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Existence and Decay in Non Linear Viscoelasticity.

JAIME E. MUNoz RIVERA (¥) - FELIX P. QUISPE GOMEZ

Sunto. — In questo lavoro si studia Uesistenza, lunicitd e il decadimento di soluzioni a
una classe di equazioni viscoelastiche in uno spazio di Hilbert H separabile, dato da:

t
utt-I—M([u])Au—fg(t—t) N(u]) Audr=0, in L%(0,T; H)
0

u(0) = uy, u,(0) = uy,

dove con [u(t)] st denota

()] = (u®), (8, (Aud), w8, AT @), A7 u, I, [Au|E) € R,

A :D(A)cH—H é un operatore autoaggiunto non-negativo, M, N : R> >R sono
Sfunzioni di classe C% e g : R—R é una funzione di classe C® verificante condizioni
opportune. Mostriamo che esistono soluziont globali nel tempo per piccoli dati ini-
ziali. Quando [u(t)] = ||AY2ulf, M:R—R e N =1, si mostra Uesistenza globale
per grandi dati iniziali (ug, uy) prest negli spazi D(A) x D(AY2) a condizione che
stano abbastanza prossimi a dati analitici. E anche dimostrato un tasso uniforme
di decadimento.

Summary. — In this work we study the existence, uniqueness and decay of solutions to
a class of viscoelastic equations in a separable Hilbert space H given by

t
utt-i-M([u])Au—fg(t—t) N([u]) Audr=0, in L2(0,T; H)
0

w(0) =uy,  u(0) =uy,

where by [u(t)] we are denoting

[u()] = ((u(t), (), (Aut), w, D), |47 u®)|, A7 w, DR, [Aut)|P) € R?,

A :D(A)cH—H is a nonnegative, self-adjoint operator, M, N : R°—>R are C*
functions and ¢ : R—R is a C3-function with appropriates conditions. We show
that there exists global solution in time for small initial data. When [u(t)] =
A2 )2, M : R—R and N =1, we show the global existence for large initial data
(uy, ;) taken in the space D(A) X D(AY?) provided they are close enough to Gevrey
data. Uniform rate of decay 1is also proved.

(*) Supported by a grant 305406/88-4 of CNPq-Brasil.
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1. — Introduction.

The nonlinear wave equation
uy + M(JAY2ul?) Au=0

was studied for several authors see for example [1, 2, 5, 6, 7, 9, 20]; but until
now the question about the global existence of solution for initial data taken in
the usual Sobolev’s Spaces remains open. To obtain global solution to a class
relative to the above equation, several authors [14, 15, 18] to name but a few,
have considered damping terms as A 2u, Au,, or A“wu, which gives strong esti-
mates resulting in the convergence of the nonlinear term of the approximated
solution. In Nishihara [19] the author consider the wave equation with linear
frictional damping and show the existence of global solution for a class of large
initial data in D(A) spaces, non analytical but close to an analytical data (ana-
lytical in the sense of Gevrey functions). Nishihara’s result is an important im-
provement about the question of existence of solution for the nonlinear Kirch-
hoff equation with weak dissipation, because it provides a large space where
the initial data can be taken to produce large existence result. In this paper we
consider the viscoelastic nonlinear wave equation of memory type. The system
in question is the following

t
1.1)  uy +M([uw]) Au — fg(t — 1) N([u]) Audr =0, in L2(0,T; H)
0

1.2) w(0) = uyg, u (0) = uq,

where by H we are denoting separable Hilbert space and by [«(t)] the nonlin-
ear argument of N and M of the form

[u()] = ((u(t), u, (D), (Ault), u, (b)), !Méumllz, IIA%WH?, lAu(t)[) e R?.

Here ||| and (-, -) denote the norm and the inner product defined over H. By
A we are denoting an unbounded nonnegative self-adjoint operator satisfy-
ing

A:DA)cH—H,
and

[V1] The embedding D(A") — D(A?) is compact for any » >s=0. On M and
N we impose the following hypotheses

[V2] The functions M, N : R°>—R are C? and g : R—R is a C>-function.

The main result of this paper is to show the global existence of solution to
(1.1)—(1.2) provided the initial data is small. For large initial data we show the
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global existence of solution for the Kirchhoff equation with memory, that is
when [u] = |AY2u|, M : R—R and N =1, see section 6 for details. Addition-
ally, we show that the solutions of the different Kirchhoff’'s models we study in
this paper, decay with the same rate as the relaxation function g.

The remaining part of this work is organized as follows. In the next section
2 we prove the existence of local solutions while in section 3 we show that the
solution has uniform rate of decay for the linear problem that is to say, when
the relaxation function decays exponentially, then the corresponding solution
also decays exponentially. When the relaxation decays polynomially the sol-
ution also decays polynomially with the same rate as the relaxation. In section
4 we consider a special case of the nonlinear viscoelastic equation, where the
nonlinearity works only on the memory stress. We will show in this case that
there exists only one global large solution, for initial data taken in the usual
Sobolev Space. In section 5 we use the uniform rate of decay, obtained in sec-
tion 3, to show the global existence of solutions to equation (1.1) when the in-
itial data is small. In section 6 we consider the existence of Gevrey (analytical)
solutions to (1.1) for any Gevrey initial data. Finally, in section 7 we show the
existence of large solutions in the usual Sobolev’s spaces D(A) provided the in-
itial data is close enough to an Gevrey initial data.

2. — Existence of solutions.
The local existence is summarized in the following theorem:

THEOREM 2.1. — Suppose that (u,, u;) € D(A*?) x D(A) and that the hy-
potheses [V1], [V2] holds. Then there exists T >0 and only one function

u:[0, Tl —H
solution the equation (1.1), satisfying
we C2([0, T[, D(AY?)) N C([0, T[, D(A)) N C([0, T, D(A®?)).
In addition if the initial data satisfies

1

(U, 1) e DAY x DA ), 1=1/2,
then there exists only one solution of (1.1), such that

1

ueC([0, T1, D(A**)) N C' ([0, T1, D(AZ ") N C*([0, T1, D(AY).
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Finally, if T is the maximal time for which the solution exists, then we
have

T < © = lim sup{[|Au, )P + [|[A*2u@®) P} = . =

t— Trax

ProOF. — Let us introduce the space Y given by
Y = {veC(0, T], DA)), v,eC(0, T], DIA)},

and let us define the norm
ol = s[%pﬂﬂmv(t)llz + A0, 0|}
tel0,

Let us denote by

Wy, T) = { we Y:w, AVPwe Y, }

w(0) =uy, w,(0) =u; and |||w]|| <»

where by ||| - ||| we are denoting
ool = sup {IA* a0l + lAw |+ JA 0 [}
€ )

and # is a positive number to be fixed later. It is easy to verify that Wis a
closed subspace of Y. Let us define the operator

GC:W—-W

w—TBw=1u

where % is a solution of the equation
t
@3) iy + M) Au = [ gt — v) N(w)) Au(z) de ,
0

w(0) =uge DA),  u,(0) =u, e DAT).

