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On a Mathematical Model
for the Crystallization of Polymers.

MARIA PIA GUALDANI

Sunto. – Consideriamo il modello matematico per la cristallizzazione dei polimeri
proposto in [1], che descrive l’evoluzione della temperatura, la frazione di volume
cristallina, il numero e la posizione dei cristalli. Fondamentalmente, il modello è
un sistema di equazioni alle derivate parziali di tipo evolutivo sia di primo che di
secondo ordine, con termini non lineari, che sono o Lipschitziani, come in [1], o
Hölderiani, come in [3]. La novità principale in questo articolo è che la funzione
Weq dipende dalla temperatura (come è nella realtà). Analizzeremo il modello in
due diverse condizioni: nel caso di equazioni di tipo non Lipschitziano sfruttiamo
la proprietà di monotonicità e la tecnica L 1 per provare esistenza e dipendenza
continua dai dati della soluzione debole. Per equazioni con più regolarità, usando
la tecnica del punto fisso, otterremo risultati di esistenza globale ed unicità per
una soluzione classica del problema.

Summary. – We consider a mathematical model proposed in [1] for the cristallization
of polymers, describing the evolution of temperature, crystalline volume fraction,
number and average size of crystals. The model includes a constraint Weq on the
crystal volume fraction. Essentially, the model is a system of both second order and
first order evolutionary partial differential equations with nonlinear terms which
are Lipschitz continuous, as in [1], or Hölder continuous, as in [3]. The main nov-
elty here is the fact that Weq is a function depending on the temperature T (which is
actually the case). We analyse the model in two different conditions: for constitu-
tive equations of non-Lipschitz type, we use monotonicity and L 1-technique to
prove existence and continuous dependence on the data of a weak solution. For
more regular constitutive equations, using a fixed point tecnique, we prove a global
existence and uniqueness result for a classical solution.

1. – Introduction.

It is known that phase change in polymers is a complex process exhibiting
several peculiarities:
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(i) polymers cristallize not as pure crystals, but in structures having a
roughly spherical lamellar organization with amorphous inclusions
(spherulites),

(ii) spherulites can nucleate and grow in a temperature interval
(Tg , Tm ) depending on pressure, with a rate also depending on temperature
and pressure (Tm is the melting temperature and Tg is the glassy transition
temperature),

(iii) a maximum attainable crystal volume fraction (Weq ) is defined at any
given temperature T� (Tg , Tm ).

The crystallization model we are going to consider is a system coupling the
thermal balance equation, with the crystallization kinetics, written as a system
of four differential equations.

The temperature T solves:

rc
¯T

¯t
2kDT4l

¯x

¯t
(1.1)

where r is the density, c is the specific heat and k the thermal conductivity. l is
the latent heat of crystallization times the density and x is the crystalline vol-

ume fraction. The term l
¯x

¯t
expresses the heat released by the crystallization

process.
x obeys the inequality xGWeq and when xEWeq the crystallization rate is

expressed by:

¯x

¯t
44ps

0

t

F(x , t)u s
t

t

G(x , s) dsv
2

dt(1.2)

where:

F(T , x) 4g12
x

Weq (T)
hp

F0 (T)(1.3)

G(T , x) 4g12
x

Weq (T)
hq

G0 (T)(1.4)

are respectively the spherulite growth rate and nucleation rate and p, q are
positive numbers (in the form proposed in [1]). Following [4], we write (1.2) as
a system of differential equations:

M
.

0 (t) 4F(t)(1.5)

M
.

1 (t) 4G(t) M0 (t)(1.6)
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M
.

2 (t) 48pG(t) M1 (t)(1.7)

x
.
(t) 4G(t) M2 (t)(1.8)

The variables Mi (t) have the following physical meaning: M0 (t) is the number
of crystals (assumed to be spherical) per unit of volume at time t, M1 (t) the
sum of crystals radii, M2 (t) the measure of the total surface of the crystals and
x(t) the crystal volume fraction.

