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Bollettino U. M. I.
(8) 6-B (2003), 125-139

Existence and Boundedness
of Minimizers of a Class of Integral Functionals.

A. MERCALDO (*)

Sunto. – In questo lavoro si considera una classe di funzionali integrali, il cui inte-
grando verifica le seguenti condizioni

f (x , h , j) Fa(x)
NjNp

(11NhN)a
2b1 (x)NhNb 1 2g1 (x),

f (x , h , 0 ) Gb2 (x)NhNb 2 1g2 (x),

dove 0 GaEp , 1 Gb 1Ep , 0 Gb 2Ep , a1b iGp , a(x), bi (x), gi (x) (i41, 2 ) sono
funzioni non negative che soddisfano opportune ipotesi di sommabilità. Si dimo-
stra l’esistenza e la limitatezza di minimi di tali funzionali nella classe di funzioni
appartenenti allo spazio di Sobolev pesato W 1, p (a), che assumono un assegnato
dato al bordo u0�W 1, p (a)OL Q (V).

Summary. – In this paper we consider a class of integral functionals whose integrand
satisfies growth conditions of the type

f (x , h , j) Fa(x)
NjNp

(11NhN)a
2b1 (x)NhNb 1 2g1 (x),

f (x , h , 0 ) Gb2 (x)NhNb 2 1g2 (x),

where 0 GaEp , 1 Gb 1Ep , 0 Gb 2Ep , a1b iGp , a(x), bi (x), gi (x) (i41, 2 ) are
nonnegative functions satisfying suitable summability assumptions. We prove the
existence and boundedness of minimizers of such a functional in the class of func-
tions belonging to the weighted Sobolev space W 1, p (a), which assume a boundary
datum u0�W 1, p (a)OL Q (V).

1. – Introduction.

Let us consider functionals of Calculus of Variations of the type

F(v) 4s
V

f (x , v , ˜v) dx ,(1.1)

(*) Work partially supported by MURST.
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where V is a bounded open subset of Rn , having finite Lebesgue measure and
f : V3R3Rn KR is a Carathéodory function, convex in j which satisfies the
following growth conditions

f (x , h , j) Fa(x)
NjNp

(11NhN)a
2b1 (x)NhNb 1 2g1 (x),(1.2)

f (x , h , 0 ) Gb2 (x)NhNb 2 1g2 (x),(1.3)

where pD1, 0 GaEp , 1 Gb 1 Ep , 0 Gb 2 Ep , a1b i Gp , (i41, 2 ) and a(x),
bi (x), gi (x) (i41, 2 ) are nonnegative functions, which belong to some
Lebesgue space.

Our aim is to prove existence and boundedness of minimizers of F in the
class of functions v belonging to the weighted Sobolev space W 1, p (a), which
assume a boundary datum u0 �W 1, p (a)OL Q (V) in a weak sense, i.e.
v2u0 �W0

1, p (a).
Here we recall that the weighted Sobolev space W 1, p (a) is the closure of

C Q (V) with respect to the norm

VuV1, p , a 4VuV1, p 1VN˜uNV1, p ,

where

VuV1, p 4g s
V

NuNp a(x) dxh1/p

.

Moreover W0
1, p (a) is the closure of C0

Q (V) in W 1, p (a).
In [BO] existence and regularity results are proved for a class of function-

als, whose model is F(v) with f (x , h , j) given by

f (x , h , j) 4
NjNp

(11NhN)a
2b(x) h ,(1.4)

with aEp21. Similar functionals are studied in [GP2]. The properties of sol-
utions of equations related to functonals (1.1) are studied by many authors
(see, e.g. [AFT], [BDO], [Tr], [GP1], [GP2]).

The difficulties which arise in studying functionals (1.1) are due to the fact
that, in general, they are not coercive in the space W 1, p (a) and then F may not
attain minimum on this space. As in [BO], in this paper we extend the function-
al F to a functional G defined on a larger space, that is the class of functions v
belonging to W 1, q (V) such that v2u0 �W0

1, q (V), for a suitable q less than p
and such that the inclusion of W 1, p (a) in W 1, q (V) holds (see, e.g., [MS]). We
prove that the functional G is coercive and weakly lower semicontinuous in the
above space, so that it admits a minimizer in such a class of functions. Roughly
speaking, we show that the functional G is coercive in the class of functions v
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belonging to a W 1, q (V) such that v2u0 �W0
1, q (V), if the growth of f (x , h , j)

with respect to h is controlled from below, that is if we assume a1b 1 Ep or if
a1b 1 4p and the norm of b1 is small enough.

