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Bollettino U. M. 1.
(8) 5-B (2002), 527-543

LP?-Improving Properties of Measures Supported
on Curves on the Heisenberg Group. II.

SILVIA SECCO

Sunto. — In questo lavoro riprendiamo la trattazione del cosiddetto fenomeno di LP-
improving per curve nel gruppo di Heisenberg iniziato nel precedente articolo [T].
11 problema riguarda lo studio delle proprieta di limitatezza LP-L 9 per operatori di
convoluzione con misure finite a supporto su curve nel gruppo di Heisenberg. Sia I’
una curva C* regolare nel gruppo di Heisenberg H, definita da

FZI_>H1 SHF(S):('(/Jl(S), 1/}2(8)3 1/}3(8))

dove I é un intervallo limitato di R e v 1(s), ¥ 2(8), ¥ 5(s) sono funzioni C* a valori
reali. Definita la misura

w, fy=[ rrsnas  rec.an),
I
consideriamo il corrispondente operatore di convoluzione a destra con u
Tf(w) =f+* u(w) = ff(w(l“(s))’l)ds weH,.
I

Nella prima parte di questo lavoro forniamo alcune limitazioni sullinsieme

caratteristico
1 1 e s
G = {(—, —) e[0,1]1x[0,1]: T & limitato da L?(H;) a L‘?(Hl)}
p q

dell’operatore T, precisamente proviamo che Uinsieme G é contenuto nel trapezio
chiuso di vertici

A=(0,0),B=(1,1),C=(2/3,1/2), D= (1/2,1/3).

Nella seconda parte di questo lavoro focalizziamo invece Uattenzione su curve nel
gruppo di Heisenberg H, aventi vettore tangente nell'origine parallelo al centro del
gruppo. Pin precisamente, consideriamo una curva y(s) data da

€8 y:I—H, s—=>y(s) =(s™, 8", s)

dove I = [0, R], R >0, ¢ m, n sono numeri reali distinti maggiori di uno. Provia-
mo che linsieme caratteristico dell’operatore U definito dalla formula

Ufw) = | fao-(p(s)) M ds  weH,
I
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¢ contenuto mel trapezio chiuso di wverticc A=(0,0), B=(1,1), P;=

m+n—-1 m+n—2 _ 3 2
<m+n+1’m+n+1)’ 2_<m+n+1’m+n+l
del segmento chiuso congiungente © due punti P; e Py se m +n =5, ed é Uintero tra-
pezio chiuso ABCD se m +n <5. I risultati ottenuti per Uoperatore U rimangono
validi sostituendo la curva (1) con una piw generale curva I'(s) = (s™ 4+ o(s™), s™ +
o(s"), s), per s in un intorno dell’origine.

) con la sola possibile eccezione

Summary. — LP-LY estimates are obtained for convolution operators by finite mea-
sures supported on curves in the Heisenberg group whose tangent vector at the ori-
gin is parallel to the centre of the group.

1. — Introduction.

In this paper we continue the study of the L”-L 9% boundedness properties
of convolution operators by finite measures supported on curves in the
Heisenberg group which we started in a previous paper [7].

As in [7], let H; be the Heisenberg group, that is R® with group law given
by

1
(x,y,t)-(x",y',t") = (ac+ac’,y+y’,t+t’+ E(my’—x’y)).

We consider a smooth regular curve I"in the Heisenberg group H; which is de-
fined as

@ I:I—H, s—=I(s)=(ypi(s), ¥2(s), 3(s))

where I is a bounded interval of R and v (s), ¥ 5(s), ¥3(s) are smooth real
valued functions.

For any continuous compactly supported function f on H; we define the
measure

@) <H,f>=ff(F(S))dS
I
and we consider the corresponding right convolution operator by u

) Tfaw) = fo uw) = | fav- (M)~ ds  weH,.
1
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We denote by

G = {(%, %) el0,1]x[0,1]: T: L?(H,)—L‘(H,) boundedly}
the type set of the operator T in (3). The set T is a convex subset of the square
[0, 1] x [0, 1], contained in the triangle below the diagonal 1/p = 1/q and con-
taining the diagonal itself, [1].

In the first part of this paper we obtain some limitations on the type set G
of the operator T in (3). Analogously to the case of a curve in R", the set G is
subject to constraints which are due to dimensions and to a sort of local homo-
geneity of the curve I.

