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Bollettino U. M. 1.
(8) 5-B (2002), 605-629

Exponential Decay
to Partially Thermoelastic Materials (*).

JAIME E. MuNoz RIVERA - VANILDE BISOGNIN - ELENI BISOGNIN

Sunto. — Studiamo il sistema termoelastico per materiali che siano parzialmente ter-
moelastici. Consideriamo cioé un materiale diviso in due parti, una delle quali sia
un buon conduttore di calore, in modo che wi esistano fenomeni termoelastici.
L’altra parte materiale ¢ un cattivo conduttore di calore e quindi non esiste il flus-
so di calore. In questo lavoro dimostriamo che per tali modelli la soluzione decade
esponenzialmente a zero quando il tempo tende all’infinito. Studiamo anche il caso
non lineare.

Summary. — We study the thermoelastic system for material which are partially ther-
moelastic. That is, a material divided into two parts, one of them a good conductor
of heat, so there exists a thermoelastic phenomenon. The other is a bad conductor of
heat so there is not heat flux. We prove for such models that the solution decays ex-
ponentially as time goes to infinity. We also consider a nonlinear case.

1. — Introduction.

Asymptotic stability for the n-dimensional thermoelastic system was study
by C. Dafermos [1], who proved that the solution in general goes to zero when
time goes to infinity, and depending on the domain operators and boundary
conditions the solution may converge to a undamping function. For the one di-
mensional case, thanks to the work of [4], [8], [14] [15] among others, it is weel
known by now that the solution allways decays to zero exponentially as time
goes to infinity. This means that the dissipation given by the thermal differ-
ence is strong enough to produce uniform rate of decay, but not so strong to
prevent blow up in a finite time as was proved by Hrusa and Messauodi [3].
They proved, for thermoelastic material which occupies the whole line, that

(*) Supported by a grant of CNPq.



606 JAIME E. MUNOZ RIVERA - VANILDE BISOGNIN - ELENI BISOGNIN

there are smooth initial data for which the solution will develop singularities in
finite time.

In this paper we consider the thermoelastic equation for mixed materials.
That is, materials divided into two parts. One of them is a bad conductor of heat
so there is not flux of heat along this part. The other part is a good heat conduc-
tor, therefore we have a thermoelastic phenomenon. Mathematically we can con-
sider the above problem as a locally distribuited thermal dissipation.

Elastic Part Thermoelastic Part

| | |
[ I 7l

0 Ly L

Locally distribuited dissipation was study for several authors and the com-
mon point in all the works cited below, is that they consider such dissipations
as an external source acting either in a part of the boundary (see for example
[2], [5], [6], [7], [9], [12], [16], [20]), or in a part of the material (see [10],
[11],[21]). The main difference between the above works and ours is that the
local thermal mechanism appears not due to any external source of dissipative
type, but due the structure of the material we are stuying.

Since we are reducing the effect of the thermal difference to only a small
part of the material [L,, L], we may ask if such dissipation is strong enough to
produces uniform rate of decay for the solution. The constitutive laws corre-
sponding to mixed materias are given by

o= pu, — ab
q:_Keac
e=0+ au,

where o is the stress, q is the heat flux, and e is the internal energy. We are de-
noting by u the displacement, by 6 = T, — 7, the thermal difference, where T,
is the absolute temperature and 7, is the reference temperature which we will
asstme to be constant. Finally by a we are denoting a non decreasing C? func-
tion such that a(x) =0 for x [0, L;] and a(x) > 0 for x > L;. In that follows
we will assume that exists C >0 such that

|ax|2$C(X, |Otxx|2$CC( for xe[Ll’Ll-i_é]'
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For 6 > 0 a small number. In this work « is a function that has the following
behaviour,

| | |
0 | T, Li+o 'L

The corresponding motion equations are given by

(1.1) Uy — Py + (a0), =0 in 10, L[ X ]0, oI,

1.2) 0;— kO, +au;=0 in ]L;, L[ x]0, oof,

1.3) u(x, 0) =uy(x), ue(x, 0) = uy(x), 6(x,0)=6, in 10, L[.
Supporting the following boundary conditions.

(1.4) w(0,t) =u(L,t)=000,t) =6(L,t)=0 for t>0.