In Section 2, we prove that any minimizer of G is bounded under the follow-
ing assumptions of summability of the coefficients

1

a
�L

m

p21 (V), bi �L ri (V), gi �L ki (V) ,

with

1

ri

1
p21

m
E

p

n
,

1

ki

1
p21

m
E

p

n
, i41, 2(1.5)

and under the conditions

a1b i Gp , i41, 2 .(1.6)

We use, among other tools, a result proved by Talenti in [T] (see also [M]).
Finally, since we have boundedness of minimizers, the growth conditions on F
allows to prove that the minimizers of G belong to W 1, p (a) and thus they are
minimizers of F.

Let us observe that when f is given by (1.4) and a(x) is constant, the results
which we obtain coincide with those proved in [BO].

Related results are also contained in [C1], [C2], [CS], [S].

2. – An existence result.

In the present Section we show that F , suitable extended, has a minimum
in the class of functions v belonging to W 1, q (V) and assuming the boundary
datum u0 , that is v2u0 �W 1, q

0 (V), where

q4
mn(p2a)

m(n2a)1n(p21)
.

More precisely let us consider the functional (1.1) under the assumption (1.2)
and

(2.1) 1

a
�L

m

p21 (V), with

m

p21
F

n

p
, 11

p21

m
1ag12

1

n
hEpEng11

p21

m
h ;
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(2.2) b1 �L r1 (V), with

1

r1

G12
b 1

q *
,

where q *4nq/(n2q);

(2.3) g1 �L 1 (V);

(2.4) a1b 1 Ep.

Moreover let us assume that the boundary datum u0 belongs to W 1, p (a)O
L Q (V).

We define the following functional

G(v) 4
.
/
´

F(v),

1Q ,

if F(v) is finite ,

otherwise ,

where v�W 1, q (V) is a function such that v2u0 �W0
1, q (V) and we prove that

G has a minimizer u�W 1, q (V) such that u2u0 �W0
1, q (V).

Let us observe that the condition

11
p21

m
1ag12

1

n
hEp

ensures that qD1. Furthermore (2.1) implies

11
p21

m
EpEng11

p21

m
h ;

this condition on p together with the summability assumption on 1 /a imply
that the weighted Sobolev space W 1, p (a) is embedded in the Sobolev space
W 1, pt (V) with 1/t411 (p21) /m (see, e.g., [MS]). Moreover it results qE

pt , so that W 1, pt (V) is included into W 1, q (V). Thus the functional G(v) is well
defined.

We prove the following existence result (see also [BO])

THEOREM 2.1. – Let us assume conditions (1.2), (2.1)-(2.4). Then G has a
minimizer u�W 1, q (V) such that u2u0 �W0

1, q (V).

PROOF. – By classical results, it is sufficient to prove that G is both coercive
and weakly lower semicontinuous in the class of functions v belonging to
W 1, q (V) such that v2u0 �W0

1, q (V).
We begin by proving the coerciveness of the functional G , i.e. we prove

that, for every v�W 1, q (V) such that v2u0 �W0
1, q (V), it results

G(v) FcVvV

p2a
1, q 2c ,(2.5)
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where c is a positive constant depending only on n , m , p , r1 , NVN , a , b 1 ,

NN 1

a
NN

m/(p21)
, Vb1 Vr1

, Vb1 V1 , Vu0 VQ , V˜u0 Vq and VgV1 .

From now on c will denote a positive constant depending only on data,
whose value may change at each appearence.

From assumption (1.2), we have

G(v) Fs
V

N˜vNp a(x)

(11NvN)a
dx2s

V

b1 (x)NvNb 1 dx2s
V

g1 (x) dx .(2.6)

Now we evaluate the integrals on the right-hand side in (2.6).
By Hölder inequality, we have

(2.7) s
V

N˜vNq dxGg s
V

N˜vNp a(x)

(11NvN)a
dxh

q

p u s
V

1

a(x)m/(p21)
dxv

q

p

(p21)

m

3

3g s
V

(11NvN)q * dxh
q

p

a

q *
,

since

q

p
1

q

p

(p21)

m
1

q

p

a

q *
41 .

