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Classification of Initial Data for the Riccati Equation.

N. CHERNYAVSKAYA - L. SHUSTER

Sunto. — Consideriamo un problema di Cauchy

y' (@) +yi@) =q@), Y@ |.u="Y%

dove x5, Yo R e q(x) e LI(R) é una funzione non megativa che soddisfa la
condizione:

fq(t)dt>0, fq(t)dt>0 for xeR.

Otteniamo le condizioni nelle quali y(x) puo essere continuata in tutto R. Questo
dipende da xy, Y, e dalle proprieta di q(zx).

Summary. — We consider a Cauchy problem

y' (@) +yi@) =q@), Y@ |.u="Y%

where %y, Yo R e q(x) e LI°(R) is a non-negative function satisfying the condi-
tion:

fq(t)dt>0, fq(t)dt>0 for xeR.

We obtain the conditions under which y(x) can be continued to all of R. This depends
on xy, Yo and the properties of q(x).

1. — Introduction.

In this paper we study a Cauchy problem for a Riccati equation

(1.1) y' (@) +y*(x) = qlx)

(1.2) Y(@) |y =0 = Yo

where x,, ¥, R and q(x) € L{*(R) is a non-negative function satisfying the
condition

1.3) f qt)dt>0, fq(t) dt>0 for xeR.

Throughout the sequel we assume requirement for ¢(x) to be satisfied. The
following assertions are well known (see the remark at the ends of § 2):
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I) For any point (x,, %,) in the XOY-plane, the Cauchy problem (1.1)-
(1.2) has a unique solution in some neighborhood of x,.

II) The solution of (1.1)-(1.2) cannot be continued from the neighbor-
hood where it exists to the whole axis R for all initial data (ay,y,)eXOY.

Here the requirements of the initial data x,, y, for which the solution of
(1.1)-(1.2) can be continued to the whole number axis are unknown. Therefore,
in many papers which are concerned with equation (1.1), the assertions are of a
conditional nature. For example, in [1, Ch. I, § 8, § 11], the main results are
given under the assumption that a solution of the Riccati equation exists on
some segment [a, b]; it is emphasized that such an assumption is essential. In
this paper, we study conditions under which a solution of (1.1)-(1.2) exists on
the whole number axis.

To be more precise, our goal is as follows: For problem (1.1)-(1.2), to distin-
guish between Cauchy data for which the solution can be continued to R and
those for which such a continuation is impossible. Note that such a classifica-
tion may be useful as a priori information for solving (1.1)-(1.2) by numeric
methods. Here the a priori nature of the information is guaranteed by the fact
that the main results of the paper are formulated in terms of the initial data
X, Yo and some auxiliary functions in g(«). See § 3 for a more detailed analysis
of our statements.

The authors are grateful to Professor Ja.M. Coltser and Dr. J. Schiff for
useful discussions.

2. — Preliminaries.

In this section, we give some assertions which will be used in the proofs.
Throughout the sequel we denote by ¢ absolute positive constants which are
not essential for exposition and may differ within a single chain of calculations.

THEOREM 2.1. — [2] Consider an equation
2.1) 2"(x) = q(x) z(x), xeR
Equation (2.1) has a fundamental system of solutions (FSS) {u(x), v(x)}
such that
v(x) >0, wx)>0, v'(x)>0, u'(x)<0, xeR,

2.2) v’ () () —u' (@) =1,
() .ulx)
im — = lim —— =0.
e==e g(e) T ()

A FSS of (2.1) with properties (2.2) is called a principal FSS (PFSS) be-
cause v(x) and u(x) are principal solutions of (2.1) on (— o, 0) and (0, =), re-
spectively [9, Ch. 11, § 6].
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THEOREM 2.2. — [7] For xeR the PFSS of (2.1) admits a representa-
tion

1( dt 1( dt
23) v =Vo@exp| = f — |,  w@)=Voeo(x)exp| — = f — .
24 oft) 24 o)
Here Q(ac)lizefu(m) v(x), %y is the unique root of the equation u(x) = v(x).
In the above form, representation (2.3) was given in [2, 5]. Note the follow-
ing inequality [5]:
2.4) o' (x)| <1, reR.

For a fixed x e R, consider an equation in d=0:

x+d

@5) 2=d [ g de.
x—d

For every « € R, equation (2.5) has adgnique positive continuous solution [2, 5].
Let d(x) denote this solution, ¢ *(x) = d ~2(x). The functions d(x), g *(x) were
introduced by M. Otelbaev [10]. Note that the function ¢ *(x) is a Steklov-type
averaging of q(¢) on the segment [x — d(x), « + d(x)] ([11, 5]).

DEFINITION 2.1. — [3] We say that g(x) belongs to the class IC (and
write q(x) € I0) if there exists a continuous function k(x) =2, x € R such that
k(x)— o as |x| — o, and for x e R, the following conditions hold:

(2.6) 1) ¢ 'k(x) S k(@) S ck(x)  for |t— x| <k(x)q*(x) ?

en  2) o sup

Vg * () Izl <k g*@*

THEOREM 2.3. — [3] If q(x) € I(, one has

f[q(oc+t)—q(ac—t)]dt <c.
0

(2.8) lo' (@) | S ck(x) V%, weR

1+ e(x)
2 \/q*(x)

(2.9) o(x) = , le(w) | < x| > 1.