The main result of this paper is to prove that this weak dissipation, given by
the thermal difference, also produce exponential rate of decay of the solution
as time goes to infinity. As an application of this result we also prove that
there exist a global attractor for the quasi linear problem. Finally we show
that the Kirchhoff’s model for locally distribuited thermal dissipation, is well
possed for small data.

To prove the exponential decay we explore the dissipative properties to
construct a Liapunov functional whose derivative is negative proportional to
itself. The main difficulty is that the dissipation only works in [L,, L] and we
need estimates over the whole domain [0, L]. We overcome this problem in-
troducing suitables multiplicators which allows us to control the energy only
estimating u over [L;, L]. See Lemmas 3.2-3.5 below.

2. — Existence for the linear system.

In this section we will use the semigroup approach to show the existence as
well as the regularity of the solution to system (1.1)-(1.2). To do this we will in-
troduce the following operator:

0 1 0
a= ﬁ()am 0 _[a(%)(')]w .
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With domain
D(@) = [H{ (0, LYNH?*(0, L)] x H} (0, L) x [H}(Ly, L) N H*(L,, L)].
Let us denote by IC the space
IC=H} (0, L)x L*(0, L) x L*(Ly, L)

which is a Hilbert space with the inner product

L L L
(U, V):K:ﬁfumlv;dacntfua?vxzder fufvxgdx
0 0 I

2

where U= (u!, u?, u?) and V= (v!, v2, v?). So, system (1.1)-(1.2) is equiva-

lent to
Ut: au
U) = U,

To show the existence of solutions we use the Lummer Phillips Theorem. It is
not difficult to show that @ is dissipative. In fact

L L

L L L
(au, U)g(:ﬂfuxvxderﬂfumvdx—f(a@)xvdx—favxedac+1<f0m0dac
0 0 0 0 Ly

L
—xJ 16,7 d
Ly
Now we will show that @ is maximal monotone, let us take F' = (fi, f3, f3) € I,
and consider the equation,
U-aU=F
which is equivalent to
u—v=f
V= ﬁum + (aa)t‘ :f2
0 — av, — K0, = f5.
Note that we can eliminate v in the above system, so we get
U= Py, + (ab), =fo + /L =0
0 — au, — k0, =fs + af] :=9,.
Now we introduce the spaces:

©V:=H{ (0, L)x H}(Ly, L)
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and the bilinear form:

L L
oV, W) = fqurﬁuxwx—k (aB), wdx + f@y; + 0,9, + au,yde,
0 Ly

where V = (u, 0), W= (w, y). It is easy to see that a(-, -) is a continuous coer-
cive bilinear form. Denoting by G = (g,, g») we conclude that there exists only
one solution U to the equation

L L
a(U, W) = fglwdachngwdx.
0 L,

For any We 0. Using the elliptic regularity our conclusion follows.

3. — Exponential decay.

In this section we study the asymptotic behaviour of the linear equation
(1.1)-(1.2). To do this, we define the following functionals

L L
1
E\(t;u; 0)=E () = —f|ut|2+ﬂ|ux|2dac+f|0|2dx
24 I
L L
1
Ez(t,u, 9):E2(t): 5f|utt|2+ﬁ|um|2d90+f|9t|2d.%‘
0 Ly

L L
1
Es(t; u, 0) = Es(t) = 5f|uxt|2+/3|um|2dw+flexIde-
0 Ly

Let us multiply equation (1.1) by u, and (1.2) by 6 and summing up the product
result we have

L

d f
—E(t;u,0)=—-x) |0,]|*dx.
7 1( ) |6, ]

Ly

Assuming regular data, and since %, and 6, have the same boundary condi-
tions, we get

L
3.1) %Ez(t”//; 0) = _Kflext|2dx'

L

To get the above identity we use essentially the fact that «, and 6, have the



610 JAIME E. MUNOZ RIVERA - VANILDE BISOGNIN - ELENI BISOGNIN

same boundary condition than « and 6. But this is not the case for u, and 6.
This is the point where the tipical difficulty for boundary conditions of Dirich-
let-Dirichlet type appears. Let us see in detail this fact. Multiplying equation

(1.1) by —u,; and (1.2) by —%HW we get

L L
i[ fluact|2+ﬁ|u:m|2dx] = f(ae)wumtdx
dt 0 0

L L L
d

— f|0x|2dac =—Kf|0m|2dac+faum6mdx
dt 5

L1 Ll

Summing up we get

L
3.2) %Eg(t;u, 0) = —Kf|0m,|2dx+a(L)0x(L, £) u, (L, t) —

Ly

L
f{ame _2(1%0%} ’I/Lmd%‘ .
0

Note that

a(L)?