On the other hand, since v2u0 �W 1, q
0 (V), by Sobolev embedding theorem, we

deduce

s
V

(11NvN)q * dxGc(11Vu0 VQ )q * NVN1cVv2u0 V

q *
q * G(2.8)

Gc1cV˜(v2u0 )Vq
q * G

Gc1cV˜vVq
q * 1cV˜u0 Vq

q * .

From (2.8), if V˜vVq is large enough, we deduce

s
V

(11NvN)q * dxGcV˜vVq
q * .(2.9)

Combining (2.7) and (2.9), we have

s
V

N˜vNp a(x)

(11NvN)a
dxFcV˜vVq

p2a .(2.10)

Furthermore, since condition (2.2) holds true, we can use Hölder inequality
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and Sobolev embedding theorem obtaining

(2.11) s
V

b1 (x)NvNb 1 dx1s
V

g1 (x) dxG

Gcs
V

b1 (x)Nv2u0N
b 1 dx1cs

V

b1 (x)Nu0N
b 1 dx1Vg1 V1 G

GcVb1 Vr1
Vv2u0 V

b 1
q * NVN121/r12b 1 /q * 1VNu0 Nb 1

VQ Vb1 V1 1Vg1 V1 G

GcV˜(v2u0 )V q
b 1 1cG

GcV˜vV q
b 1 1c .

Combining (2.6), (2.10) and (2.11), we have

G(v) FcV˜vV q
p2a2cV˜vV q

b 1 2c .

Since p2aDb 1 , if V˜vVq is large enough, we have

G(v) FcV˜vV q
p2a2c .

Finally, we get

VvV1, q
p2a4 (V˜vVq 1VvVq )p2aG(2.13)

GcV˜vV q
p2a1cVv2u0 V

p2a
q 1cVu0 V

p2a
q G

GcV˜vV q
p2a1cG

Gc(G(v)11) ,

from which we obtain (2.5).
Finally, assumption (1.2) on f allows to apply classical semicontinuity theo-

rems for integral functionals (see, e.g., [DG], [G]).

REMARK 2.1. – Let us observe that if a1b 1 4p , then G is coercive in the
class of functions v belonging to W 1, q (V) such that v2u0 �W0

1, q (V) for every
a satisfying (2.1) and b1 satisfying (2.2) with Vb1 Vr1

small enough. Indeed, look-
ing carefully at inequality (2.11), the following estimate holds

s
V

b1 (x)NvNb 1 dx1s
V

g1 (x) dxGcVb1 Vr1
NVNp/n21/r12 (p21) /m

V˜vV q
p2a1c1 ,

where c is a constant depending only on b 1 and c1 is a constant depending only
on r1 , NVN , b 1 , Vb1 Vr1

, Vb1 VL 1 , Vu0 VQ , V˜u0 Vq and VgV1 .
Hence, using (2.6) and (2.10), we have

G(v) Fc(12Vb1 Vr1
NVNp/n21/r12 (p21) /m )V˜vV q

p2a2c1 .
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In this way we again obtain (2.5), if we assume

Vb1 Vr1
E

1

NVNp/n21/r12 (p21) /m
.

REMARK 2.2. – If pDng11
p21

m
h , W 1, p (a) is embedded in L Q (V) (see,

e.g. [MS]), so that, if a1b 1 Ep , then F is coercive on W 1, p (a) for every b1 �
L 1 (V). Indeed using (1.2), for every v�W 1, p (a) such that v2u0 �W 1, p

0 (a),
we get

(2.15) F(v) F
1

(11VvVQ )a
s

V

N˜vNp a(x) dx2s
V

b1 (x)NvNb 1 dx2s
V

g1 (x) dx .

Moreover, it results

VvVQGVv2u0 VQ1Vu0 VQG(2.16)

GcV˜(v2u0 )Vp , a 1Vu0 VQG

GcV˜vVp , a 1c .

Substituing (2.16) in (2.15), it results

F(v) F
c

(V˜vVp , a 11)a
V˜vVp , a

p 2Vb1 V1 VvVQ
b 1 2Vg1 V1 F

FcV˜vVp , a
p2a2cVb1 V1 V˜vVp , a

b 1 2Vg1 V1 ,

for every v such that V˜vVp , a is large enough.
Since p2aDb 1 , the last inequality gives

F(v) FcV˜vVp , a
p 2c ,

for every v such that V˜vVp , a is large enough. By proceeding as in the proof of
Theorem 2.1, we get again (2.5).