Suitably modifying some arguments which can be found in [4], we prove
that the the type set G of the operator in (3) is contained in the closed trape-
zoid with vertices

4) A=(0,0), B=(1,1), C=(2/3,1/2), D=(1/2,1/3)

within the closed triangle with vertices A=(0,0), B=(1,1), P=
(3/5, 2/5).

It is well known that if in (3) we replace the Heisenberg group convolution
by the ordinary convolution in R?, then the LP”-improving properties of the
measure u in (2) are closely related to the curvature and torsion properties of
r,[2,3,6]

In our previous paper [7], we discussed the LP-improving properties of a fi-
nite measure u in the case in which its supporting manifold is a curve in H,
whose tangent vector at any point is not parallel to the centre of the group, i.e.,
without loss of generality, it has the form I(s) = (s, ¢1(s), ¢2(s)), selCR
where ¢ (s), ¢,(s) are smooth real valued functions.

We found the curvature condition that implies that the type set of the cor-
responding right convolution operator is the whole closed trapezoid ABCD
and we also established a notion of right curvature-torsion and a notion of left
curvature-torsion which are not mutually equivalent.

In the second part of this paper we focus our attention on curves in the
Heisenberg group having tangent vector at the origin which is parallel to the
centre of the group. More precisely we consider a curve y(s) which is given by

B) y:I—H, s—=vy(s)=(s", 8", s)

where I =[0, R], R>0, and m, n are distinct real numbers greater than
one.
We define the right convolution operator U

(6) Uftw) = ff(w-(y(s))_l) ds weH,

1
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whose convolution kernel is a measure supported on the curve in (5) and we
prove that its type set U is contained in the closed trapezoid with vertices A =

<0,0),B=<1,1>,Pl=(”““‘l m*”‘z),Pf( 2 2 )with

m+n+1’ m+n+1 m+n+1" mH+n+1
the only possible exception of the closed segment joining the two points P; and

P, if m +n =5, and it is the whole closed trapezoid ABCD if m +n <5.

The fact that we have to distinguish between m +n =5 and m + n <5 is
due to the following remarks.

We know that the type set of the operator U in (6) is contained in the
closed trapezoid ABCD, but we can also prove, by taking into account the local
homogeneity near the origin of the curve in (5), that another necessary condi-
tion for the operator U to be bounded from LP”(H;) to LY(H,) is that

1 1
- < —
q m+n+1

M

= |~

The inequality in (7) generates the closed trapezoid with vertices A = (0, 0),

B=(1,1) P:(”””‘1 ’”*"‘2) P=( 3 2 )Within the
e m+n+1’ m+n+1) z m+n+1’ m+n+1

closed triangle with vertices A, B, P = (3/5, 2/5). Depending on m and n, the
optimal trapezoid ABCD intersects the trapezoid ABP; P, and since we are
looking for boundedness in the intersection between the two previous closed
trapezoids, we have to distinguish between the case m +n =5 and the case
m+n<b.

The results we have proved for the operator U also hold when we replace
the curve (5) by the more general curve I(s) = (s™ + o(s™), s" + o(s"), s), for
s in a neighborhood of the origin.

2. — Preliminary estimates.

THEOREM 2.1. — Let I(s), sel, be the smooth regqular curve defined in (1)
and let T be the operator defined in (3), then the type set G of T is contained
m the closed trapezoid with vertices A =(0,0), B=(1,1), C=(2/3,1/2),
D=(1/2,1/3).

PRrOOF. — A result due to Ricci and Stein, [5], implies that if I'(s), se I, does
not generate the Heisenberg group H,; (i.e. it is contained in some proper
closed subgroup of H;) then the type set G of T is reduced to the diagonal
1/p=1/q.

Hence we can assume that the curve I(s), sel, generates the full group
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H,. Then there exists at least one point sye/ such that

Yi(sy) wilsy) 0
® Ya(se) a(sy) 0] =0.
Yilso)  wilse) 1
Up to translations we can suppose that s,=0 and 7(0) = (0, 0, 0).
Since inequality (8) holds for s, =0, at least one value between 3 1(0) and
1 5(0) is not zero. Up to a rotation we can assume without loss of generality

that 11(0) = 0.
By the automorphism

f,_ 1
(o)
p5(0)
pi(0)
sy VRO A0 — i (0 p30)  pE(0) pi0) — p(0) pi(0)

k P0) 10— p50) pi(0) P5(0) pi(0)— p3(0) pi(0)

X

!