Our starting point is to show that the operator G is invariant on W(%, 7)) for
T small enough, that is B(W(n, T)) c W(y, T) then we will show that the re-
striction of G to W(x, T) is a contraction in Y for some >0 and T small
enough.

Using the continuity of t—w(t) e W(n, T) together with the hypotheses
on M and N we conclude that there exist positive constants satisfying

2.4) 0 <my < M(w@)]) <my
0 <ny= N(w@)]) <n,.
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Let us introduce the following functionals

Et, v)=|AZF+ v P, L, v) = E@, Av).

Note that for any we W we have that |[w(f)]]|rs < cen Where c; is a positive
constant depending on the embedding D(A) < D(A %) < H. Let us consider
we W, vye D(A3?) and v; € D(A). Under these conditions is easy to verify that
the solution v of

t
vu+ M(Tw]) Av = [ g(¢ — v) N(Qw)) Awo) d,
0

~

=F(t)

v(0) = vy, 2:(0) = vy,

satisfies

t
1 1
@5 Lt v) < [CgL(O, 0t —— o L[ ||F’(3)||2ds] pes,
my 202 0

Co

. 1 1 1 c +1
where cz=rn1n{—, ﬁ}, 03=—max{—, ﬁ} and C4(77)=M.
24 Cy 2° 2 2¢,

Let us denote by
u= sup {|d*“M(o)|, |9“N(0)|; |a| <2}.

lo] <ear

Then for any we W(xn, T) it follows that

d d
‘ EM([“’“)D‘ <uerr, ’ aN([w(t)J)‘ <uern

t 2
(g * Aw)t) |2 < n( [0 dr) ,
0

where ¢; >0 and ¢, are positive constant depending only on embedding
D(A)<D(Az2) s H. On the other hand, we get

t 2
IF @) = llg* N(tw) Aulf < nfn( J o dr) .
0

IF" @) =g(0)N([w]) Aw + g"* N([w]) Awl|?

< 2{(g(0) n | Aw|? + (cny )?[|g* Awl?}

t 2
S2n9{1+(fg(r)dr) },
0
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where c; is a positive constant and o = (g(0) 14 Y2 + (¢smy)?. Hence, from (2.5)
we get

t 2
nlzn(fg(r) dr) o ! 2
L(t, u) < | e L0, u) + 0 + 2014 fg(,)dr [ et
0

Co My Co

t
Since [g(r) dt—0 when t—0, then there exists T, > 0 such that
0

2

Ty To
fg(r) dr| <2020 1y fg(t) dr | <2,
0 nin 0

1 1
Ty < min{ , —}
c(n)  on

2

Therefore, for any te [0, T,] we have

L, u) < {CSL(O, u) + (1 + E)} e=: K,.
Ca

From equation (2.3) it follows
A2y |P < 4 {mE[|A*2ulP + ni g« A32wl?},

which implies

T, 2
A2, [P < mEL(t, w) + 4dnfy ( fg(r) dr)
0

T, 2
<4miK,+4nly ( fg(r) dr) .
0

Taking 7 = (2 + 5m?)K, and choosing T, > 0 such that

7 2
dnin ( fg(r) dr) <miK,,
0
from where it follows that

llwll = sup {IA%2ul? + [Aw,[F + |A 20y P} < 7.
te [0, Ty)

which proves that G is invariant.
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Now we will show that there exists T, 0 < Ty < T, such that the restriction
of G over W(n, T;) is a contraction in Y. Let us take w' and w?e W(y, T}).
Denoting by u'= Bwi,i=1,2; U=u'—u? and W=w'!—w?. We have

Uy + M([w'DAU = {M((w']) — M([w?])} Au®+
g*{N(w']) = N(w?D} Aw' + g * N([w?]) AW.
Using multiplicative techniques and the mean value theorem we get

AU + AU <

t 2
1 2%12( [g(r) dr)
—\| K T;+ 0

Ce my

i
(ucym+1)
wi + 9D [z v favy ar,
6 0

where cg = min{%, 1}. Using Gronwall’s inequality we arrive at

t 2
- L1 anz(ofg(r) dr) o
1A U P+ AUP < — | K Ty + [WIE,er™,
Cg my
where y = wantl and K; are positive constants. Taking 7;>0 such
that “
T 2

1 2n12(fg(r) dr) ‘

i ) 0 .6771<1,

Ce My

we have that T«g,, 7). is a contraction on Y. From where the existence result
follows. To show the uniqueness let us take two solutions %! and 2 of (2.3).
Denoting by U=u'—u? we have that

Utt+M([u1])AU=
{M[u') — M([u*)} Au®— g* {N([u']) — N(u?D} Au' + g = N((u?]) AU
U0)=U,0)=0.

Using multiplicative techniques we are able to show that

t
I0.0lF+ 224z vl < 61+ [ @I+ la v s,
0

From Gronwall’s inequality we get that U=0, which completes the
proof. =
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3. — Asymptotic behaviour: Linear Case.

In this section, we study the asymptotic behaviour of the equation

t
utt+Au—fg(t—r)Au(t) dr=f.
0

To prove the exponential decay of the solutions we use the following hypothe-
ses on ¢:

(3.2) 0<gt)eC?®, —xyt)<g'(t)< —cy(t)
(3.3) lg" ()| < Cy(t),
(3.4) a=: 1—N([0])fg(r) dr >0

0

to facilitate our computation we introduce the notations

t
(grp® = [ gt - Dllf0) - f|Pdr and
0

t
(n=v)t) = fn(t - 1) u(t) dr .
0

The following Lemma will play an important role in the sequel.