3. – Main result.

In this Section we will assume that the functional G has a minimizer u�
W 1, q (V) such that u2u0 �W 1, q

0 (V) and we will prove that such a minimizer is
bounded. From this result we will deduce that u is in W 1, p (a) and thus u is a
minimizer of F. We recall that conditions which assure the existence of u are
given by Theorem 2.1.
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THEOREM 3.2. – Let us assume that conditions (1.2), (1.3), (2.1) are satis-
fied and that u0 �W 1, p (a)OL Q. Moreover, assume

bi �L ri (V) , ri F1(3.1)

with

1

ri

1
p21

m
E

p

n
i41, 2 ;

gi �L ki (V), ki F1(3.2)

with

1

ki

1
p21

m
E

p

n
, i41, 2 ;

a1b i Gp , i41, 2 .(3.3)

Then any minimizer u of G on W 1, q (V) such that u2u0 �W 1, q
0 (V) is bound-

ed and belongs to W 1, p (a) . Thus u is a minimizer of F in the class of func-
tions belonging to W 1, p (a) such that u2u0 �W 1, p

0 (a).

PROOF. – Let u be a minimizer of G on W 1, q (V) such that u2u0 �W 1, q
0 (V).

We have

G(u) GG(v) ,

for any ammissible function v.
By the assumptions, the functions

v(x) 4

.
/
´

t ,

u(x) ,

2t ,

tGu(x) ,

2tEu(x) E t ,

u(x) G2t ,

are ammissible, if the interval ]2 t , t[ with tF0 includes the range of the
boundary datum. Moreover, since F(v) E1Q , then G(v) 4F(v).

In this way, we obtain

s
NuND t

f (x , u , ˜u) dxG s
NuND t

f (x , t sign u , 0 ) dx .
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By assumptions (1.2) and (1.3)

(3.4) s
NuND t

N˜uNp a(x)

(11NuN)a
dxG s

NuND t

b1 (x)NuNb 1 dx1 s
NuND t

g1 (x) dx1

1t b 2 s
NuND t

b2 (x) dx1 s
NuND t

g2 (x) dx ,

for any t such that tDess sup Nu0N.
Since

q

p
g11

p21

m
1

a

q *
h41 ,

by (3.4), using Hölder inequality, we get

(3.5) s
NuND t

N˜uNq Gu s
NuND t

N˜uNp a(x)

(11NuN)a
dxv

q

p u s
NuND t

1

a(x)m/(p21)
dxv

q

p

p21

m

3

3g s
NuND t

(11NuN)q * dxh
aq

q * p

G

Gy s
NuNDt

b1 (x)NuNb 1 dx1 s
NuND t

g1 (x) dx1 t b 2 s
NuND t

b2 (x) dx1

1 s
NuNDt

g2 (x) dxzq/p

NN 1

a(x)
NNq/p

m/(p21)
g s

NuNDt

(11NuN)q * dxh
aq

q * p

.

Now, we evaluate each integral in the right-hand side of (3.5).

Observe that the condition 1

r1

1
p21

m
E

p

n
is equivalent to p2aE

g12
1

r1
h q *, so that, from (3.3) it follows that

b 1 Eg12
1

r1
h q *.

By Hölder inequality and Sobolev embedding theorem, we get

(3.6) s
NuND t

b1 (x)NuNb 1 dxGc s
NuND t

b1 (x)Nu2 tNb 1 dx1ct b 1 s
NuND t

b1 (x) dxG

GcVb1 Vr1g s
NuND t

Nu2 tNq * dxhb 1 /q *

m(t)121/r12b 1 /q * 1
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1cVb1 Vr1
t b 1 m(t)121/r1 G

Gcg s
NuND t

N˜uNqhb 1 /q

m(t)121/r12b 1 /q * 1ct b 1 m(t)121/r1 ,

where c is a positive constant which depends only on b 1 , n , m , p , a and Vb1 Vr1
.

Moreover

s
NuND t

b2 (x) dxGVb2 Vr2
m(t)121/r2 ,(3.7)

s
NuND t

(11NuN)q * dxGc(11 t)q * m(t)1c s
NuND t

Nu2 tNq * dxG(3.8)

Gc(11 t)q * m(t)1cg s
NuND t

N˜uNq dxhq * /q

.