The factors G0 and F0 are non-negative bell-shaped functions, vanishing
outside a finite temperature range, so that crystallization can take place only if
T belongs to such a range.

The corrective factor g12
x

Weq (T)
hp

slows down the crystal growth as x ap-

proaches x4Weq . The analogous factor in G has a similar meaning.
Such factors model various effects, particularly the so-called effect of im-

pingement (due to the mutual collisions of expanding crystals), which obvious-
ly becomes more and more effective as the crystalline fraction increases, as
well as segregation of the less crystallizable fraction of the system.

The identification of the values of p and q has been performed by means of
comparison with the experimental data for isothermal crystallization, or by
theoretical approach in several papers in the case of Weq 4const : the classical
model of Avrami is approximated in the ideal case Weq 41 by p40.7 and q41.
For a review about polymer crystallization see [2], [9], [10].

We investigate the model with p4q� (0 , 1), with Dirichlet boundary con-
ditions, and p4qF1 with Neumann boundary conditions (it will be clear how
to proceed if such conditions are interchanged).

If pF1 we prove existence and uniqueness of the classical solution, if p�
(0 , 1 ) we find existence and continuous dependence on the data of the slightly
weaker solution.

Equations (1.5)-(1.8) are called rate equations and (1.3), (1.4) were pro-
posed in [1]. The well-posedness of the model has been proved in [1] for Weq 4

const . , pF1, qF1. The case in which at least one between p, q is less than one
has been studied in [3].

The dependence of Weq on T introduces substantial changes in the proofs
and the main scope of this paper is to extend the results of [1], [3] taking it into
account.

It must be stressed that the temperature dependence of Weq plays a crucial
role in solidification of polymers. This fact has been clearly emphasized in [15]
for the specific case of polypropylene.
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2. – Existence and uniqueness (bF1).

We consider the following problem, written in dimensionless variables:

¯t T2DT4l¯t x in V3 (0 , t *)(2.1)

T(x , 0 ) 41 in V(2.2)

T(x , t) 4W(x , t) in ¯V3 (0 , t *)(2.3)

¯M0

¯t
4F0 (T)g12

x

Weq (T)
hb

1

in V3 (0 , t*)(2.4)

¯M1

¯t
42G0 (T)g12

x

Weq (T)
hb

1

M0 (x , t) in V3 (0 , t *)(2.5)

¯M2

¯t
4pG0 (T)g12

x

Weq (T)
hb

1

M1 (x , t) in V3 (0 , t *)(2.6)

¯x

¯t
44G0 (T)g12

x

Weq (T)
hb

1

M2 (x , t) in V3 (0 , t *)(2.7)

with bF1 and initial data:

Mi (x , 0 ) 4x(x , 0 ) 40 i40, 1 , 2 in V .(2.8)

Here V is a bounded domain of R3 with a smooth boundary ¯V. Throughout
the paper we assume:

(i) W(x , t) trace on ¯V3 (0 , t) of a function

WA(x , t) �H
21a , 11

a

2 (V3[0 , t] )

such that:

W(x , 0 ) 41,
¯W

¯t N
t40

40(2.9)

where 1 denotes a temperature above the melting point, and decreasing in t to
a temperature below the glassy transition point,

(ii) G0 , F0 D0, G0 , F0 �Lip (R),
F0 (s)

G0 (s)
Gm (sF0.

(iii) Weq (T) Lipschitz continuous, nonincreasing in T, such that:

Weq (T) D0 if T� (Tg , Tm ) and 0 EW0 GWeq (T) G1 .

We denote by Lf the Lipschitz constant of any function f and by Cf the L Q

norm of f.
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By means of a fixed point technique we show the following:

THEOREM 2.1. – For any t *D0 the problem (2.1)-(2.7) has one unique clas-

sical solution: T�H
21a , 11

a

2 (V3[0 , t *] ), Mi , x continuous with ¯x

¯t
, ¯Mi

¯t
Hölder continuous.

