @ a
Caratheodory’s function, and beL"?~1(Q), we have @,(-, w,) y; () —
— (-, u) p; (u) ae. in Q and also in the L™?~Y-norm. On the other hand

Now we observe that |®,(-,u,) v, (u,)]| =
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(Dtsp 4 o(uy, —u)) 0p(uw) —0 in LP(L)" , hence

I @it u, Dt =) 5o = ) () 0 ) d—0.
{|up —u| <2k+2}
Moreover @ (-, ;) @3 (Tap 4 2(ty — 1)) 1y, <25,y —0 in L™P~D(Q)", while
Dy ; (uy) 0y, (w) +v; (wy,) Doy, (w)—Dvy; (u) o), (w) + v (w) Doy (u) in LP(2)". This
implies the convergence to 0 for the last integral.
This concludes the proof. =

THEOREM 2.8. — Let wu,, ueGyP(2) be such that, for any k>0,
7. (uy) =7, (w) in HYP(Q) and a.e. in Q. If moreover for any k > 0 (2.6) holds,
then, by passing to a subsequence, if necessary, it results:

Duy,— Du ace. in 2, 1y, <y Dti(wy) = 1)) <y DT ()

strongly in LP(Q)", Vk,t>0.

PrOOF. — See [10] Theorem 3.3. =

3. — Existence and uniqueness theorems.

THEOREM 3.1. — Under hypotheses in Section 1, let ke N (R2). Then there
exists a renormalized solution u e Gy P(2) of problem (1) in the sense of Defi-
nition 1.1.

PROOF. — We recall that by Theorem 2.1 of [2] there exist fe L!(£2) and
FeL? ()" such that k = f— divF. Now let ( f;) be a sequence of C,;* (£2) such
that f, —fin L. For every heN let u, € H)'?(Q) be a solution of Problem (I)
related to f;, — div F. Let u the limit of a subsequence of (u;) like in Theorem
2.5. Let us prove that u is the desired solution.

Let ve HP(Q)N L * (), we choose vo,(u) o, 1(u,) as test function in
(2.2). We obtain

f(a(', Uy, D), Do () 01, (w) vy doe + f<¢' 0 Cown), Doy () 0 (w) vy doe +
o o

+ fgh(', Uy, Duy,) 041 (wy) 04 (w) vde =
Q

— [ o) 011w de + [(F, Doy y(u) 0, (w) 0) dee
Q (o]

We prove that by passing to the limit as h— o in such an equation we
get (1.1).
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Thanks to the Theorem 2.5 b) and Theorem 2.8, it results
Cl/(‘, Up,y Duh)l{\u” Sk+2}éa(') u, D’I/L) 1{\u| <k+2} in Lp'(g)n

while D(o(u) 04, 1(uy) v)—D(o,(w) v) in L?(Q)". Therefore
hlim fa(-, uy,, Duy,), Doy, 1 (uy,) o, (u) vy de = f(a(-, w, Du), Do(u) v) de .

In virtue of the estimates:

|1{\uh|sk+2}¢h(‘7uh)| <b(1+ (k+2P HeL” D(Q) and
. 1 .1 o1
hlgllc ‘ %(ph(', W) Ly <k +2y | S ;}ETL %b(l +(k+2P"7)=0

it follows that @,(, uy) 1, <kr2y > PC, w) Ly <k+2y ae. and in
L=V (Q). Hence:

hli_r)rgo f(‘Ph(-, w,), Doy 1 (wy) o (w) v) doc = f((P(', u), Do (u) v) de .
’ Q Q

Thanks to the growth of g, assumed in (iii) of Section 1, it results:
L) <k 2y Yjup <1y |90 G tn Dug) | S B +2)( A+ | DTy i) |P) Ljuy <iory -

The right hand side of the previous inequality is strongly convergent in
L1(), so, remembering that ¢ is a Caratheodory function, we have

90 Cy gy D) Ly <ieszy 1 < 13=>9Co % DU 1y <1y @€, and in L'(Q).

This clearly implies:
hli_r)rlo é{gh(-, uy,, Duy,) 041 (uy) o (u) vde =éfg(-, u, Du) o, (uw)vde .
Finally the convergence of
Jhworw oy des [, Do) 000 v) do

to [fvo,(u) dae + [(F, Do(u) v)de is clear and our assertion is proved.
Q Q

Estimate (1.2) follows from Theorem 2.6. =

REMARK 3.2. — If @ =0 it is possible to obtain in place of (1.2), the stronger
condition

im |  |DuPde=0.

k= o< ul <k +1)
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In [9], in the case where g, @, H are equal to zero and a doesn’t depend on u,
is proved the uniqueness of the renormalized solution for a unilateral pro-
blem too.

In the next Theorem we give an uniqueness result in the actual con-
text.

THEOREM 3.3. — In addition to the hypotheses given in Section 1, let us as-
sume on a, ® and g the following ones:

(vii) there ewists u,;eLP? () and for each k>0 there exists c(k) >0
such that:

la(x, s, &) —alx, s, &) | <ck)|s—s' |(u,+ |E]P71)
for each s,s' e[ —k, k], EeR", and a.e. x in Q.
|D(x, s) —D(x,s")| <ck)b|s—s'|

for each s, s' e[ —k, k], and a.e. x in Q, where be L"?~V(Q) is the same as
m (vi) of Section 1.