Taking into account (3.6)-(3.8), from (3.5), we get

(3.9) s
NuND t

N˜uNq dxGcm(t)
q

p
g12

1

r1
2

b 1
q *
hyg s

NuND t

N˜uNq dxh
b 1
p

1 t
qb 1

p m(t)
qb 1
pq *z3

3y(11 t)
qa

p m(t)
qa

pq * 1g s
NuND t

N˜uNq dxh
a

p z1

1ct
b 2 q

p m(t)
q

p
g12

1

r2
hy(11 t)

qa

p m(t)
qa

pq * 1g s
NuND t

N˜uNq dxh
a

p z1

1cyg s
NuND t

g1 (x) dxh
q

p
1g s

NuND t

g2 (x) dxh
q

pz3

3y(11 t)
qa

p m(t)
qa

pq * 1g s
NuND t

N˜uNq dxh
a

p z .

Now, we want to evaluate the terms

I1 4cm(t)
q

p
g12

1

r1
2

b 1
q *
hyg s

NuND t

N˜uNq dxh
b 1
p

1 t qb 1 /p m(t)
qb 1
pq *z3

3y(11 t)qa/p m(t)qa/pq * 1g s
NuND t

N˜uNq dxh
a

p z ,
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I2 4 t
b 2 q

p m(t)
q

p
g12

1

r2
hy(11 t)

qa

p m(t)
qa

pq * 1g s
NuND t

N˜uNq dxh
a

p z ,

I3 4g s
NuND t

g1 (x) dxh
q

p y(11 t)
qa

p m(t)
qa

pq * 1g s
NuND t

N˜uNq dxh
a

p z ,

I4 4g s
NuND t

g2 (x) dxh
q

p y(11 t)
qa

p m(t)
qa

pq * 1g s
NuND t

N˜uNq dxh
a

p z .

Let us consider I1 . We can write

m(t)
q

p
g12

1

r1
2

b 1
q *
h
4m(t)

q

p
g12

1

r1
2

p2a

q *
h
m(t)

q

q *
g12

a1b 1
p

h ,

and since

a

p
1

b 1

p
1

p2 (a1b 1 )

p
41 ,

we can apply Young inequality

(3.10) I1 Gcm(t)
q

p
g12

1

r1
2

p2a

q *
h{g a

p
1

b 1

p
h s

NuND t

N˜uNq dx1

1y p2 (a1b 1 )

p
1

b 1

p
t q 1

a

p
(11 t)qz m(t)q/q *}G

Gcm(t)
q

p
g12

1

r1
2

p2a

q *
hk(11 t)q m(t)q/q * 1 s

NuND t

N˜uNq dxl .

Now we evaluate I2 . Since a1b 2 Gp , then we can write

m(t)
qg12

1

r2
h
4m(t)

q

p
g12

1

r2
2

p2a

q *
h
m(t)

qb 2
pq * m(t)

q

q *
g12

a1b 2
p

h ,

and we can apply Young inequality, that is

(3.11) I2 Gcm(t)
q

p
g12

1

r2
2

p2a

q *
h{ p2 (a1b 2 )

p
m(t)q/q * 1

a

p
s

NuND t

N˜uNq dx1

1k b 2

p
t q 1

a

p
(11 t)ql m(t)q/q *}G

Gcm(t)
q

p
g12

1

r2
2

p2a

q *
hk(11 t)q m(t)q/q * 1 s

NuND t

N˜uNq dxl .
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In analogous way, we get

I3 GcVg1 Vh1

q/p m(t)
q

p
g12

1

k1
2

p2a

q *
hk(11 t)q m(t)q/q * 1 s

NuND t

N˜uNq dxl ,(3.12)

and

I4 GcVg2 Vh1
q/p m(t)

q

p
g12

1

k2
2

p2a

q *
hk(11 t)q m(t)q/q * 1 s

NuND t

N˜uNq dxl .(3.13)

Therefore, combining (3.9)-(3.13), we have

(3.14) s
NuND t

N˜uNq dxGc km(t)
q

p
g12

1

r1
2

p2a

q *
h
1m(t)

q

p
g12

1

r2
2
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q *
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p
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1
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p2a

q *
hl k(11 t)q m(t)q/q * 1 s

NuND t

N˜uNq dxl .