B3)  |all) 0,.(L, ) uy(L, )| < 5
&

10.(L, )2+ % |y (L, £)]2.

From Gagliardo-Niremberg’s inequality we get:

L 1/2 L 1/2
|c9m(ac,t)|2$c[f|0x|2dx] [f|ex|2+ |0m|2dx}

Ly Ly
which implies

L

L
2
|9x(x,t)|2$cgf|0x|2dx+ ‘ f|9m|2dm.
Iy a

(L2

Inserting the above inequality into (3.3) we get

L L
\a(L) 0,(L, ) up(L, )| SC£f|c9w|2dx+ §f|0m|2dac+§|um(L, £)2.
Ly Ly
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So, identity (3.2) implies
L

L
d
(84) —E4() < —£f|0m|2dac+c€f|0x|2dac+
dt 2L1 Ly

L
S (L, 1) 12— | {0, 6 —2a,6,) u,de
2
0

L L
K
< ——f|6?m|2 dx+c£f|0x|2dx+
2L1 Iy
L
§|um(L, £ |2+ sfa|uxt|2 dz .
0
The derivative of E5 has a pointwise term involving second order derivatives,

which is not possible to bound using the Sobolev’s inequalities. To overcome
this difficulty we will use the following Lemma.

LEMMA 3.1. — Let us suppose that v belongs to W* *(a, b; H'2) and satis-
fies the equation:

Vy — ﬂvxfc :f'
Then for any qeC'(a, b) we have,

q(x)

b
d -
35 - Efq(ac) Vv, di = _7“7))5(907 B2+ Blo.(e, 02,

b b
1
v 2 [ @i+ g1} do J o o s

Proor. — Note that

b b b
d
(3.6) - E IQ(x) Vv de = — f‘](%) Vyy U, A — IQ(%) Vg Vg dit

V b

(x) o

== fq(oc) Vyy U dic —[qT |ve (2, ©) |2]
a x=b
-

=1

b
1
+§fq’(ac)|vt(9c, t) |2 de .
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On the other hand

~
fn
Il

b b
—ﬁfq(x) Ve Ve A — fq(m) flx, ) v, da

b b
- g[q(x) v, 12120+ gfq’(x) valzd%—fq(x) flx, t) v, da .

Going back to identity (3.6) formula (3.5) follows. The proof is now com-
plete. =

LEMMA 3.2. — There exist a positive constant C such that

L L L
d 1
—f@uxtdoc$ ——fa|uxt|2doc+06f|9m|2+ |60, |%de + 0B, (t).
dt, 24 It

Proor. — Multiplying equation (1.2) by u,; we get

L L L
d
— f@uxt dx= f 0, U, da + f Ouy, do
dt 0 0 0
L L

L L

:fﬁmxuxtdx—fa|uxt|2dx—f(aﬁ)xumderf(aﬁ)xBxdx
0 0 0 0
L L

L
0
SC(5J‘|QM|2+ |6x|2dx—fa|um|2dx+ Ef|um|2+ |2 |? dac .
Ly 0 0

From where our conclusion follows. =

LEMMA 3.3. — Let us denote by a, the C*-function given by

0 for 0<x<I,

as(x) =
: {1 L-do<x<L

where 0 1s such that L; <L — 0. In this conditions we have

L L

L L
d
— azutumdxs%f |uxt|2dac—éfa2|um|2dx+0f|03|2dac.
dt g L—d, 2 L

1
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Proor. - Differentiating the expression a,u;u,, and using the equation
(1.1) we get

L L L

d
— ) asuyty, de= | oy, dr + | ooy, da
dtO 0 0
L L L
_ 2 2
—fa2|um| dac—f(az)xutuxtdac—faz|um| dux
0

0 0
L

— fa2(a0)xumdac .