LEMMA 3.1. — Let us denote by X a Hilbert space. Consider n a C*(R)-func-
tion and ¢ eC([0, T); X). Under this conditions the following identity
holds

t
d
35 2m=p) ¢’ =—nt)|p|* - a{ﬁﬂqﬁ— ( f’?df)qu’lz] +n'0O¢.
0

Proor. - It is sufficient to differentiate the expression

t
WD¢—(fmh%¢V- =
0

Let us introduce the energy functional,

t
1
66 Bto- [nvtnz g (1 -J gdr) a1 +gmva].
0
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Multiplying equation (3.1) by u; and applying Lemma 3.1 we have that
d 1 1/2 2 1 1/2
3.7 %E(t, n) = — Eg(t)HA ul? + Eg’ OAY2u + (f, w).

Let us introduce the function w=u —g*u. A simply computation yields
wy=u—g(0)u—g*u
Wy = Uy — 9(0) uy — g " (0) uw —g"*u
So, w satisfies:
3.8)  wy+Aw+ g(0) w; +
g 0Pu+9g0)g" *u+g (0)u+g" =u=fin L%, T; H)
3.9) w(0) =ug(x);  w,(0) = u ().

Note that the function w transform equation (1.1) into a wave equation with
frictional damping except for the remaining terms on %. The idea now is to es-
timate the terms on « and to use the simple dissipation on w to prove the uni-
form rate of decay. To do this, let us introduce the functional

1
5 = 3 {17+ 00, )+ Z8 o)

Our method consist in introducing functions whose derivatives have the terms
— |l |, —||AY2w|?. The starting point of this process is to establish an in-
equality which we summarized in following Lemma:

LEMMA 3.2. — Under the above conditions, the solution of equation (3.12)
satisfies the following inequality

d
9 s < —(9( ) —a){n ol 4 LA 2} +

Co{a®ll + 9o} + (1, 0+ £20)

where 0 1s a small constant to be fixed, later.

Proor. — Multiplying equation (3.8) by w; we have,
1d
@10 - — leor [P+ A2 00l P} + g0 flwy | =

(f, w) —9(0){g(0)u+g" *u, w,— ({g'(0)u+g" *u}, w,.
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Note that

t
g0)u+g' *uzg(t)u+fg’(t—r){u(t)—u(t)} dr
0

t
g ' 0)u+g”" *u=g")u+ fg”(t —){u(r) —ut)} dr.
0
Inserting the above identities into relation (3.10) we get

P}
{90 u+g’ =u}, w) <co{g®Olu®)|? +gOu} + Ellwtll2

o
g (O u+g" =u}, w) < co{g®)u®|F + gOu} + EHthI2
From where it follows that

1d
3.11 = o, P+ |A 2P +
a1 2L )

(9(0) = D)oy [* < es { g [u® | + gOu} + (f, wo).
Multiplying equation (3.8) by w, we have

d
0, w) = [P = JA Pl = 90w, ) + (f, w) -

g O){g0)u+g" =ul,w)—{g'(0O)u+g"™ u}l, w).

Using similar arguments as above, we have

d (0)
%{(w, wy) + gT”w(t)”2} S

ler [P = (1 = AP wl? + (f, w) + es { gD [P + gDu} .

Multiplying the above expression by ¢(0)/2 and adding the product result to
(3.11) our conclusion follows. =

In the following remark we show how the frictional dissipation on w can be
used to estimate the expression on u.

REMARK 3.1. — It is easy to see that there exists a positive constant C for
which we have:

8(t) = CE(?),
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and also

ooy [* + A2 0l = (1 = 0) [ [ +

t
(1 - fgdr) A2l — cs { g [|A 2 ul? + gOA Y20}
0

We will show only that
oo, [P < ().

The others inequalities are similar. Note that

t
w,=u, — g(t) u — fg’(t— o {ul, v) —ul, t)} dr.
0

From where it follows that
P < e{llus [ + 9@ [ldl? + gD}

Using that D(A°)cD(A") has continuous immersion for s>r, our conclu-
sion follows. M

From (3.7) and Lemma 3.2 we have that the functional £(¢) given by
L£(t) = vE() + 8(¢)
satisfies:
3.12) col(t) < L(t) <c E(t)
and also that

@13) 80 < —re)+ Of, w0 + (o £,

The exponential decay of the solution of equation (1.1) is summarized in the
following Theorem

THEOREM 3.1. — Under the same hypothesis as Lemma 3.2, with the kernel
g satisfying conditions (3.2)-(3.4), and |f|F <ce ", there is positive con-
stants K, ¢y and k; such that

Et, u) < (koE0, u) +cy) e "¥1%,
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ProOF. — From (3.13) we have

d K K
— L) S ——LHO+C|fIP< —=L@) + Cye .
Rl 5 <) 171 5 £+ Cy

From where our result follows. =

Now we consider kernel which decay polynomially that is we suppose that
the kernel g satisfies

(3.14) 0<g(t)eC?,

1 1 1
B15) —cg T <g W< —cg @) |g"®)] <cg' (@)

(3.16) ﬁ:=fgl’?(r)dr<oo, p>2.
0

The relations (3.14)-(3.16) mean that g = (1 +¢) ? ast— oo, for p > 2. We will
show that under the above conditions the solution of (1.1) decays polynomially,
with the same rate of decay of g. To do this we will use the following
Lemma.

LEMMA 313 — Suppose that «g» and «<h» are continuous functions satisfy-
ing ge L' 70, »)NLY0, ©) and g"e L0, ) for some 0 <r<1, then,
we have that:

t
f|g(t—r) h(t)|dr <
0

1
qg+1

t # i
[f|g(t—r)|1+7r|h(r)|dr} [f|g(t—t)|“”|h(r)|dr}
0 0

ProoF. — For any ¢ fixed we have:

i i
1

[19t - 0w de= [ 19t -0 |77 |h@) |77 |9t - 0|7 k(o) |77 de .

0 0

=2 =0

Note that ze L?(0, ) and veL? (0, «), where p=¢+1 and p’ =q—+1.
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Using the Holder’s inequality, we have

t

f|g(t—r) h(t)|dr <

0

1 q

: A =
[f|g(t—t)|’"|h(t)|dr] [f|g(t—r)|1+z_z|h(r)|dr} .