From the general theory of parabolic equation the following result is well
known (see e.g. [12] to which we refer also for the symbols of functional
spaces)

LEMMA 2.1. – If ¯x

¯t
�H

a , a

2 (V3 [0 , t *] ), the problem (2.1, 2.2, 2.3) has one

unique solution T�H
21a , 11

a

2 (V3[0 , t *] ).

An important step in the proof of Thm. 2.1 consists in the following exti-
mates, which are simply obtained integrating sequentially (2.4)-(2.7) with re-
spect to t:

LEMMA 2.2. – In a given time interval (0 , t *) we have:

0 G
¯M0

¯t
GCF , 0 GM0 GCF t *(2.10)

0 G
¯M1

¯t
G2CF CG t *, 0 GM1 GCF CG (t *)2(2.11)

0 G
¯M2

¯t
GpCG

2 CF (t *)2 , 0 GM2 G
p

3
CG

2 CF (t *)3(2.12)

0 G
¯x

¯t
G

4

3
pCG

3 CF (t *)3 .(2.13)

Now we set up a fixed point argument. Let:

X4mx�K/x(x , 0 ) 4¯t x(x , 0 ) 40, 0 GxGR1 (t *),(2.14)

0 G
¯x

¯t
GR2 (t *), NN ¯x

¯t
NNa

Gnn
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be a closed and compact subset of:

K4mf (x , t) �C(V3 [0 , t *] ) N ¯f

¯t
�C(V3 [0 , t *] )n

with norm: V f VK 4V f VQ1NN ¯f

¯t
NN

Q
.

In (2.14) R1 (t *), R2 (t *), n are to be chosen, and:

V f V

a »4 sup
(x , t), (y , t) �V3 [0 , t *]

Nf (x , t)2 f (y , t)N

Nx2yNa
1

sup
(x , t), (y , t) �V3 [0 , t *]

Nf (x , t)2 f (x , t)N

Nt2tNa/2
.

Given x�X we can solve (2.1)-(2.3), according to Lemma 2.1, thus obtaining T.
Next we compute Mi , i40, 1 , 2 and finally we can integrate:

¯t x
A 44G0 (T)g12

x

Weq (T)
hb

1

M2 (x , t)

with initial data xA(x , 0 ) 40. When x4 xA, we get a solution to our prob-
lem.

In order to prove the existence of such a fixed point we show that, choosing
the elements defining the set X in an appropriate way, we have:

(1) xA �X

(2) Vt(x 1 )2t(x 2 )VK GgVx 1 2x 2 VK with 0 EgE1
which also implies uniqueness.

(1): we want to estimate: NN ¯xA

¯t
NNa

Gn

We assume b41 (the proof is analogous if bD1).
Using the estimates (2.10)-(2.13) we obtain:

(2.15) NN ¯xA

¯t
NNa

GVM2 V

a CG 1VM2 VQ VG0 (T)V

a

1VM2 VQ CGNNg12
x

Weq (T)
h

1

NNa

1

Gh1gVM2 V

a1VTV

a (t *)3 1NNg12
x

Weq (T)
h

1

NNa

(t *)3h
(2.16) NN ¯M2

¯t
NNa

Gh2gVM1 V

a1 (t *)2gVTV

a1NNg12
x

Weq (T)
h

1

NNahh
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(2.17) NN ¯M1

¯t
NNa

Gh3gVM0 V

a1VTV

a (t *)1NNg12
x

Weq (T)
h

1

NNa

(t *)h
(2.18) NN ¯M0

¯t
NNaGh4gVTV

a1NNg12
x

Weq (T)
h

1

NNah
We notice that (see Thm 10.1, p. 204 of [12]):

VTV

aGh((t *)
12

a

2 1R1 (t *)1k(V , W) )(2.19)