0

From where it follows that

L L L L
d
——fazutumdxs% f |2y |? dee — Efaz |um|2dx+0f|0x|2dm.
dtO L-9y 20 Ly

The proof is now complete. =

LEMMA 3.4. — Let us take 6 o < L — L, — o and let us denote by a5 a C? func-
tion such that supp(as)clL — 0y, L[ and as(L) > 0. In this conditions we
have,

L
df as(L)
—— | asuyuyde < — u, (L, t) |+
dto 3 t it 2 | t |
L L
c f (|um|2+ﬁ|uxt|2)dx+f|0xt|2dx.
L—-0dy Ly

Proor. — Using Lemma 3.1 for ¢ = a3 and v = u;, we have

L
df as(L)
— — | asuyuyde = — u, (L, t)|*+
dto 3 t it 2 | |
L
faé(|um|2+ﬂ|uxt|2) dx+fa3um(a0t)xdac.
0 0

From where our conclusion follows. =
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Using Lemma 3.2 and Lemma 3.3

L L L L
d 1 1
— f@uxtdx—— f o Uy Uy, A $——ﬂ f |um|2dx——fa|um|2dac+

L-0 L

C(sf 10,02+ |0,|2de + OB, (t).
Ly

From Lemma 3.4 we arrive at

L L L
d 1
— f@uxtdac— — f O o Uy Uy, i + lfa3umuttdx <

C19

= Ht)

L

L

L
[ e = 2 fapuzar— 252,02+
-0

0

_B
1,

Caf 10|24 |07+ |0, |2de + OB, (t)
L

where y = %min{l, f}. Denoting by £ the functional

L(t) =N, E, (1) + Ny Ex (1) + NE3 (1) + H1)

we conclude that

L L

d 1
(3.7 — L) < _ﬁ f |umx|2dx_ _fa|uxt|2dx_
dt 4, %5 4

0

S o

L
N N
(Kz _Cé)f|0w|d (K 1_Cé)f|0x|2+
Ly

160 |2 da + OB (2).

To prove the exponential decay we will use the following Lemma.
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LeEmMMA 3.5. — There exists a positive constant C such that

(1 T\/_)sz(t)dt<Cf fa|uw| dxdt +
Cff|0xt| dxdt+—f|ut(L t)|*dt,
0 L

for T > %

Proor. — Using Lemma 3.1 for ¢ =« and v =u; we arrive at

L

1 L d
—f|utt|2+ﬁ|uxt|2d9¢= pL [y (L, t) |2 — —fxuttumdac—fxuxt(aGt)xdm.
2 2 dt ;

0

L
Integrating over [0, 7] and summing up the term [ |6,|*dx we get that
Ly
T T
L 2
E,t)dt= —p ) |uyu(L,t)|*dt -
0 2 0

L =
(fxuttuxtdﬁc) ffacuw(aa ) dadt + — ff|49 |2dadt .
0

Since

E’z(t)=E2(0)—1<ff|0xt|2dxdt, sz(t)dtBTEz(T),
0

0 I
L
fxuudx<LE(0)
tt Yt =T =42
0 VB

It follows that

T
sz(t) dt < —f|uw(L t) |2dt + —EZ(O)—f facum(aﬁ ), dec dt
0 VB

T
L 2L 2kL
< 7ﬁf|um(L,t)l2dt+ 2B+ 22 ff|0m| dae dt
0

\/B OLI
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T L
—f fxuxt(aet)xdxdt
0 0

r T T L
L 2L 2k,
< [\ o a2 (B ae 2L [ [0, 200
2 0 T\/BO ﬂ

0 Ly

T L
_f ff)mm(aet)xdxdt.
00

Finally using the inequality

L L

famm(aet)xdac= fxum(aet)xdac

0 Ly
L L
< cfa(ac) |2, |? dac + Cf 10| doc
0 Ly

our conclusion follows. The proof is now complete ®

Let us introduce the following functionals

L L L
N& = [alunPdr+ [ Jun2de+ [ 10,12+ 100 Pde+ |un@, ]
0 L—09 Ly

We are now able to show the main result of this section.

THEOREM 3.1. — Under the above notations, the energy associated to the
thermoelastic system (1.1)-(1.2) decays exponentially. That is, there exist po-
sitive constants C, v such that

E,(t) <CE5(0)e 7.
Proor. - It is not difficult to see that there exists positive constants such
that
(3.8) CoEy(t) < £(t) < C By (1),
for N large enough. Recalling the definition of N and using (3.7) we get

%ﬁ(t) < —ceN(t) + 0B, (1).
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Lemma 3.5 implies that

T T
[B,ydt<e [ nwyat
0 0

and taking 6 small enough after an integration we have

T
ﬂﬂ$ﬂm—§fmwﬁ.
0

Using Lemma 3.5 once more, we conclude that

T
L) = £0) - cng’z(t) dt
0

S L(0) =3 TEL(T) dt
S L200)— e, TL(T) dt

which implies
(14 T) &T) dt < £00).