0 0

Which completes the proof. =

LEMMA 3.4. — Suppose that ve C(0, T; D(AY?)) and g are continuous
Sfunctions satisfying the hypotheses (3.15)—(3.16), then for 0<r<1, we
have

1
1+1-rp a-nmp

t
1 _—
gDAl/Z,U $2[ J‘g’}"d.l’.”A1/2,U||%(0y T)] {gl+; DAI/ZU}IJr(Ifr)P ,
0

and for r=0,

1
P

t p+1 1 R
gDAmvsz[fWP”MﬂWﬁ+ﬂM”MU%} o7 7oAt
0

ProoOF. — From hypotheses on v and the Lemma 3.3, we have:

t
gOA Y2y = fg(t — 1) (A2 0(t) — A2 () A2 u(t) — AV2u(T)) dr
0 = =h(t) -

1 (1-nrp

¢ A-np+1 ! . A-np+1
< { Jort-on@ dr] [ng?(t—r) () df}
0 0

(1-rp

1 1
14+l =
${gT|:|A1/2’U}(1—r)p+l{g » []Al/zv}(l e

For 0 <r<1 we have

t
gr0A™y = [g7(t - DA 0t) — A (0)(A R o(t) — AV o(0) dr
0

t
<4 [ g7 ddA e, p-
0

From where it follows the first inequality of Lemma 3.4. To prove the second
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part, let us take »=0. From Lemma 3.3 we have

t

1 DAI/Z'U _ f(Al/Z,v(t) _AI/Z,U(.L,))(A 1/2,1)(t) —Al/z'l)(‘[)) dr
0

t
< 2¢|A2u(t) | + 2 fllAl/Q v(0)|Pdr .
0

Substitution of the above inequality into (3.17) our conclusion follows. The
proof is complete. =

From above Lemmas and taking in mind that the first order energy is
bounded we have

1—=rp

1
(3.18) gDAl/Zusco(gl‘F;DAI/ZM)1+(17T)17’

for 0 <r<l1.

LEMMA 3.5. — Under the above conditions and fe C1([0, T[; H), the sol-
ution of equation (3.8) satisfies the inequality

d 0
aaws—w() (o + A2 f2} +

Cofot+g" % 0 + (.0 + L2 w)

where O 1s a positive number that will be fixed later.

ProOF. — The only difference with the proof of the Lemma 3.2, is the esti-
mate of the following term,

t
1 1/2
- (wt, g - ofum - uw} dr) <Clg""7 Ou} " lhwl
0
The others estimates follow using similar arguments. =
Now we are in conditions to prove the polynomial decay.

THEOREM 3.2. — Suppose that the initial data (uy, u;) is such that

upe D(A), w eDAY), |fIF<

1+¢pHt
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verifying (3.24), (3.25), then the solution of equation (6.5) satisfies:
E(t,uw) <CE0, u)(1+1¢)7?,
Sfor p>2.

ProoF. — As in Theorem 3.1, we arrive at the following inequality

dt

=Nt u)

Since the energy is bounded, Lemma 3.4 implies that,

1+(1-rp 1+1-rp

N@) = eNE) T, g DA1/2u>c{gDA1/2u} a-n
It is not difficult to verify that £ satisfies:

1-7)p

(
(3.19) B, u)} < £, u) < e {N@) + gOA Yy} va—n,
for v large enough. From where it follows

d 1+(1=7)p
E £(t, ’LL) < - Cgo@(t, ’M,) a-»np + C||f(t)||2
using the hypothesis on f we get

L, u)<CL0, ) —.
( u) ( u) (1+t)(1—1”)1)

a
= = ko [l A g O G+ fans S,
—

15

From where it follows that energy decay uniformly to zero. From Lemma 3.4

for » =0 we have
1 141 1
N@E)ZzeNO 7, g OARuzc{gOAYul .

Using similar reasoning as above we arrive at

L, u) <CL0, u)

(1+¢t)P

From where our conclusion follows. =

REMARK 3.2. — The above result says that there exists one functional £ as-

sociated to the viscoelastic system (3.1) satisfying

d (0)
Eﬁ(t) < —kN(@) - %KQDAI/ZM-I- (vf, wy) + (f wy + gT )
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while when the kernel decays polynomially we have

if,(t) < —kN(t) — “

o P OAY u + (vf, wy) + (f w; + %w)

Note that £ also depends on v. In fact, from equation (3.7) and Lemma 3.2 we
have that

d
LESOR —(9( ) —a){n B+ 42}

—(V—C(s){g(t)HA1/2u||2+g[]A1/2u}+(vf ut)+(f w,+ 9(2) )

From remark 3.1 it follows that

Sews- (L2 )—é)u—é)[llutnz (1—fgdr) L4“2u||2]

—=Cy— Co){g(t)|L41/2%||2+gDA1/2u}+(vf,ut)+(fwt g(z)w).

From where we arrive at

t
%c@y(t) < - (% —a)u —é)lllut||2+ (1 —fgdr)lml/zullzwm”zl
0

(N Cs—cs + % - 6) {9 A2l + gOA 20}

+(vf, wy) + (f wy + %w)
Since £ satisfies (3.21), taking v/2 > Cy+ ¢y — g (2) + 0 we have that
d v 12,112 12 9(0)
ao&(t)S —kL,(t)— E{g(t)”A u|| +gOA Y u} + (vf, us+ | f,0; + Tw
Analogously when g decays polynomially we get

divﬁ’ < —kN@Et)— — { OIAulp+g"" DAI/Z }+(Vfut)+(fwt+%w)

From where our conclusion follows. ™



EXISTENCE AND DECAY IN NON LINEAR VISCOELASTICITY 17
4, — Global large solution and uniform rate of decay.
In this section we show the global existence of solutions for large data of

the nonlinear viscoelastic system:

t
4.1) Uy + Au — fg(t — 1) NJu(r)]) Audr =0,
0

with initial conditions
w(0) = uy; u(0) =y
here for [#] we are denoting the functional
[u()] = ((u(t), w (D)), (Auct), u (1), [AT u®)[?, AT u, @, |Aut)|F) e RO,
We assume that,

4.2) |N(s1, S2, Sg, 84, 85) | SC

REMARK 4.1. — Let us denote by o the number

o= sup {|3“M(o)|, |9“N(0)|; |a| <2}.

lo] <czn
and let us introduce the set
W, T) = {ve C*(0, T; D(AY));

ve (0, T; D(A®), v,€C'(0, T; D(A)) and ||v]| <n}
where by ||| ||| we are denoting the norm

loll* = s[lgloT]{llAg/zvll2 + AP + Ao P}
€Ly,

Then for any we Wy, T) we have that for F =M or N the following
mequalities:

%F([w(t)]) | <ocsn

t 2
(g * Amw)t)|P < n( J o dr) ,
0

holds, where c3 >0 is a positive constant which depends on the embedding
D(A) —>D(AT)>H.
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In this conditions we are able to show the existence of strong solutions. We
suppose that g satisfies

4.3) g9, g eL'(R)

THEOREM 4.1. — Suppose that N satisfies the hypotheses (4.2) and that the
mitial data satisfies:

uye D(A®?),  u;eD(A).
Then there exists, only one solution of (4.1) satisfying:

ueC([0, T[; D(A®2~")),  i=0,1, 2.