(viii) g: 2 X R— R 1s such that
lg(x, s)| <P(s)d for ae. x in Q2 and VseR
seR—g(x, s) eR 1is strictly increasing.

where 3, d are the same of (iii) in Section 1.
Then the renormalized solution of problem (1) is unique.

PROOF. — Let u, we Gy?(£2) be solutions of problem (I).

[ In (s/e) .
1 —— ifs=e¢
If se]o, g[ we let 2,(s) = { (/o)

0 if s<e.

We observe that lin%ig(s) =1y9, «((s). Moreover, for k=1, 1.(s) <1+1Ink

for s<k. Let y; be defined as in the proof of Theorem 2.7. As test function
in (1.1) we choose v, ;= ;(u) y;(w)A.(7,(u—w)), with a>2j. It results
v, ;e HYP(RQ), because v, ;= j(u) ¢ ;(w) A (7,(t2;(u) — 72;(w))). Now we
choose the same test function v, ; in the equation relative to w and we subtract
it from the one relative to w. We obtain

f(a(-, u, Du) —a(-, w, Dw), Dv, ;) +
Q

+ [ @6, u) - @6, w), Do)+ [ (g6, w) - gC, w) v, ;=0
(o] (o]
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We decompose the first integral in the following way

[(aC, u, Du) - at-, u, Dw), DA, (v (w6 — w)) ;) p;(w) +
Q
+ f{a(-, u, Dw) — al-, w, Dw), DA (7 ,(u —w))) v ;(u) p ;(w) +
0

+ J(at, u, Duy — at, w, Dw), Dy ) ;) 2,2~ w)).
Q
The first integral of such a decomposition is non-negative, so

lim sup f(g(-, u) = g(-, w)) v, ; < lim sup[ - f(QD(', u) — D(-, w), Do, ;) +
Q e—=0 Q

e—0

- f(a(', w, Dw) — al-, w, Dw), DA (7 ,(u —w))) y;(u) ;(w) +
Q

- f(a('7 u’ Du) - a’(', w’ Dw)y Dl/)](u)w](w)>la(7:a(u - ’Z/U)):| .
Q

Now we evaluate

lim sup — f(‘I)(', u) — (-, w), Dv, ;) =
Q

e—0

1
=lim SupL— f(¢(-,u)—¢(',wx0ru(u—w)> Y i)y (w) +

e—0 e<u—-w<a} ‘L'a(u—?/l)) In (1/¢)

- f(@b(-, u) — (-, w), Dy ;(u) v ;j(w)) A . (7, (u — W))] <
Q

1 1
<li 2j f blu—w||Dr,(u— ) () +
ln;l_)s(}lp[C( {{Lu_wsa} |u—w| | Dz, (u—w)]| rou—w)] (/o) Y () y ;(w)

- f(q)(-, u) — (-, w), Dy ;(u)y j(w)) (v, (u — w))] =
Q

[ @ w9, ), Dy )

{0<u—w}
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because  b(Dt,(u—w)) p;(w) p;(w)e L' (Q) and  (D(-, u) — D(-, w),
Dy ;(u) ¢ j(w)> e L'(Q). Thanks to assumption (vii) on a analogously we
obtain

lim sup — f {a(-, u, Dw) — a(-, w, Dw), Dt ,(u — w))-

£—0 {e<u-w<a}

1
' 7,(u —w) log(1/e)

Yi(uw) pi(w)=0.
Moreover it is clear that

lim sup — f(a(-, w, Du) — a(-, w, Dw), Dy ;(u) v ;(w)) 4. (7, (u —w)) =
Q

e—0

—— [ (at,u, Du) - aC, w, Dw), Dy () pw)).

{0<u—w}

Then

lim sup f(g(',u)—g(-,w))vg,]: f (gC, u) —gC, w) y;(u) p;(w) <
(]

e—0 {0<u—w}

<— [ (&, w) - dC, w) +al, u, Du) - at-, w, Dw), Dy ;(w) ;).

{0<u—w}

By passing to the limit as j— o« and using (1.2) we have

fmsup— | (@0, u), D)y <

J {0<u—w}

1
< lim sup — f b(1+ |u|?~ 1) | Dw|y;(u) <

I Msiw <2}

1 1/p
< lim sup[—.||b||pr( f |Dw|p) +
J J

(< |w| <2}

1/p’ 1/p pin 1p’
+(l.) (l f|Dw|p) (ZJ)”/”'(( fb”/pl) |{js|w|}|“/") ]=0-

J j{js\w|s2j} {i<|w)
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In fact, in virtue of estimate (c) of Theorem 2.5 it results

D . 1 * 1
(< o]} [P0’ <~ @02l g __,+ﬁ,_p_’(1_£)_:0.

p’ p"p n p'

With analogous computations for the other terms of the last side in (3.1),
thanks to the corresponding growth conditions, we get

lim sup f (@C,u) — D¢, w) +al, u, Du) — al-,w, Dw), Dy (w)  (w))=0.

J {0<u—w}

Therefore, by (3.1)

imsup [ (g, ) - g, w) ;) p ) <0

) {0<u—w}

Finally by Fatou’s lemma it follows that f (gC, u)—g(-, w)) <0, so the
{0<u—w}
increasing property of g(x, -) ensures % < w. The roles of # and w may be ex-

changed, so that u =w.
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