Finally from the semigroup property our conclusion follows. The proof is now
complete =

COROLLARY 3.1. — Under conditions of Theorem 3.1 if
(u07 Uy, 00) EHOI(O’ L) X LZ(O’ L) X LZ(Lly L)’

then, there exist positive constants C and y such that the first order energy
decays exponentially

E,(t) <CE,(0)e .

PrOOF. — Let us denote by

t t
v(-,r)=6fu(-,r)dr+x1, 1/)(-,1)=0f0(-,r)dr+)(2.
In this condition the couple (v, v) satisfies
Uy — Uy — PV — BY 1, 3 + (@B), + (ax2, ) =0 1in 10, L[ x]0, oo,
Yi— 00— KP4 — Kf2, 00 T AUy + 0y ., =0 1in ]Ly, L[ X]0, oof,
v(x, 0) =x(x), wulx,0)=uy(x), y,0)=yx in 10, L[
v(0,t) =v(L, t) =y, ) =y9(L,t)=0 for £>0.
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Choosing y; and y. such that

_ﬁX 1,z + Y 2= Uy

= KY200= — AUy, + O
x100) = x1(L) = y2(Ly) = x2(L) = 0.
The couple (v, v) satisfies system (1.1)-(1.2) for the initial data
v(x, 0) =yx1, v(x,0)=1u, Y(x, 0) =yx,.

From Theorem 3.1 we conclude that E, decays for v and v instead of  and 6.
Since

ClEl(t, u, 0) gEz(t; v, w) < COEl(t, u, 9)

then our conclusion follows. The proof is now complete =

4. - Global attractor.

In this section we will show, as a consequence of the exponential decay, the
existence of a global attractor to the non linear system

4.1) Wy = Py, + (@0), + gu) =f; in 0, L[X]0, o,
(4.2) 0,— KO, +ouy=f in 1L, L[ x]0, oo,
w(x, 0) =up(x), w(x,0)=u(x), O, 0)=6, in 10, L[
u(0,?) =w(L,t)=600,t) =6(L,t)=0 for t>0.
To do this we will assume that
4.3) geCY(R), g(s)s=0.

In this conditions it is not difficult to show that there exists only one solution
to the system (4.1)-(4.2). This will be summarized in the following theo-
rem:

THEOREM 4.1. — Under the above notations, if g satisfies condition (4.3)
then for any initial data

(u07u1v90) /Ln H()1(05L)XL2(O;L)XL2(L17L)7 ﬁEL2(O’L)7 .fZELZ(LbL)
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there exist only one solution satisfying
weC"([0, T1; Hy (0, L)) N C*([0, T1; L*(0, L)),
0eL*([0, T1; Hy(Ly, L)) N C°([0, T1; L*(Ly, L)).

Moreover if

(g, U1, 09) in HF0, L)YNH?(0, L) x H} (0, L) X H} (L, L),
then the solution satisfy:
ueC([0, T1; Hy (0, L)NH*(0, L)) N C ([0, T1; Hg (0, L) N C*([0, T1; L*(0, L)),
0eL*([0, T1; Hy(Ly, L) N H?*(L,, L)) C°([0, T1; Hf (Ly, L)).

In this conditions we are able to show the existence of a global attractor to sys-
tem (4.1)-(4.2).

THEOREM 4.2. — Under the above conditions the dynamical system defined
by the system (4.1)-(4.2) supplemented by the Dirichlet boundary condition
possesses a global attractor C which is compact, connected, and maximal n
H}(0, L) x L%(0, L) x L2(Ly, L). Moveover C is included in H¢ (0, L)N
HZ2(0, L) x H} (0, L) X H} (L, L).