€xr—

(which is well defined because 3 {(0) #0 and (8 holds) and a change of
parameter, the curve I(s) can be written as

9) I(s) = (s, as®+ o(s?), bs® + o(s?))
in a neighborhood of the origin, where

L PO E0) ~ 5(0) pi(0)
291(0)

and

Y1(0) »1(0) %»{"(0)
P2(0) v3(0) ¥3'(0)
Y3(0) 3(0) 33"(0)

6y 3(0) 95(0) — i(0) 1(0)

We notice that the coefficient b might be zero while the coefficient a is not zero
because of the inequality in (8).

Suitably modifying the standard argument of testing the operator 7" on the
characteristic function of a small euclidean ball, [2], we can prove that a
necessary condition for the operator 7' to be bounded from L?(H,) to L(H;)
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is that

3 2
(10) ———=1.
q

p

Recalling that the operator T': f+>f* u is bounded from L?(H;) to LY(H,) if
and only if the operator f— u  fis bounded from L ¢ (H;) to L? (H,), the same
test shows that also the inequality

(11)

< | oo
Vv
= | o

must hold. L
Conditions (10) and (11) together with the fact that it must be 0 - < — <1,

[1], imply that the type set G of T is contained in the closed triangle %Vitﬁ) ver-
tices A =(0,0), B=(1,1), P=(3/5, 2/5).

Finally, testing the operator T on the characteristic function f, of the set
{(x,y,t)eH,: |x|<e, |y| <e?, |t| <&} for a small positive ¢, which takes
into account the local homogeneity of the curve (9) in a neighborhood of the
origin, yields the necessary condition

(12) - <

for the LP-LY boundedness of T to hold. The inequality in (12) generates
the closed trapezoid with vertices A= (0,0), B=(1,1), C=(2/3,1/2),
D =(1/2,1/3) within the closed triangle ABP and this concludes the
proof. =

In order to study the type set of the operator U in (6), we need a prelimi-
nary lemma whose proof can be found in [7] and that we rewrite here for the
sake of completeness.

LEMMA 2.2. — Let I be a bounded interval of R and consider the curve in R*?
given by ¥Y(s) = (6(s), &(s)) where 6(s) and &(s) are smooth real-valued func-
tions such that

(13) [0 (s)E"(s)—0"(s) &' (s)| =C,
and
(14) |6 (s)| = Cy

for two positive constants C; and Cs.
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Then the operator
Sf(x) = ff(ac - Y(s))ds, xeR?
1

is bounded from L*?(R?) to L*(R?) and

C.Co\" /1 C 2/3
e < ( e ) (_ + & |z|) (T

ISf

where Cy, Cy are the constants i (13) and (14) respectively, and Cs;=
max [0"(s) |, M =max|0'(s)|.

3. — Type set for curves having tangent vector at the origin which is par-
allel to the centre of the Heisenberg group.

Let y be the curve in the Heisenberg group H; which is defined in (5).
Since rotations in the first two coordinates of the Heisenberg group are group
automorphisms, we can suppose without loss of generality m >n > 1. More-
over, since away from the origin the operator U is essentially a convolution op-
erator by a curve which satisfies the hypotheses of Theorem 3.1 in [7], we
assume [/ =[0, 6] for a sufficiently small positive parameter J, (we will see later
how small we must choose 4). We can state the following result.

THEOREM 3.1. — Let U be the operator defined in (6) and let U be its type
set, then

@) if m+n=5, the type set U 1is contained in the closed trapezoid

with vertices A=(0,0), B=(1,1), P = (”””‘1 mn 2 )

m+n+1’ m+n+1
) with the only possible exception of the closed segment

P, =

( 3 2
m+n+1" m+n+1
joiming the two points P, and Ps;

(i) if m +mn <5, the type set U is the whole closed trapezoid with ver-
tices A=(0,0), B=(1, 1), CZ(E, l), D= (l, l)_
3 2 23

Proor. — We split the argument into several steps.