Let us set h4 min ]r1 , r2 , k1 , k2 (. We can assume that

m(t) E1 , tF t0 ,(3.15)

for a suitable t0 . In this way it results

m(t)
q

p
g12

1
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2

p21

m
h
1m(t)

q

p
g12

1
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h
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1m(t)
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p
g12

1
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2

p21

m
h
Gcm(t)

q

p
g12

1

h
2

p21

m
h .

Hence, from (3.14) we get

s
NuND t

N˜uNq dxGcm(t)
q

p
g12

1

h
2

p2a

q *
hk(11 t)q m(t)q/q * 1 s

NuND t

N˜uNq dxl .

Now, for t such that ess sup Nu0NG t Eess sup NuN , we have

Mf12cm(t)
q

p
g12

1

h
2

p2a

q *
h
D0 .(3.16)

Therefore, we get

M s
NuND t

N˜uNq dxGc(11 t)q m(t)
q

p
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1

h
2

p2a

q *
h1

q

q * ,

that is

1

m(t)1/q g s
NuND t

N˜uNq dxh1/q

G
c

M
(11 t) m(t)2

1

p
g 1

h
1

p21

m
h ,(3.17)
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for every tFL , where L is the greatest lower bound of levels greater then 1
satisfying (3.15) and (3.16).

On the other hand, the following inequality holds true ([T]; see also [M],
Lemma 4.1 and proof of Theorem 2.1)

(3.18) q 1/qg12
q 8

k 8
h1/q 8 nv n

1/n

m(t)1/k
s
t

1Q

m(t)1/k21/n dtG
1

m(t)1/q g s
NuND t

N˜uNq dxh1/q

,

for some kEq , where v n denotes the measure of the ball of Rn having radius
equal to 1, q 8 and k 8 denote the Hölder congiugate exponent of q and k ,
respectively.

Combining (3.17) and (3.18), we get

1

11 t
G

c

M

m(t)
1

k
2

1

p
( 1

h
1

p21

m
)

s
t

1Q

m(t)1/k21/n dt

,(3.19)

for every tFL.
Now, let us denote

d4

1

k
2

1

n

1

k
2

1

p
g 1

h
1

p21

m
h .

Since (3.1) holds true, it results dE1. Moreover, from (3.19) we get

(3.20) s
L

ess supNuN

1

(11 t)d
dtG

c

M(12d)
s

L

ess supNuN

d

dt
u s

t

1Q

m(t)1/k21/n dtv12d

dt .

Using (3.19) we can majorize the right hand-side in (3.20) obtaining (see also
[T])

s
L

ess supNuN

1

(11 t)d
dtGg c

M
hd 1

(12d)
m(L)

1

n
2

1

p
g 1

h
1

p21

m
h .(3.21)

Since

s
L

1Q

1

(11 t)d
dt41Q ,

(3.21) yields that u belongs to L Q (V).
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From (1.2) and (1.3) we deduce that u belongs to W 1, p (a). Indeed

s
V

a(x)NuNp dxGVuVQ
p

VaV1 ,

1

(11VuVQ )a
s

V

a(x)N˜uNp dxGs
V

a(x)
N˜uNp dx

(11NuN)a
G

GF(u)1s
V

b1 (x)NuNb 1 1s
V

g1 (x) dxG

GG(u)1Vb1 Vr1
VuVQ

b 1 1Vg1 V1 Gc .

Finally, we get that u is a minimizer of F. Indeed

F(u) F inf ]F(v) : v�W 1, p (a) s.t. v2u0 �W0
1, p (a)( F

F min ]G(v) : v�W 1, p (a) s.t. v2u0 �W0
1, p (a)( F

FG(u) 4F(u).

REMARK 3.1. – Let us observe that, if NVN is small enough, i.e. NVNE

min ]1, 1 /2c(, then (3.14) and (3.16) hold true for every tFess sup Nu0N and
(3.20) gives the following apriori bound for NuN

ess sup NuNGess sup Nu0N1 (c 12cNVN
q

p
g12

1

h
2

p2a

q *
hh

d

12d

NVN
1

p
g 1

n
2 g 1

h
1

p21

m
hh .

REMARK 3.2. – If we choose a40 and a(x) constant in V , Theorem 3.1 gives
the classical results for coercive functionals on W 1, p

0 (V) (see, for example,
[LU]).
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