G h ((t *)
1

2 1k(V , W) )

NNg12
x

Weq (T)
h

1

NNa

Gh 0gVxV

a1VxVQNN 1

Weq (T(x , t) )
NNah(2.20)

Gh 1 (VxV

a1VxVQ VTV

a )

Gh 2 (Mt *1 (t *)4
VTV

a )

Gh(Mt *1 (t *)
9

2 1 (t *)4 k(V , W) )

(denoting by h , hi , h , h i , h constants dependent on CG , CF , p , LF , LG ).
Finally we obtain:

NN ¯xA

¯t
NNaGC(t *)3 (Mt *1 (t *)

1

2 1 (t *)
9

2 1 t *11)(2.21)

then, (nD0 we can find t * such that:

NN ¯xA

¯t
NNa

Gn(2.22)

and, with the choice:

R1 (t *) 4
4

3
pCG

3 CF (t *)4(2.23)

R2 (t *) 4
4

3
pCG

3 CF (t *)3(2.24)

we have shown that: ¯xA

¯t
�X

(2) Let x 1 and x 2 �X. We show that:

VxA1 2xA2 VK GgVx 1 2x 2 VK(2.25)

with 0 EgE1.
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We define:

d 0 4M01 (x , t)2M02 (x , t), d 2 4M21 (x , t)2M22 (x , t) ,

TA 4T1 (x , t)2T2 (x , t), d 1 4M11 (x , t)2M12 (x , t) ,

d 3 4x 1 2x 2 , d
A

3 4 xA1 2xA2

and for i41, 2, Ti (x , t) is solution of the problem:

¯t Ti 2DTi 4l¯t x i in V3 (0 , t *)(2.26)

Ti (x , 0 ) 41 in V(2.27)

Ti (x , t) 4W(x , t) in ¯V3 (0 , t *)(2.28)

We notice that:

NTA(x , t)NGlt * V¯t d 3 VQ(2.29)

and that:

NNg x 1

Weq (T1 )
2

x 2

Weq (T2 )
hNN

Q
GC1 Vd 3 VQ1C2 VWeq8 (T)VQ VT1 2T2 VQ(2.30)

GC(
Vd 3 V1VTA VQ)

GC(t * V¯t d 3 VQ1VTA VQ)

Examining the differential system for d i , we obtain:

V¯t d 0 VGct * V¯t d 3 V(2.31)

V¯t d 1 VG (c1 t *1c2 (t *)2 )V¯t d 3 V(2.32)

V¯t d 2 VG (c1 (t *)2 1c2 (t *)3 1c3 t *1c4 )V¯t d 3 V(2.33)

V¯t d
A

3 VG CA t *( (t *)3 1 (t *)2 1 t *11)V¯t d 3 V(2.34)

Thus for t * sufficiently small we have a contraction in the chosen topology.
The mapping xK xA is completely continuous for any value of t *, so we have a
solution for all t * applying Schauder’s theorem.

If we assume that the solution can bifurcate at the time t0 , with a similar
procedure, using the same fixed point technique, we reach a contradiction,
since we show that the solution has in fact a unique continuation beyond t0 .
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3. – Existence and uniqueness (0 EbE1).

Now we look at problem (2.1)-(2.7) when 0 EbE1, with initial data:

T(x , 0 ) 4T0 (x) in V(3.1)

Mi (x , 0 ) 4x(x , 0 ) 40 in V(3.2)

and boundary data:

¯T(x , t)

¯n
42H(x)(T2Ta ) in ¯V3 (0 , t *)(3.3)

where n denotes the outer normal to ¯V.
We assume:

T0 �W 2
Q (V) T0 F0(3.4)

Ta �W 2, 1
Q (¯V3 (0 , t *) Ta F0 H�C Q (¯V)(3.5)

with HD0.
We consider the following weak formulation of the problem: find

T(x , t), x(x , t), Mi (x , t) i40, 1 , 2

such that:

x , Mi �W 1
Q (0 , t *, L Q (V) )