STEP 1. — By Theorem 2.1 we know that the type set U of U is contained in
the closed trapezoid with vertices A =(0,0), B=(1,1), C=(2/3,1/2), D =
(1/2, 1/3). We get some other limitations on U by applying U to some test
functions.
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Take, as a test function, the characteristic function f, of the set
{(@,y, ) eH;: |x| <e™, |y| <e&", [t] <&}

where ¢ is a small positive parameter.
Let (x, y, t) be a point in the set

M= {G,y, DeH: o] <cie”, |y <ere', |t <ce}

where ¢; > 0 is a small constant and let 0 < s < ce. It is easy to verify that, if ¢
is small enough, we get by term by term majorization
|x_8m| <gm
|?/ —g" | < gh
y m

x
t—s— —s"+ =s
2 2

<eg.

Therefore Uf,(x, ¥, t) > ce on M,. Since the Lebesgue measure of M, is a con-
stant times e”*"*!, we have ||Uf, o, > Ce' """+ D4 If we impose the
condition that U is bounded from L?(H;) to L(H;), we must have

[TF.ll, < ClIf.l,
that is
81+(m+n+1)/q < Cg(nz+7z+l)/p
for every 0 < e <1. This gives
1 1 1
- — .
p q m+n+l

This restriction implies that the type set U of U is contained in the closed

trapezoid which lies above the line Lo 1 inside the optimal closed
p q m+mn+1
trapezoid ABCD, i.e. the closed trapezoid with vertices A = (0, 0), B= (1, 1),
P:(m+n—1 m+n—2) P:( 3 2 )
! m+n+1" m+n+1) 2 m+n+1" m+n+1)

STEP 2. — Let ¢ be a sufficiently small positive real value that will be deter-
mined later. We make a decomposition of [0, d] into intervals J;=[(1 +
e) 7 18,(14+e)770],j=0,1, ..., and we define the operators

(1+e)776

Ufw,y, )= | f@, g, 0™, s", ) ) ds.

(1+e)7 16
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Then
+ o©
(15) U= 73 U,
Jj=0
We rescale the operators U; in such a way to have a common range of integra-

tion. We hence define U, ; so that

(L + &) D14 ey 1+ ey, 1+ om0y (U, i Dt + 6y (14 01,1+ 0~ wiy f)E, Y, E)
where for a function f on H; and (e, €, €5) e R3, we set
Dy, ey, e [, y, 1) =f(e1, ey, e31).
Then
P
an U, ;flx,y,t) = f flle, y, ) (s™, s",(L+ )"+ Dig)~1) ds.
o/(1+e)

Since s e [d/(1 +¢), 6], by a change of variable the operator in (17) becomes
essentially the operator

om

18 U, flx,y, 1) = f @, y, 1) (s, 8", (1+g)" = DIstm)=h) ds .
(0/(1+ &)™

Hence, by (15) and (16)

a9 o, < 2 10; 1, =

+
_20(1 +e) ||D<(1 +&) (1+ &), (1 +e)<m+'”f>(U0,jD((1 +£)”"j,(1+£)”‘7,(1+£)’(”‘+")j)f)||q =
j=

+® (7172m+2n)j
20(1 +¢€) T N Us i D1+ e 1 4 ey, (1 4 -0 wig [l S
i

2m+2n 2m+2n

+ )
PN e L1 o
where U, ; is the operator defined in (18).

STEP 3. — Let U, ; be the operator defined in (18). For an appropriate 6 we
prove that
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(a) Uy, is bounded from L*?(H,) to L*(H;) and

m+n— 1 .

(20) Uy, 32,2 < C(1 + &)™

(b) Uy, ; is bounded from L*(H;) to L*(H,) and

m+n— 1 .

@21) [Uo, illo.s < C(1+e)”

where C is a positive constant which is independent of j.

We start by proving statement (a).