Proor. — By the local existence result it is sufficient to show that the
second order energy remains bounded for any ¢ > 0. Differentiation equation
(4.1) with respect to time, we get

t
Uy + Ary — 9(0) N([u]) Au — fg’(t — 1) N([u]) Au(t) dr = 0.
0
Multiplying the above equation by u; we have that the functional
1
N uy) = E{Hunﬂz + HAl/zut”z}

satisfies

t
d
(4.4) EN(t; u) = g(0) N([ul)(Aw, uy) + fg’(t — 1) N([uD)(Au(r) dz, uy).
0

From equation (4.1), we have

t
lAu)|P < Ju @) I? + € [ gtt — 0 l|Auco)|Pde
0

and using Gronwall’s Lemma we have

t
lau®)IP < a2 + ¢ [ N [Pz
0

Substitution of the above inequality into identity (4.4) we conclude that there
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exists a positive constant C' such that:

t
d
%N(t; ;) < Clluy ()P + Cf [ty ()P d .
0

Integrating with respect to the time and using Gronwall’s Lemma we finally
arrive at

t
N(t; up) < N(O; ut)+CfN(r, u) dt
0

from where it follows that
Nt w) < NO; uy) e
Note that v = A2« satisfies:

t
Vg + Avy — 9(0) N([u]) Av — fg’(t — 1) N([u]) Av(r) dr=0.
0

Repeating the above process we conclude that there exists one positive con-
stant C such that:

A= 2t P+ |2 [P+ A= ) [P < CLIA o [P+ A [F + A2 [P}, WE>0

this complete the existence result. =

To study the uniform rate of decay of equation (4.1) we rewrite it in the fol-
lowing form.

t
Uy + Au — fg(t —1)Au(t)dr=f
0
where f is given by

t
4.5) £t = [ gt = D{NQuD) - N(0)} Au(r) dr
0

We suppose, with out loss of generality, that N(0) =1, (otherwise, put g :=
N([0]) g) then hypothesis (3.4) can be written as

(4.6) 1—fg(r)dr=a>0.
0

In the next theorem we show the exponential decay of the solution.
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THEOREM 4.2. — Let us take geC? satisfying the hypotheses (3.2)-(3.4),
[VN| < 6 and with initial data (ug, u;) in D(A3?) x D(A). Then the energy
associated to system (4.1), has exponential decay.

PrOOF. — From remark 3.2, we have the functional £ satisfies:

%o&(t)S — kL, (t)— g{g(t)|L41/2u||2+gDAl/zu}+(vf,ut)+ (f;wt+ @w) .

Note that

d
(f’ ut): E(f’ M)—(ﬁ,%)

= %(f, u) = g(O{N([u(®)]) — N([0]) }(Au, )

t
- fg’(t — D{N([w(m)]) = NODHAu, AYu) dr
0

< 00+ Ol + ce{gmA P+ 4 ).
Similarly we have
d
(f, w) < a(f, w) + g(t) cs B(0) + O||AY2ul? + c{gDA 129 + g(t)||A1/2uH2}

where K is defined in (3.6). From the mean value inequality we have that there
exists one positive constant C' such that

IN([u]) = N([0]) | < C5.
Taking v/2 > ¢, the functional JC given by
IH(E) = L) +v(f, w) + (f, w)

satisfies

%3(’(15) < — kL) +g(t) ¢, E(0),

%i’(t) < X)) <2 L@).

From the two above inequalities, it follows that £2(t) < £2(0) e ~”* which that
the solution decays exponentially. m
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Now we show the polynomial decay of the solution

THEOREM 4.3. — Under the same hypotheses as Theorem 4.2, A= oy > 0,
and ¢ satisfying (3.14)-(3.16) we have for any initial data

(o, uy) € D(A®?) x D(A)
that there is only one solution u of the equation (4.1), that is to say

Et)<CEW0)(1+¢t)™? Vt=0.
PrOOF. — From remark 3.2, we have that the functional £ satisfies

i L) = —xN(@) —
dt

%{g(tﬂ[Al&u”z +gl+% DAl/zu} + (vfy wy) + (f, wy + %w) .

As in the proof of Theorem 4.2 we have

d 1
(fr) < < (fy )+ OJA ol + celg' "7 OAZu + A2 ulf

(F, 100 < S+ 84 ulf 4 el g7 DA+ gl

1+(-np 1ra-mp

1 —_—
N(t) = eN(t) T, g”? DAmuBc{gDAmu} a=nr
It is not difficult to verify, that taking N large enough, we have that £
satisfies:

(1-np
} 1+ -np

@47 B, W)} < £, u) < ¢ [N +g' 7 OARw
Since
[N([u]) = N([0D) | <9,
and taking /2 > ¢ the functional JC given by
H(E) = L&) +v(f, u) + (f, w)
verifies

d 1+(1-np
E IH(t) < — kL) T +cg(t).
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Since

1

3 L) < () <2 L.
We conclude that

LE,u)=CL0, ) ———.
(¢, u) ( u)(1+t)<1‘“‘“’

From where it follows that the energy decays uniform by to zero. Finally,
using similar arguments as in the proof of Theorem 3.2 our conclusion
follows. =
5. — Global solutions for small data.

In this section we study the existence of global solutions for small data and

also the asymptotic behaviour of the solution to the full nonlinear prob-
lem,

¢
(6.1) uy + M([u]) Au — fg(t —7) N([ul) Au(r) dv =0,
0

u(0) =wuy,  w(0) =u,

where, M and N satisfies conditions [V2], M([0]) >0 and [«] is given by

[u())] = (uCt), u (), (Audt), w (), AT u®)|?, Iméut(wll% lAu(®)[) e R?

The particular case A = — A and [u] = [|A 2], was studied by Torrejon and
Young [22]. The authors showed the existence of global solution, for analytical
data and the asymptotic stability when ¢ — o . To explore the dissipative prop-
erties of equation (5.1) let us rewrite the equation in the following form,

t
(5.2) uy + M([0]) Au — N([0]) fg(t —1)Au(r)dr=P:=R +Q,
0
where R and @ are the nonlinear term of equation
t
R(t) = fg(t = D{N(u()]) = N(0)} Au(z) dr
0

Q) = {M([u®)]) — M([0D } Au(t)
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We assume hypotheses (3.2)-(3.3) on the kernel g and instead of the hypothesis
(3.4) we use hypothesis:

(5.3) M(101) - N(0]) [ gty dt >0
0

For simplicity and without loss of generality, we suppose that M(0) =1,

N(0) =1, (otherwise we make the change of variables t—"\/M([0])¢, and put
~ . M((0])

then hypothesis (5.3) may be written as,
oD 9) yp (5.3) may

o

(5.4) 1- [y dr=a>0.