(3.1), (3.2) hold a.e.in V, (2.4)-(2.7) hold a.e. in V3 [0 , t *] and

T(x , t) �W 2, 1
2 (V3 [0 , t *] )OL Q (V3 [0 , t *] )

is such that (W�H 1 (V) and a.e. in (0 , t *):

s
V

(W¯t T1˜W Q˜T2W¯t x) dx1s
¯V

WH(T2Ta ) ds40(3.6)

3.1. Continuous dependence and uniqueness.

Let:

(x 1 , T1 , M01 , M11 , M21 ) (x 2 , T2 , M02 , M12 , M22 )

be weak solutions of the problem (2.1)-(2.7) with respective data:

(T01 , Ta1 ) (T02 , Ta2 ) .
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We define:

TA 4T1 2T2 , xA 4x 1 2x 2 , MAi 4Mi1 2Mi2(3.7)

TA0 4T01 2T02 , TAa 4Ta1 2Ta2(3.8)

In the following theorem we prove that the solution of our problem de-
pends continuously on the data in the L Q (0 , t *, L 1 (V) ) norm:

THEOREM 3.1. – Let (T0 j , Taj ), j41, 2 , be two sets of data, both satisfying
(3.4)-(3.5) and (x j , Tj , M0 j , M1 j , M2 j ) be weak solutions of the corresponding
problems (2.1)-(2.7). For t sufficiently small we have:

(3.9) VT12T2VL Q (0, t *, L 1 (V))1Vx 12x 2VL Q (0, t *, L 1 (V))1!
i40

2

VMi12Mi2VL Q (0, t *, L 1(V))

Gg(VT01 2T02 VL1 (V) 1VTa1 2Ta2 VL1 (¯V3 [0 , t *])

where g depends on l , CG , CF LG , LF , CH .

We use the following two lemmas, whose proof can be omitted:

LEMMA 3.1. – Let (x 1 , T1 , M01 , M11 , M21 ) and (x 2 , T2 , M02 , M12 , M22 ) be
weak solutions of (2.1)-(2.7); we have:

(3.10) Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N G4a 1 NT1 2T2 N1

8CG tM21

W0
Ng12

x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N.

LEMMA 3.2. – For a pair of solutions (x 1 , T1 , M01 , M11 , M21 ),
(x 2 , T2 , M02 , M12 , M22 ), we have:

Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N G
4

W0

Nx 1 2x 2N1

8CG tM21

W0
Ng12

x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N.

PROOF OF THEOREM 3.1. – We follow the technique used in [3].
We subtract from each other the differential equations (2.4)-(2.7) satisfied
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by M0 i , M1 i , M2 i , x i , obtaining:

¯M
A

0

¯t
4F0 (T1 )g12

x 1

Weq (T1 )
hb

1

1(3.12)

2F0 (T2 )g12
x 2

Weq (T2 )
hb

1

¯M
A

1

¯t
42G0 (T1 )g12

x 1

Weq (T1 )
hb

1

M01 (x , t)1(3.13)

22G0 (T2 )g12
x 2

Weq (T2 )
hb

1

M02 (x , t)

¯M
A

2

¯t
4pG0 (T1 )g12

x 1

Weq (T1 )
h

1

b

M11 (x , t)1(3.14)

2pG0 (T2 )g12
x 2

Weq (T2 )
h

1

b

M12 (x , t)

¯xA

¯t
44G0 (T1 )g12

x 1

Weq (T1 )
h

1

b

M21 (x , t)1(3.15)

24G0 (T2 )g12
x 2

Weq (T2 )
h

1

b

M22 (x , t)

with initial data:

xA(x , 0 ) 40, MAi (x , 0 ) 40 .