ProoF. — Let us denote by S(t) the semigroup associated with the dynami-
cal sistem (4.1)-(4.2) and let us decompose it into two parts:

S(t) = 8: () +S:(1),

where by S; we are denoting the semigroup associated with the linear homoge-
neous part. By S, we are denoting the semigroup associated by the dynamical
system Sy (£){ug, w1, 0o} = {u, u;, 0} where u, u;, 6 is the solution of

Uy — Bl + (aB), = f; — gw) in 10, L[ <0, oo,
0, — KO, + atiy =f, in 1Ly, L[ x 10, oo,
u(x, 0) = (x, 0) = 6(x, 0) =0
(0, 1) =u(L,t)=6(0,t) = (L, t)=0.

Thanks to Theorem 4.1, it is not difficult to show that S, is uniformly compact
in H}(0, L) x L?(0, L) x L*(L;, L). On the other hand, since

181 (&) [lecro < coe 7.

Using Theorem 1.1 of Chapter 1 of [18] our conclusion follows. The proof is
now complete. =
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5. — Small solutions.

In this section we will study the existence of solutions for the locally dis-
tribuided thermoelastic system of Kirchhoff type

L
(5.1) utt—M(f|ux|2dx) Upe + (00), =0 in 10, L[ x 10, o[,
0

(56.2) 0;— K0, +au, =0 in ]L;, L[ x]0, o,
w(@, 0) =ug(x), w(x, 0)=u(x), 6x,0)=0, in 10,L[
w(0,?) =w(L,t) =6(0,t) =0(L,t)=0 for t>0,
where
(5.3 MeC*(Ry), M(s)=m;>0.

The main result of this section is the global existence of solutions to system
(5.1)-(5.2) provided the initial data is small. As a consequence of the prove we
also conclude that the solution of the nonlinear system decay exponentially as
time goes to infinity. The proof is based on the following local existence result,
which is proved by standard fixed point argument.

THEOREM 5.1. — Let us suppose that the initial data satisfies
(g, 1,0 in [HIO,LYNH?(0,L)]x H}(0,L)x [H*(L,,L)NH(Ly,L)].
Then there exist T >0 and a solution u, 6 of system (5.1)-(5.2) satisfying:
(5.4) wueC’[0,T]; H (0, L)NH?(0, L)) N
C'([0, T]; H¢ (0, L)) N C*([0, TT; L*(0, L)),
(5.5)  0eL*(0, T; Hi (Ly, L)YNH?(Ly, L)) C°([0, T1; H¢ (Ly, L)).

Moreover given T >0 there exist €>0 such that for any wnitial data
(uo, Uy, 0¢) satisfying

o, o | + I, [P + 1100, 0 [* < 2

there exist only one solution (u, 0) satisfying condition (5.4) and (5.5).

Note that the last part of the above Theorem, T' = T'(e) < . Here we will
show that for ¢ small enough, 7" does not depent on ¢, that is 7= o, which
means that the solution is global in time. Which is equivalent to say that the
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second order derivatives are uniformly bounded for any ¢ > 0. Let us denote by

M, = sup {M(s); se [0, E,(0) ]}

My

2L

From the local existence Theorem we have that for 7 > there exists

€ >0, such that for any initial data satisfying M,

E,(0)+E3(0)<¢

there exist only one solution (%, 6) solution of (4.1)-(4.2), defined on [0, T7].
Let us take £, < ¢ and let us take initial data such that

(5.6) E5(0) + E5(0) < e.

By the continuity of the solutions there exists a positive Ty > T such
that

(5.7 E,(t) + E3(t) <de,, Vtel0, 7],
where d > 1 is a positive constant to be fixed later. Let us denote by
T*=sup{t>0; Ex(t) + Es(t) <de,}.

We will show that 7'* = o, which will prove that there exists a global in time
solution for sufficient small initial data. To do this we will define the following
functionals:

L L L
1 —
E\(t;u; 0)=E ()= 3 f|ut|2dac+M(f|ux|2dx)+f|0|2dac
0

0 L

L L L
1
Ey(t;u, 0) = Ey(t) = 3 f|utt|2+M(f|ux|2dx) |um|2daﬁ+f|9t|zdx
0 0 Ly

L L L
1
Es(t; u, 0) = E5(t) = > f|um|2+M( f|ux|2dx)|um|2dac+f|6x|2dx.
0 0

Ly

Where M(o) = f M(s) ds. Let us multiply equation (5.1) by u; and (5.2) by 6
0
and summing the product result we have
L

(5.8) %El(t;u, 0) = —Kf|9x|2d90-

Ly

Similarly, differentiating in time equations (5.1) and (5.2) multiplying by
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and 6, respectively and summing up the product result we get

L
(5.9 %Ez(t; u, ) = —I(Lf |0xt|2dx+R2
where
L L L
R2=M’( f |um|2dac) fuxumdxfumuttdxﬂL
0 0 0

L L L
1
—M’(f|ux|2dx) fuwuxtdxf|uxt|2dx.
2 0 0 0

Note that
|R2 | < CE()Eg(t) .