We notice that U, ; is a right convolution operator by a finite measure sup-
ported on the curve y; given by

7/_7'(8) — (S, Sn/m,(l + 8)(m+n—1)jsl/m)

= (s, 9(s), ¥i(s)), sel(6/1+e)", 0™]

where we set ¢(s) =s"" and y;(s) = (1 + &)™ "D/ g™ We impose that y,
satisfies the right curvature condition for every se [(d/(1 + €)™, 6™], as in
Theorem 3.1 in [7]. Since

(22)

” 2
B 1] ()~ ) Ys) + 2 ;S))
Msi:*4|2(1+8)(m+w 1)](m_1)(n_1)8 *:z—n _nm(m_n)l _
2m®
wazn (1 4 e)m+n=Di2(m —1)n—-1)0 """ —nm(m —n))
m

for every se [(0/(1 + &))", 6™], we choose O sufficiently small so that

(23) 2m -1 —1) 0 """ —nmim —n) >0.
Then

4 2
¢”(S) wm (S)_¢,”(S)’l/) ( )+ (d) ; )) | BC(]. +8)(m+77,—1)j‘

Therefore, by applying Theorem 8.1 in [7], we know that U, ; is bounded
from L*2(H,) to L*(H,), but we need to check how the L?’/Z(Hl)%L (H,)
norm of U, ; depends on j.

Proving that U, ; is bounded from L*?*(H,) to L*(H,) is equivalent to
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rove that the operator Ug; U, ; is bounded from L*?2(H,) to L*(H,) and
p Y0,

(24) 1Us, 32, 2 < VUG Us, jllsge, -
Following the proof of Theorem 3.1 in [7], for any fe C.(H,) we write
o‘ﬂl o‘ﬂ’t

@) U U, f@ 0= J | f@ oyt

O \m O \m
(1+s) (1+L)

(S, Sn/m’(l + 8)(m+n—1)j81/m).(7,,’ ,,,n/m’(l + 8)<m+n_1>j7'1/m)_1)d?"dS
6777, 67",

— f f f((.’)C, Y, t)’(?"— s, ,y,n/m _ Sn/m,(l + 8)(m+n—1)j(7,.1/m _ Sl/m)+

0 ym N
(l+s) (1+s)

1 , !
E(STH/WL _ sn/mq,.)) ) drds .

By changing variable
r—s=u
s=v

O™ — (8/(1 + &)™

@6) U Uy, fle,y, t) = f ff((oc, Y, t)- (u,(v + ) — pim

/(1 +e)™—o6™ I(w)

the operator in (25) becomes

(1 +8)(m+n—1)j((v+u)1/m_,ul/m)+

?)(?J + u)n/m _2 (1) + u)vn/m )—1) dodu —

O™ — (/(1+ )™

1
f (f;cu*Rz)/x,u,j)(y5t+§uy) du

(O/(1 + &)™ — o™
where we set
f;cfu(yv t) Zf(% —Uu,Yy, t)

J [(/(1+e)", 0" —ul, 0<susd™—(/(1+e)"
| [0/ +e)" —u, 0™], O/(1+e)"—-0"<u<0.

I(w) =

and for a fixed u with |u| <0™ — (6/(1 +¢))" and a fixed xeR, y, ,, ;is the
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curve given by
(27) Vx,u,j(v) — ((?) + u)n/m _ ,Un/m’(l + 8)(m+n—1)j((v + u)l/m _ ,vl/m) +

’U(’l) + u)n/m _ (1} 4 u)vn/m N 96((?) + u)n/m _ ,Un/WL)
2 2

), vel(u).

Hence, if y, , ; is the curve in (27), we are reduced to prove the following
estimate

(28) g% r2Y o, u, I3w2) < CODN gl o2 || 2P

for any geC.(R?), where C(j) =C(1+¢g)~m*tn-1iB
In fact, assuming that (28) holds, we have by (25)

29) U, U 5l =
O™ = (/(1+ £))"

1
f (f;c—u*Rzyx,u,j)(y’t'i_Euy) du

(O/(1+e)"—o™

A

<

L3R || L3(R)

O™ — (O/(1 + &)™

J

(8/(1 + &)y — o™

<

<

1
‘(f%—u *Rzyx,u,j) (y9 i+ Euy)

du
L3(R?) L3(R)
O™ — (6/(1+ &)™

f ||fx—u||L3/2(R2> || Bdu| < C(j)||f||3/z
3
L3R)

(O/(1+ &)™ —o™

c(7)

where the last inequality follows from the boundedness of the Riesz potential
of order 1/3 as a mapping from L3*2(R) to L3(R).
To prove inequality (28) we write by a scaling argument

(30) (g*Rzyx, u,j)(é’ 77) = D(u’l,u’l)(D(u,u)g*R277x,u,j)(57 7])
for any g e C.(R?), where

~ v+ u)"/m —pnm (v + u)l/m —plm
(31) )/x,u,j(v) = ( " ,(1 _l_g)(ern—l)] - +

(v + u)"" — (v + w)™ N (v + w)m — pnm)
2u 2u

), vel(u).