We multiply the equations above by:

sign MA0 , sign MA1 , sign MA2 , sign xA

respectively, and we integrate (3.12)-(3.15) in V3 [0 , t] for each t� [0 , t *].
We obtain:

(3.16) VxA(Q , t)VL1 (V) G4LG CM21
s
0

t

VTA(Q , t)VL1 (V) dt14CGs
0

t

VMA2 (Q , t)VL1 (V) dt1

4 s
V3 [0 , t]

G0 (T1 ) M21Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

Ndx dt2

4 s
V3 [0 , t]

G0 (T1 ) M21Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

Ndx dt
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(3.17) VMA2 (Q , t)VL1 (V)GpLG CM11
s
0

t

VTA(Q , t)VL1 (V) dt1pCGs
0

t

VMA1 (Q , t)VL1 (V) dt1

p s
V3 [0 , t]

G0 (T1 ) M11Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

Ndx dt

p s
V3 [0 , t]

G0 (T1 ) M11Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

Ndx dt

(3.18) VMA1 (Q , t)VL1 (V)G2LG CM01
s
0

t

VTA(Q , t)VL1 (V) dt12CGs
0

t

VMA0 (Q , t)VL1 (V) dt1

2 s
V3 [0 , t]

G0 (T1 ) M01Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

Ndx dt

2 s
V3 [0 , t]

G0 (T1 ) M01Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

Ndx dt

(3.19) VMA0 (Q , t)VL1 (V) GLFs
0

t

VTA(Q , t)VL1 (V) dxt1

s
V3 [0 , t]

F0 (T1 ) Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

Ndx dt

s
V3 [0 , t]

F0 (T1 ) Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

Ndx dt

Let signe (Q) be a smooth function such that s Qsigne (s) F0, signe8 (s) F0 (s�
R and as eI0 signe (s) Ksign (s) uniformly over (0,1].

We subtract the weak formulations (3.6) for T1 and for T2 from each other,
we multiply (3.6) by signe (TA) and integrate w.r.t. t� (0 , t) with t� (0 , t *). We
find:

s
0

t

s
V

gsigne (TA) ¯t T
A

1signe8 (TA)N˜TAN2h dx dt1s
0

t

s
¯V

H(TA2Ta
A) signe (TA) ds dt

4ls
0

t

s
V

signe (TA) ¯txA dx dt
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Now, we integrate by parts and we let eI0:

(3.21) VTA(Q, t)VL1
GVTA0VL1(V)1VTAaVL1(¯V3[0, t *])1s

0

t

4CGVMA2V14LGCM21
VTAV dt1

s
V3 [0 , t]

4G0 (T1 ) M21Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

Ndx dt2

s
V3 [0 , t]

4G0 (T1 ) M21Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

Ndx dt .

We multiply equations (3.16) and (3.21) by a constant LD0 to be specified, and
adding (3.16)-(3.19) to (3.21) it follows that:

(3.22) LVxA(Q , t)VL1 (V) 1!
i40

2

VMAi (Q , t)VL1 (V) 1LVTA(Q , t)VL1 (V) G

LVTA0 VL1 (V) 1LVTAa VL1 (¯V) 1g 1s
0

t

VTA(Q , t)VL1 (V) dt1g 2s
0

t

!
i40

2

VMAi (Q , t)VL1 (V) dt1

s
V3 [0 , t]

Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N(g 3 24LM21 ) dx dt1

s
V3 [0 , t]

Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N(g 3 24LM21 ) dx dt

where:

g 3 44CM21
L1pCM11

12CM01
1CF m .(3.23)

By means of lemma 4.1, 4.2 and choosing LD0 such that:

t *Eg 1

a 1
h

1

4

(3.24)

we find:

(3.25) LVxA(Q , t)VL1 (V) 1!
i40

2

VMAi (Q , t)VL1 (V) 1LVTA(Q , t)VL1 (V) G

LVTA0 VL1 (V) 1L
A

VTAa VL1 (¯V) 1gA 1s
0

t

VTA(Q , t)V dt1

!
i40

2

g 2s
0

t

VMAi (Q , t)VL1 (V) dt1
4

W0

G(T1 ) g 3s
0

t

VxA(Q , t)VL1 (V) dt .