From (5.7) we can rewrite identity (5.9) as

L
d
(5.10) EEZ(t;u, 0) < —Kf|9xt|2dac+CeoE2(t).
Ly

Using similar arguments as in section 2 we can show that

L
(5.11) %Eg(t)z —I(f|0m|2dac+a(L)9x(L, £) uy (L, t) —
L

1

L
f{am0—2am0m} Uy dr + Ry
0

where

L L

L
1
Ry = —M/(fwx'zd%) fuxuxtdacf|um|2dac.
2 0 0 0

We also have that

L
IRy | sceo[Ez(t)+f|9x|2dx].
Ly
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As in the proof of inequality (3.4) and using (5.9) we get

L L

d
Bt <-= f|6xx|2dac+csf|0x|2dac+ (L, 1) |2

L

+efa|uxt|2dx+CeOE2(t).

0

In the following Lemma we will summarize the nonlinear version of Lem-
mas 3.2, 3.3.

LEMMA 5.1. — Under the above notations the following inequalities holds.

T
2L
1- ~ Ce fE(t)dts
( VLT 0)0 :

L T
L
EM( f|uw|2dm) | (L, t) |2+ czfa|uxt|2+ 16| de
0 0
for a positive constant C.

Proor. — Using the same technique as in section 3 we get,

L
d
— fﬂmttuxt dx =
L L L
L 1
——M( f|ux|2dm)|uxt(L, O+ —f|utt|2+M( f|ux|2dac)|um|2dx
2 0 2 0
=Ex@)
L L L L
- fx(aﬁt)xuxt—ZM’( |ux|2dac)fuxtuxdxfxuxtumdx.
0 0 0 0

From where it follows that

L

L
L
Ey(t) = 4 fxuttuxtdx + =M f|u%|2dac |2y (L, )%+

0
L L L L
fx(a@t)xuxt + 2M’( |ux|2dac) fumuxdocfxumumdx.
0

0 0 0
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Integrating from 0 to 7" we have that

T L t=T T L
L
sz(t) dt = ( fxuttumdx) + EfM( f |ux|2d9c) | (L, £) |2 dt
0 0 0

0 t=0

L

f fx(a@ )e uvtdacdt+2fM (f|u@| dx)f Uy Uy dacfammtumdxdt
T L

L
ol [ o) o

2 0

ffa|um| dacdt+f f|0m|2+ 10, |2dudt + ce o Ey(t).

0 L

From (5.9) it follows

E,(0) = EZ(T)+Kff|9xt| do — fdet

0 L

<E2(T)+Kf f|am| dac+CeofE2(t)dt

0 L

from where we have

T L
2L L

Ey(T) + —fM(f|ux|2dac)|uxt(L, t)|2dt
VMI 20 0

T oL ToL
(5.14) +f fa|uxt|2dmdt+cf f|9m|2+ |0x|2dacdt+ceofE2(t) dt
0 0 0 L 0

(5.13) f Ey(t) dt <
0

Using relation (5.9) once more we have

¢ t L
i[E’z(t)—fRz(r) dr] < —Kf f|6xt|2dxdtS0.
dt 0 00

So we have that

T T t T
[e,ydt— [ [ Ry drdt= T, - 7 [ Ro0) dr
0 0 0

0
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From where it follows that

T T T t
Ey(T) < isz(z:) dt+fR2(t) dt - if fRz(r) dudt
TO 0 TO 0

0

T 7
1
< TfEQ(t) dt + CsofE'z(t) dt + f |Ry(T)|dt .
0 0
Inserting the above inequality into (5.14) our conclusion follows.