0

Rewriting equation (5.2) we have

t
(5.5) utt+Au—fg(t—r)Au(r) di=P:=R+Q,
0

THEOREM 5.1. — Let us suppose that hypotheses [V1] and [V2] holds and let
us take g satisfying (3.2)-(3.4). Consider ¢ >0 such that the initial data

(ug, uy) € D(A®?) x D(A)
satisfies
4% P+ A <.
Then, there exist, only one solution u of equation (5.1), such that
uweC*([0, »[, DIA?)) N C([0, o[, D(A) N C([0, «[, D(A*?)).
In addition, we have that the energy E(t) defined in (3.6) satisfies
Et)<EW0)e " Vt=0 e y>0.

Proor. — Applying the operator A to equation (5.5) and using remark 3.2
for v = Au we have

d
66— L.t Au) S ~ kLt Au) - %{g(t)HA?’/zqu +gOAu} +

9(0)
+v(AP, Aw,) + | AP, Aw, + TAw
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Sinece M and N are continuous funections, for all 6 > 0, there exists ¢ > 0, such
that

|o|rs < cze = |[M(0) = M([0])| <6 and |N(o)— N(OD|<9.

From Theorem 2.1, there exists 0 < Ty < T, such that

3
M(t, Au) = |AZ u@®)|? + ||Aw|? + gOA%?u < de em [0, T[.
where d =1 and will be fixed later. Let us consider
T#=sup{T#>0:E{t)<de in [0, Ty[}

We have two cases: (i) T* = Ty, (i) T* < Tpax- The first one implies that the
solution u is bounded so, we have T, = . Hence, we only consider case (ii).
Suppose that T* < T« and Ty« < o then we have

6.7 [[u®)]|w <cze = [M([ul) - M(0D | <o
and |N([u]) - N([0])| <6 in [0, T*[.

Denoting by «; the expression,

oM
o= max{ (s):i=1,2,3,4,5}.
[s| Scoe c%ci

From remark 4.1 we have that

d
63 | SAMao)-Maun} | <

2a; {42 u, @) + |43 u®) || + |4, ()|} < ez,
note that

(AQ, Awy) = {M([u]) = M([0D) }(A*u, Auy)

=_l i _ 3/2, 112
= ( = (M) M([O])}) a2

1d
+ 5 = (MuD - MAOD} A ulf)

1d
< ¢ 0|A%2ulf + o E({M([a]) — MOD}HIAZul?)
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d
(AR, Auy) = E(AR’ Au) — (AR, Au)

d
E(AR’ Au) — g(O{N([u(®)]) — N([0OD }(A®u, Au)

t
+ [ g7t - D{NQu@D) - N0} A2u(x) drAu
0
< %(AR, Au) + 6g(0)[|A*2u|? + 6C{gOA*2u + A ul?} .

From where it follows that

(AP,AMt) S638{|L43/2u”2+g|:|A3/2%} +

a 1{M([u])—M([O])}||AS/2u\|2+ (AR, Aw)}.
dt | 2

Similarly, we have

1
(AP, Aw, + EAW) < s 0|42 ulP + gAY 0} +

| =

1 d
> {MIul) — MAOD YA ulP) + a(AR, Au).

I

t
Denoting by

S(t) =2{M([ul) — M(OD}A*?ul? + 2(AR, Au).
From (5.6) and taking ¢ and 6 small enough it follow that

d K
— L) - S} < — — LO);
dt{() )} < 5 (t);

18t | < %&‘)T((t).
Recalling the definition of S we have
(5.9) %DTZ(t) < L£(t) — S(t) <2 ),
and

d
e - sy < - g{JE(t) — sy,
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which implies that
L£(t) — S(t)) < {L£(0) - S(0)} e ",

K

where y = 5 From above inequality together with (5.9) we have

2 4
M) < Z{L00) =80y e "< 2L om0y e Vtel0, T*.
Co Co
The next step is to show that T, = . To do it we reason by contradiction.
Let us suppose that T* < T\, < © and that T* = T*. Thus we have

(5.10) N(t) <dN(0)e "' < dee ™.
Letting t—T* = T7*, it follows that
NM(T) <de ""Te<de,

which is a contradiction to the maximality of 7*. Hence, T\« = % so, and the
solution is global in time. From where our conclusion follows. m

6. — Analytical solutions.

In this section we deal with the existence of analytical solutions for sys-
tems (1.1) with M and N satisfying the hypotheses of section 1. We prove the
existence of solutions for large A-Gevrey vector data. The idea is to use the lo-
cal existence result and show that the expression

I, O + [Aw@F + [l (D]

remains bounded for any ¢ > 0. To do this we introduce the concept of Gevrey
function (also known as analytical function). The existence of solutions for
large non Gevrey data is an open problem.

A field of Hilbert spaces is an applications A+~ I((1) defined on R, where
J(A) is a Hilbert space. A vectorial field over R is an application A—u(1) such
that u(1) € (), for any 1 € R. Let us denote by F the vectorial space given by
all the vectors over R and let us denote by u a measure over R.

DEFINITION 6.1. — A field of Hilbert spaces A+ (L) is called u-measur-
able when there exists a subspace N =@ of F, satisfying the following
conditions

i) The application A—>|lu(d) ||y, is u-measurable for any wu e I

i) For we J the function A (u(d), v(A))yq;) is u-measurable for any
field ve N, then ue I
the elements of N are called u-measurable vector field
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DEFINITION 6.2. — A field u of vectors over R is called square integrable
with respect to a measure u when

f||u(/1)||?>f(1)dﬂ(l) < o,
R

Denoting by I(, the vectorial space given by the vector field square integrable
with respect to u. Let us define in I(, the following imner product

(u, 0= JR), VA oy A, 1, v .
R

Then the Hilbert space Iy is called Hilbertian Integral of the spaces field

®
A= H(L), and it is denoted by Iy = f IA) du(L). Under this conditions we
have the following result

THEOREM 6.1. — Let H be a Hilbert space and let us denote by A a self ad-
joint operator, positive definite in H, then there exists a bounded positive

@
measure v over R, a Hilbert space 3¢ = [ IC(A) dv(A) and a unitary operator
U from H over Iy, satisfying the following properties

1) UWA*w) =1*Wwu), Vue D(A%), a =0,

1) U is an isomorphism from D(A*) over I(,, a =0.
PRrROOF. — See [10] e [13].