We may now apply Gronwall’s lemma and we obtain the thesis. r
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COROLLARY 3.1. – The theorem above guarantees uniqueness of the solu-

tion in [0 , t *] with t *Eg 1

a 1
h

1

4
.

3.2. Existence.

First of all, we prove some a priori regularity result. Let
(x , M0 , M1 , M2 , T) be a solution of our problem (2.1)-(2.7) with the conditions
(3.4), (3.5) on initial data:

THEOREM 3.2. – For each compact set k%V we have:

VTVC 11a , 11a

2 (K3 [0 , t] ) Gg(a , K) EQ(3.26)

Nx(x , t)2x(y , t)N1 !
i40

2

NMi (x , t)2Mi (y , t)N(3.27)

Gv(Nx2yN1Nx2yNb1Nt2tN ; K)

with a� (0 , 1 ), for all x , y�K , 0 G t , tE t with v modulus of continuity such
that v(0 , K) 40, v(Q , K) �C 0 (R 1 ), depending (as well as g) on
VTa VLQ

, VT0 VLQ
, and on CG , CF , LG , LF .

PROOF. – Since ¯t x�L Q (V3 [0 , t] ), (3.26) follows from [12]: chapt. 4 theo-
rem 9.1 and chapt. 3 lemma 3.3.

Now we define:

h(t) 4Nx(x , t)2x(y , t)N1 !
i40

2

NMi (x , t)2Mi (y , t)N .(3.28)

Reasoning as in (3.12)-(3.15), we find:

(3.29) ¯t NxA NG4LG CM21
NTAN14CG NMA2N1

4G0 (T1 ) M21Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N2

4G0 (T1 ) M21Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N

(3.30) ¯t NMA2NGpLG CM11
NTAN1pCG NMA1N1

pG0 (T1 ) CM11Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N1

pG0 (T1 ) CM11Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N
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(3.31) ¯t NMA1NG2LG CM01
NTAN12CG NMA0N1

2G0 (T1 ) CM01Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N1

2G0 (T1 ) CM01Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N

(3.32) ¯t NMA0NGLF CM01
NTAN1

F0 (T1 ) Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N1

F0 (T1 ) Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N.

We multiply (3.29) by a constant LD0 and we add (3.29)-(3.32):

(3.33) L¯t NxA N1!
i40

2

¯t NMAiNG

c1 NTAN1c2!
i40

2

NMAiN1c3Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

N1

(mCF12CM01
1pCM11

24LM21 ) G0 (T1 ) Ng12
x 1

Weq (T2 )
h

1

b

2g12
x 2

Weq (T2 )
h

1

b

N.

Using the estimate of lemma 3.2, and taking:

L4 (mCF 12CM01
1pCM11

)
2

W0

CG t

we have:

(3.34) ¯t h(t) G

c0uh(t)1NT(x , t)2T(y , t)N1Ng12
x 1

Weq (T1 )
h

1

b

2g12
x 1

Weq (T2 )
h

1

b

NvG

cA gh(t)1NT(x , t)2T(y , t)N1N 1

Weq (T1 )
2

1

Weq (T2 ) N
bhG

c(h(t)1NT(x , t)2T(y , t)N1NT(x , t)2T(y , t)Nb ) .
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Now we use the Gronwall’s Lemma, concluding that:

(3.35) h(t) G

exp (c× t) g sup
t� [0 , t]

NT(x , t)2T(y , t)N1 sup
t� [0 , t]

NT(x , t)2T(y , t)NbhG

exp (c× t) (g(a , K)Nx2yN1gb Nx2yNb )G

exp (c× t) (g(a , K)Nx2yN1gb Nx2yNb ) (tF0

and:

(3.36) Nc(x , t)2x(y , t)N1 !
i40

2

NMi (x , t)2Mi (y , t)NG

h(t)1Nc(y , t)2x(y , t)N1 !
i40

2

NMi (y , t)2Mi (y , t)NG

v(Nx2yN1Nx2yNb1Nt2tN ; K)

( 0 G t , tG t and x , y�K%V . r

THEOREM 3.3. – Under the conditions (3.1)-(3.5), problem (2.1)-(2.7) has a
weak solution.