Moreover, by conjugating the convolution operator g+ g * g2y, , ; by the lin-
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ear change of coordinates in R*

X
(&, n)»(s,n—gs),

we can replace the curve in (31) by the curve

v+u nm __ ,Un/m (v+u 1/m __ vl/’m

(32 7u,;) = ( wrw (14 gymen-; O +
u u
(v +u nm __ v+ u ,Un/m
( ) ( ) )’ ve )
2u

which is independent of x, and
(33) lg =9+ 2V, u, i Iz 2, L3@2) = |99 % R270, 132 R2), L3R
Therefore inequality (28) will then follow from the estimate
(34) ||9 * R271¢,j||L3(R2) S C(j)||9||L3/2(R2) for any geC.(R?)

where ¥, ; is the curve in (32).
In fact if we assume that (34) holds and we take into account the equality in
(30), we get
R2V &, u,jIIL3(R?) = (™Y u~ Y\, u) R2~x,u,j L3(R?)
(T D (D, 9 * g2V, 0, )|
= ||D(u’1,u’1)(D(u, w9 *Rzyu,j)”Lg(Rz)
= |u|**|Dw, 9 * r27u, i lL3®?)

C(H) |u| =2 |gll o2z

(35)

N

which gives the inequality in (28).
Now we prove the estimate (34) by applying Lemma 2.2.
For velI(u), we rewrite the curve in (32) as

774,,]‘(?}) = (Bu(v)y éu(v))
where

( v+ u)n/’m _ ,Un/m

w

eu(v) =

(1) + u)l/m _ vl/m . (1) + u)n/m _ vn/m ,Un/m
v

(V) = 1+8(m+nfl)j
Eu(v) =( ) " o 5

By the mean-value Theorem there exist 7;, 1 =1, ..., 5, between v and v + u
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such that

944(7)) = ﬁ(ﬁ — 1) .L-(ln/m)*Z
m\m

01,(v) = ﬁ(ﬁ - 1) (ﬁ _2) Py =3

m \m m

1+€(m+n71)j 1
C,(w) = ;(_ _ 1) .L.(31/m)72+
m
ﬁran/m)*l + ﬁ(i _ 1) vr(ln/m)72 _ L/U(n/m)*l
1+¢ (m+n—1)j 1 1 " "
()= ;(_ _ 1) (_ _2) T%l/m)—S_'_ _(_ _ 1) .L,(ln/m)—2+
mn m m m\ m
i(ﬁ - 1) (ﬁ —2) T =3 i(ﬁ _ 1) P =2
2m \ m m om \ m
Since v and v + » belong to [(6/(1 + &))", 6™]and 7;,7=1, ..., 5 are between

v and v + u, there exist three positive constants C,, C5, M such that
(36) Co< |0, (v)| <M, for every vel(u)
37 |67, (v)| < Cs, for every vel(u).

Moreover we can prove that there exists a positive constant C; which is inde-
pendent of j such that

(38) 10.,(v) &i(w) — 05() Eu(w) | = Cy(1 + )t n-Di

for every j=0.
Since m +n —1>0 then (1 +¢)™ " Vi =1 when j = 0. Moreover, since
V, Ty, ..., Ts € [(O/(1+e)™, 6™], and (1+e&) "< (1+¢)* " ! we have

n(m _ n) 627&74'%
m5

B9 10, &) -6, | = (1 4 g)m+n=1i.

Qm-12m—-1)d"" """+ (3m —2n) mn —
@Qm—-1)2m—n) 6" "1+ mn(dm —3n))(1+e)f™ " 1),

Now, suppose we have fixed a 6 such that (23) holds; then we can choose
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an arbitrarily small positive ¢ such that
104(0) £20) = 04,(0) EL(0) | = (L + )"0y

which is the inequality in (38).
Therefore, by applying Lemma 2.2, taking into account the estimates in
(36), (37), (38) and the fact that |I(u)| <d™ — (6/(1 +¢))", we have

Cl(l + 8)(m+n—1)jC2 -1/3 1 Cg 2/3
(40) % p2V L3 2$C( ) (—+— I(u) ) 322
g * r2¥ ,]||L R JYE C, 3 | 1) gl

m+n—1

<SC(1+e) 5 gl

By combining (28), (29) and (24), we have

m+n-—1.