DEFINITION 6.3. — A function ve H is called A(k)-Gevrey vectors of order
k>0 if exists one positive constant y satisfy the following property:

o

(6.1) f e’

0

Uv(A) [2du(A) < o,

where U s the given unit operator in IC. We say that the function v is A-
Gevrey vector if it is A(1)-Gevrey vector of order one.

The idea we use, is a combination of Arosio and Spagnolo’s method [1] and
the continuation of local solutions, exploring the dissipative properties of the
memory effect. For the case A= —A and periodic boundary conditions in
bounded domain of R" then A-Gevrey vector is a classic analytical functions,
see [1]. Before to proof the existence of solutions, we show the following
Lemma.
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LEMMA 6.1. — Let us take ne C(R), ge C1(R) and ve C*([0, T[; I0), then
we have that:

t
( fg(t — 1) n(7) v(7) dr, vt)
0

t t
I i[ fg(t—r) n(r)|v(t)—v(r)|2dr] + lfg’(t—r) n(m)|v(t) — (1) |*dr
2 dt | ¢ 2

¢ t
+li[ fg(t—r)n(r)dr|v|2]—l[g(O)n(t)Jrfg’(t—f)"(f)dT]|”|2
2.dt |, 2 0

Proor. — Differentiation the expression

t
d
— fg(t — 1) n(7) |v(t) — v(z) |Pdr
we arrived to the required identity. =
THEOREM 6.2. — Suppose that the mitial data wuy, u; are A-Gevrey vectors,

and that M(t) = C >0 and N(t) =0 are bounded functions, then there exists
only one global solution of system (5.1) satisfying,

ueC'([0, TT; Q)

where A s a set of all Gevrey vector functions

PrOOF. — For 6 > 0 denote j; a Friedrich’s regularization with support on
[—0, 6]. Let us denote by u the local solution and

M) = (M %)) = | M(s) jy(r—s) ds ,
R

where M(t) := M([u(t)]) is the extension of M for negative values of ¢. Similar-
ly for Ny, denoting by v:= Uwu, then it follows that v satisfies:

t
6.2) wvy+Msiv+ fg(t — 1) Nsv(t) dt =
0

t
(Ms—M) v+ fg(t —10)(vs—v) lv(r) dr.
0
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Multiplying (6.2) by v; and using the Lemma 6.1 we get

¢ ¢
%{|vt|2+lMa|v|2+/lfg(t—r)Né|v(t)—v(r)|2dr—lfg(t—t)Né(r)dr|v|2}=
0 0
¢
AM; |v|*+ (Mé—M)lvvtnLfg(t—r)(Né—N)/lvdwt
0

t t
+fg’(t—t) Ny 2|v(t)—o(t) |2dr—i(g(0)Né |v|2—fg’(t—r) Ny(7) d‘L‘) |v]2.
0 0

Introducing the following functionals

¢
Es(t, 2) = |v|*+ AM, |v|2+/1fg(t—r) N, |v(t) —v(z) |*dr
0

t
E(t, ) = |v|*+ A|v|? +/1fg(t — 1) Ny |v(t) — o(7) |*dr,
0
we have that there exist positive constants such that
C()E(t, /1) SEo(t, l) < ClE(t, l)
for 6 small. From the above inequalities we have,

t
%[Eé(t, l)—lfg(t—r) N, () dr|v|2] <
0

t
eA|v| v +elfg(t—t) |[v|dr|v,| +csEs(t, A).
0

Integrating in time we arrive at

t

E(t, 2) < CE(0, /1)+0f(% +£/1) E(s, ) ds .

From Gronwall’s inequality we have
(6.3) E(t, 2) < cE(0, 2) e ¢« te[0, Ty)
Using that

m!
AT S 7681, melN
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we get

(6.4) Jam B, 2y duy < ey, .0 [ e B0, 2) duta,
0 0

From where the right hand side of the above equation is finite by hypothesis.
Therefore from Theorem 2.1 it follows the existence of global solution.

REMARK 6.1. — From inequality (6.3) we deduce that the solution is also A-
Gevray. In fact, multiplying the inequality (6.3) by e we have:

e E(t, 1) < B0, 2)e T+ gHTu+ D)
Taking € =y/(Ty +1) our conclusion follows. m

COROLLARY 6.1. — Suppose that M and N be functions satisfying:
M,N:R*—>R"
sN(s) < CfM(o) do.
0

Let us consider [u] = ||AY2ul?. In this conditions we have for any initial
data ugy, u, A-Gevray, that there exists only one global A-Gevray solution of
system (5.1).

ProoF. — By Theorem 6.2 it is enough to show that M([«]) and N([u]) are
bounded. To do this let us, multiply equation (5.1) by u; so we have:

1d —
T {lu @) P + M(JA 2 ut)|P) } =

t
( fg(t — 1) N(|AY2u(0)|P) AV u(r) dr, Al/zut(t))
0
where M(s) = f M(o) do. Applying Lemma 6.1 to the above expression we have
0

t
%[E(t) ~1/2 f g9t — ) N(|A*u(@)|P) drIIA”u(t)IIZ] =
0
t
% f g9' -0 N(Au@[P) A ut) — A u(@)|P dr
0

t
-1/2 [g(O) N(JAY2u)|?) + fg’(t — 1) N(JAY2u(0)|?) d‘t’] A2 (t) |
0
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where

1 _——
E(t) = 3 [Ilutu)ll2 + M(|A2u)|P) +

t

[ gt - o MA@ B A uct) - AR uc|Pac |

0

Note that

t
[yt -0 NQA R umP) dea 2 uc)|p <
0
t
—2 [ ¢t - v) N(A2u(@) D) A P ut) — AP u(o)|Pde
0

t
— o't - v NQA R u() Py A 2w |z
0

Using the hypotheses on M and N we have that there exists one constant C,
such that

t
— g7t -0 NJA 2 u@[P) deA P ut) P <
0
t
2 [ o't -0 IN(A 2 u B A ut) - A2 uo) P
0

t
v2cf g - 0| MA@ |?) de
0

from where it follows that there exists a positive constant such that:

¢
E@®) <E0)+ CfE(r) dr.
0

So, we have that E(t) is bounded. Which implies that M([«(t)]) and N([u(t)])
are also bounded. Therefore applying the Theorem 6.2, our conclusion
follows. m

Using similar methods as in section 2 and 4 we are able to show the uni-
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form rate of decay of the solutions of

t
(6.5) utt+M(||Al/2uH2)Au—fg(t—r) Au(t) dr =0,
0

/LL(O):’I/L(), ut(o):uly
for large initial data and arbitrary function M satisfying:
t
(6.6) my<M(s), Vs=0, mo—fg(r) dr>0.
0
Therefore we have:

THEOREM 6.3. — Suppose that g satisfies hypotheses (3.2)-(3.4), then the sol-
ution of equation (6.5) decays exponentially, that is

ke O + IA 2 u(®)[F + gOA () < eflln [P + A2 a0 [P} € 77

while when g satisfies the hypotheses (3.15)-(3.16), then solution decays poly-
nomially, that is

E@)<CE0)1+1t)"? Vi=0. [

COROLLARY 6.2. — With the same hypothesis as in Theorem 6.3, we have
that

A @ IF + A" P u@) [P+ gOA w < C{IIA [P+ A" P[P} e~
ProOF. — Note that v = A'u, satisfies the equation
t
vy + Av — fg(t — 1) Av(t) dv = (1 — M(|A Y2 ulP)) Av.
0
Repeating the same arguments used in the proof of Lemma 3.2, we have:

d

=7 L0 < (Au, w) A ~ L)
Since Av is bounded and u; decays exponentially, our conclusion fol-
lows. =
7. — Large solutions in (D(A) spaces.

In this section we show that for a class of initial data in (D(A), there exists
global solution for large initial data. Suppose that a function M has the follow-
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ing form:
M(s)=1+s

therefore equation (6.5) may be written as:

t
(7.1) uy + (1 +[|AY2ulP?) Au — fg(t - 1) Au(r) dr =0,
0

w(0) =uy,  w,(0) =u,

Denoting by v, and v; initial data in D(A) x D(A'?) we have that there exists
only one local solution of equation (7.1).

THEOREM T7.1. — Suppose that (uy, u;) € D(A) X D(AY2) and g satisfy (3.2)-
(3.4). Then exists T >0 and only one function

u:[0, T|—H
solution of (7.1), satisfying:
weC*([0, T1, H)Nn C'([0, T1, D(A) N C([0, T1, D(A)).

Also by Corollary 6.1, for arbitrary A-Gevrey data u, and u; we have that there
exists only one A-Gevrey solution u of (7.1). We will be prove that when v, and
v; are close enough to u, and u, respectively, then v is bounded uniformly in
the norm of D(A), this implies the existence of global solution. We summarized
this result in the following theorem.

THEOREM 7.2. — Let us denote by (uy, u;) € D(A) X D(A'?) and g satisfy
(3.2)-(3.4), such that

A2 — Awg [P + |42, — A0, [P <

with vy and v, A-analytical data and ¢ a small positive number. Then the lo-
cal solution u of (7.1) is globally defined.

ProOOF. — Denoting by U =u — v. Since
”‘41/2“”2 — |L41/2 U||2 + |L41/2,UH2 + 2(A 1/2 U, AI/ZU).

and recalling that # and v are solutions of equation (7.1), we have that U
satisfies:

t
(12) Uy + (1+]42 U||2)AU—fg(t—r)AU(r) dr=R,
0

U(0) = Uy = ug — vy, U,(0)=U;=u; — v,
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where

= —{lA"2ofF + 242U, A 0)} AU - {|A2 UIP + 242U, A?0)} Av.

3 i3

Rewriting the equation (7.2) we get

t
(1.3) Uy + AU — fg(t - 1) AU(r)dr= —|AV2UPAU + R:=P.
0

From the hypotheses and the continuity of solutions it follows that there exists
T, < Ty for which we have

(T4) N, AU :=[AU®)P + A2 U, P + gOAU < de te[0, T)]

where d > 1 is a number to be fixed later. To show that T,,,, = %, we reason by
contradiction, suppose that T, < o« and denoting by T* < T«

T*=sup{Ty; N(t, AV*U) < de, te[0, T)1}.

From remark 3.2, we have that

%ﬁv(t, AU) < —k8,(t, AV2U) - g{g(t)HAUHZ +gOAU}

9(0)

+(NA'P, AU, + (A1/2P AW, + A1/2W)

where W= U —g¢g = U. Thus we have

(lazupa*=u, A U) = HA”2 ulF — HAUII2

Zdt{w FIAUT} - 2{ 1 Ut} Jaore

//\

> < {lA* UPIAUFY + delauiP.

On the other hand

1 d
(AR, A™U) = = 2R —|AUP = Ry(4*0, A" U)

1/d 2___ 2
_ _(%Rl) JAUTE - < = (R JAUP)

+CellA™ ol {lA*= U]l + A= U}
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Since

<2]A o [P+ 2]AE o + A TP + A TP,

<de

b

it is easy to see that

1
(AR, A" U,) < - > di(Rl JAUIP) + CeN(t, A v) + CeN(t, A2 U).
Similar we have that
(A”ZP AW+ (0)A1/2W)
5o @ AR UR AU - Ry JAUI} + Cexte, AM20)

+CeN(t, AY2U) + C{gOAY™ U + gAY U} .

From where it follows
d
%{fw(t, AUy - A UIPIAUIP + R, AU} <

—kL,(t, AY2U) + CeN(t; AV?v).

Using relation (7.4) and recalling that R, =0 we have that
1
S, AUy < £, AU~ A UP|AUIP + R JAUIP <2 £,(t, A2 U)

for ¢ small enough. From Theorem 6.3, v decay exponential, therefore there
exist positive constants C' and y, such that

£t AV2U) < £,(0, AV2U) e T+ CeN(0; A20) ¢ 72t
<e(C+ N(0; AV0)) e
Since
coN(t, AYV2U) < £,(t, AY2U) < ¢, N(t, AV2U)
we have that

N(t, AY2U) < ecy(C+ N(0; AYv)) e ™.
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Taking d = cO{C+ N(O; A”zv)} and letting t— 7* we have
N(T*, AV2U) <dee """ < de,

but this is contradictory to the maximality of T,,,.. So we have that T, = «,
hence u is globally defined and since v decays exponentially we have

lAwl + A, [P < Ce 7,

from where our conclusion follows, the proof is now complete. =
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