LEMMA 5.2. — Under the above conditions we have:
L
fa |2, | % doe + COE, (1)

0

L L
d
& fousar<c,f 0.2+ 10, 200
Ly

L L L L

d m,
- — | asuu,, dx < c, f Ay | Uy |Pdoc — —Ofa2|um|2dx+0f|0x|2dac

dto L-9, 2 Ly

L L
d aq (L) m
— J asuyuy de < - = | (L, t)|2+c a3(|uxﬂc|2+ |u’xt|2) da
dt 2 L-o,

L
+f|9xt|2dac+ CeoEy(t).
Iy

PrOOF. — We only prove the third inequality, the others can be proved with
the same arguments as in Lemma 3.2 and Lemma 3.3. Differentiating equation

(5.1) and using Lemma 3.1 we arrive at

L
|
— ) azuyu,de =
dt s 3 it Yot
L L
L
- ag; )M( f|ux|2dm)|um(L,t)|2+fa§(|utt|2+ |y |2) dt
0 0
L L L L
- fag(aet)mum—M’( f |u,x|2dx)fuxtuxdmfaguwtumdx.
0 0 0

0

Using the inequality
2[(a0), |* = 2C |ty |* < |ug |* < 2|(aB), |* + 2C | Uy, |
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together with relation (5.7) our conclusion follows. The proof is now com-
plete. =

From the above Lemma we conclude that

L L
d 1
— f@umtdx— — f QAo Uy Uy A [ <

Cor, - o

L L
0

1
) f |, |2 dec — —fa|uxt|2dac+(]5f|9m|2+ 10, |2de + COB,(t) .
4y, 2L1 Ly

>

From the third inequality of Lemma 5.2 we conclude that

L L L

d 1

d—[ f@uxtdac— % f O o Uy Uy, A + lfaguwtundac <

t L1 Cr-s C1o

= Jt)
L L
1 as(L)m,

) f |um|2d90——foc|7/v,gt|20l9c—MW,C(L,IN2

8co s 4 2¢

L L
010+ 10, 2dn + C [ 10, o+ (00 + cre) B0
Ly Ly

where y = %min{l, my }. Let us denote by £ the functional

L(t) =N, E (t) + N, Ey(t) + NE5(t) + HAt).

It is not difficult to see that there exist positive constants o; and o, for which
we have,

Now let us take d = 22. In this conditions we have
0y

THEOREM b5.2. — Let us suppose that the initial data satisfies condition
(5.6) then there exists only one solution (u, 0) of system (5.1)-(5.2) satisfying

ueC([0, [, H*(0, L)N H{ (0, L)) N C' ([0, «[, H; (0, L)),

0,(0, L) e C([0, o[, H*(0, L) N Hy (0, L)) N C*([0, [, L*(2)),
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Proor. — To show the global existence of solutions it is enough to show that
T* = 0. In fact let us suppose that 7* < o. Using relations (5.8), (5.10) and
(5.12) we conclude that the functional £ satisfies

L L
d
(5.15)  — L) < —kK, f |um|2dx—1<0fa|uxt|2dac—l(0|ux(L,t)|2
dt L-9 0
L
N
_(__Cé)f|ewl da— (&_Cé)flemlz—’—loxtwdx
Ly
(5.16) +(NC€0+N20€0+C80+016)Eg(t).

Let us take 6 such that 6C; < % then take N, and N such that kN, — Cs >
ko and kN — Cs > K in this conditions we have that
d

Using Lemma 5.1 we arrive at

t t
L) - L£(0) = —Kocong(t) dv+ [(NC+N,C+C)eg+ cé]sz(t) dv.
0 0

Taking ¢, and 6 small we conclude that

£(t) — £(0) < — X0% fE2(r) dr .
2 g
From where it follows that

K€y

t
1
{Bo(H) + Bs(0)} < %{Em) +Ey(0)) — — fEQ(r) dr
1 0

01

92, - Ko sz(r) dr < de,.

01 019

<

Letting t—T* we conclude that

K Cy

fEZ(r) dr < de,.

E,(T*)+ Es(T*) = —80
01 01 9

But this is contratictory with the maximality of 7'* because by the continuity of
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the solution, there exists # >0 such that E,(T* + )+ Es(T* +n) <de,.
Therefore T* = . The proof is now complete. =

REMARK 5.1. — The exponential decay to the partial thermoelastic model,
means that we can stabilize the moviment of an elastic string intruducing
another thermoelastic part, no matter how small 1t is. That is, to stabilize the
moviment is not necessary to introduce neither an external sources nor ex-
ternal controls, but to compose the elastic material with another thermoelas-
tic one.
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