(41) [Uo, il 2 < CA+ &)~ .

which is the inequality in (20).

For what regards statement (b), we notice that if we have chosen a suffi-
ciently small 6 > 0, then the curve in (22) also satisfies the left curvature con-
dition for every se[(6/(1+ €))™, 6™], therefore, by Theorem 3.1 in [7] we
know that the operator U, ; is bounded from L%(H,) to L?(H,) and we can re-
peat the previous proof by replacing the operator Ug*; U, ; by the operator
U,,; Us;, to get inequality (21).

SteEP 4. — Let BC be the segment with endpoints C = (2/3, 1/2) and
B=(1,1) and let AD be the segment with endpoints A = (0,0) and
D =(1/2, 1/3). We prove that the operator U in (6) is bounded on the points of

BC of coordinates (l, 3 l) for L>™*""1 4nd it is bounded on the
p 2p 2 p +1
points of AD of coordinates (l, i) for L3
p  3p P m+mn+1
l, 3 l), e (E, 1), be a point on the segment BC, we estimate
P 2p 2 14 3
2

the LP(H,) — L ﬁ (H;) norm of the operator U, ; in (18) by interpolating be-
tween the estimates L3?(H,)—L?(H,), L'(H,) —L*(H,). Let re (0, 1) be a
value such that

Let (

1—7r
3/2

+

=B |~
— | <

that is
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Since the operator U, ; is uniformly bounded on the points of the diagonal AB
and since (20) holds, by applying the Riesz-Thorin interpolation theorem we
get

_ (m+n,—1)(p71)].
(42) ”UO,J'Hp,;_P <|[Us, ;1322 Us, i, 1 < C(1 + &)
3-p
Therefore by (19) and (42) we have
+ m+n)(3— 2m +2n m+n— D —
[0l <€ S (14 o)~ B S
(43) '*”’ fw
(m+n—1)p-—m-n—1.
—C 3 A+ T,

and the series in (43) converges if
m+n-1)p—-m—-n-1
2p

<0

that is

1 S m+n-—1
p m+n+l '
Now, let (— 31), le (0, %), be a point on the segment AD, analogously

P p p
to the previous case, by taking into account the estimate (21) and the fact that

U,,; is uniformly bounded from L *(H,) to L~ (H,), we get by the Riesz-
Thorin interpolation theorem

m+n—1.

(44) 1T, 511, sp\I\Uojll"’ DP\U, ;BB <C+e) .

Therefore by (19) and (44) we have

4m +4n 2m+2n m+n—1

||Uf||3p/2s02<1+e>< B AL

(45)

m+n+1-3p

-cSa+ ™50,

and the series in (45) converges if

3
<
p m+n+l

STEP 5. — We now conclude the proof of Theorem 3.1.
We notice that if m +n =5 then, by what we have proved in Step 1 and
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in step 4 it follows that the type set U of the operator U defined in (6) is
contained in the closed trapezoid with vertices A= (0,0), B=(1,1), P, =
(m+n—1’m+n—2)7P2:( 3 ’ 2
m+n+1l m+n+1 m+n+1" m+n+1
ception of the closed segment P; P,, and this gives statement (i).
If m + n <5 we know by what we have proved in step 1 that the type set U
of U is contained in the closed trapezoid with vertices A = (0, 0), B= (1, 1),

C=1(2/3,1/2), D=(1/2,1/3). Moreover, since in this case we have §>

m+mn—1 1 3
—— —and = <
m+n+1 2 m+n+
bounded on the points C = (2/3, 1/2) and D = (1/2, 1/3). Therefore, by inter-

polating with the trivial estimates L *(H;) — L * (H,), and L'(H;) —L'(H,),
we get that the operator U is bounded on the whole closed trapezoid ABCD,
and this proves statement (ii). =

) with the only possible ex-

o> we know by what we have seen in step 4, that U is
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