PROOF. – We look at a regularization of problem (2.1)-(2.7). We replace the

factor g12
x

Weq (T)
hb

1

with a sequence c e (h) �C Q (R) gwith h4
x

Weq (T)
h such

that:

c e8 (h) G0, c e (0) 41, c e (h) 40 (hD1

and:

c e (h) 4 (12h)b with h� [0 , 12e)

so that:

c e (h) K (12h)b

uniformly in [0, 1].
The regularized problem, with Tae and T0e regular approximations of Ta
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and of T0 , is:

¯M0e

¯t
4F0 (Te ) c e (h e )(3.37)

¯M1e

¯t
42G0 (Te ) c e (h e ) M0e (x , t)(3.38)

¯M2e

¯t
4xG0 (T) c e (h e ) M1e (x , t)(3.39)

¯x e

¯t
44G0 (T) c e (h e ) M2e (x , t)(3.40)

and:

s
V

(W¯t Te1˜W Q˜Te2W¯t x e ) dx1s
¯V

WH(Te2Tae ) ds40(3.41)

with:

T0e (x , 0 ) 4T0e (x), x e (x , 0 ) 4Mie (x , 0 ) 40 .

This problem has a unique classical solution:

(x e , Te , Mie )

to which we may apply the a priori extimates of Lemma 2.2. We apply Ascoli-
Arzelà’s theorem (possibily extracting subsequences) and if eI0 we
have:

x eKx MieKMi

uniformly in each compact set V3 [0 , t]. Moreover:

¯t x e �¯t x , ¯t Mie �¯t Mi

weakly in L2 (V3 [0 , t *] ).
Now we consider the equation (3.41), taking W4¯t Te, and we integrate

over [0, t]:

1

2
s

V3 [0 , t]

(¯t Te )2 dx dt1
1

2
s

V

N˜Te (x , t)N2 dx1
1

2
s

¯V

HTe
2 (x , t) dsG(3.42)

G
1

2
s

V

N˜T0eN
2 dx1

1

2
s

¯V

HT0e
2 ds1
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1 s
V3 [0 , t]

gG0 (Te ) c eg x e

Weq (Te )
h M2eh2

dx dt1

2s
0

t

s
¯V

HTae ¯t Te ds dt .

From (3.42) we find:

VTe VH 1 (0 , t *, L 2 (V) )OL Q (0 , t *, H 1 (V) ) Gg(3.43)

with g depending on t *, CG , CF , VT0 VH1 (V) , VTa VW 1
1 (0 , t *, L 2 (¯V) ) and on CH , but

not on e.
If eI0:

TeKT(3.44)

weakly in H 1 (V3 [0 , t *] ) and a.e. in V3 [0 , t *]. Now we multiply the
equation:

¯t Te2DTe4l¯t x e(3.45)

by a function F�L 2 (0 , t *, H 1 (V) ) and we integrate in V3 (0 , t):

s
0

t

s
V

(F¯t Te1˜F Q˜Te2F¯t x e ) dx dt1s
0

t

s
¯V

FH(Te2Tae ) ds dt40(3.46)

Letting eI0 in (3.46), we have that (W�H 1 (V) and a.e. in (0 , t *):

s
V

(W¯t T1˜W Q˜T2W¯t x) dx1s
¯V

WH(T2Ta ) ds40 . r(3.47)
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