C
Vi)

REMARK. — One can obtain stronger estimates for |o'(x)| and |e(x)| [3].
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THEOREM 2.4. — [3] Let q(x) = q;(x) + go(x) where q,(x) is positive and
continuous for xe R, q,(x) € LI*(R), A(x) = [0, 2¢;(x) 2] and
t

f[ql(ac +5)—2q(x) + q;(x — s)] ds
0

2.10) hy(x) = sup , reR

1
\ /ql (96') teA(x)

x+t
1
(2.11) ho(x) = sup fqg(s) ds |, reR.
1 /%(%) teA@) |, ¥,

If hy(x) =0, hy(x) >0 as |x| — <, then (see (2.5))

1+ d0(x)

(2.12) dx) = ————, |0(x) | < c(hy () + hy(x)), || > 1
Vg (x)

(2.13) c g () VA< d(w) <ecq(x) ', xeR.

REMARK. — Theorems 2.3 and 2.4 were obtained in [3] under the assump-
tion

(2.14) 1 <q(x) e L{(R).

By minor modification of the proofs, we can keep their statement with condi-
tion (2.14) replaced by the requirement

(2.15) P inf ¢*(2) > 0.

THEOREM 2.5. — [8, Ch. III, § 40]. The general solution of equation (1.1) is
of the following form:

©.16) (@) = Ov'(x)+u'(x)
’ = Ov(x) + u(x)

Here {u(x), v(x)} is a PFSS of (2.1), 6 is an arbitrary constant.

REMARK. — Assertioins 1)-2) follow easily from Theorems 2.5 and 2.1.

3. — Statement of results, analysis and examples.

In this section we present the results of the paper. Their proofs are given
in §4.
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LeEmMA 3.1. — For a fixed x e R consider an equation in d =0

\/éd €x \/Qd x+t \/éd x+t

v 1= [e@dza, 1= [ [e@dza, 2= [ [q@dza.
0 x—t 0 x 0 -t

Each of equations (3.1) has a unique positive solution.

Denote by d, (x), ds(x), al(x) the solutions of (3.1). These functions were in-
troduced in [4] and were used in [3, 6].

THEOREM 3.1. — For xe R one has

8.2) 11 <v’(x) < V2 , 11 < |u (@) < V2
V2 di(x)  w(x)  dy(x) V2 dy(x) u(x) d ()
1 d1 () dz () dl () d2 ()
3.3) = Y o) < V2
V2 h@ +do@) o V2 o )
d(x) -
3.4 — 2d(x).
(3.4) 2\/§<Q(9ﬁ)<\/—(9€)

REMARK. — Under condition (2.14), estimates (3.2)-(3.3) were obtained in
[5], and (3.4) was obtained in [6]. In the present paper, (3.2)-(3.4) are proved
under minimal requirements to q(x).

LEMMA 3.2. — For x e R one has (see (2.5) and (3.1)
(3.5) % <d(x) <V2d(x).

REMARK. — Estimates (3.5) show that inequality (3.4) and formula (2.9)
agree. Moreover, one can show [6, preprint] that under the hypotheses of The-
orem 2.4 the functions d(x) and d(x) are asymptotically equivalent.

Let T and P be the following subsets of the plane XOY:

(3.6) T={(x,y): ydy(x) =2} U {(x, y): ydy(x) < —\/2}

1 1
(3.7 P= [(oc, y):ydy(x) < %] N {(x, Y): yds(x) = — %]

THEOREM 3.2. — Let y(x) be the solution of (1.1)-(1.2). If (xy, yy) € P, one
can continue y(x) to R; if (xg, yo) €T, one cannot continue y(x) to R.
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COROLLARY 3.2.1. — Suppose that the solution of (1.1)-(1.2) can be conti-
nued to R, and let y(x) denote this continuation. Then

(3.8) —2V2<jx) dx) <2V2, =xeR.

Under additional requirements to g(x), one can sharpen Theorem 3.2 for
|c| > 1. Let e (0, 1], @ >0 be given. We introduce the following sets (see
2.5)):

B9 T(,a)={(x,y) :ydx)=1+e, x=alU{(x,y) :ydx)< -1 +e), x<—a}

(3.10) Ple,a)={(x,y): —1+e<sydx)<l-e¢, || Za}.

THEOREM 3.3. — Let q(x) € I, qf > 0 (see (2.15)), and let y(x) be the solution
of (1.1)-(1.2). Then for any ee (0, 1] there is a=ale) > 1 such that if
(g, Yy) € T(e, a), y(x) cannot be continued to R, and if (xy, y,) € P, y(x) can
be continued to R. Moreover, any solutions y_(x), y, (x) of (1.1) defined on
(=00, al, [a, ©), respectively, satisfy

(3.11) xgrpw y_(x)d(x) = -1, wango Yy, (e)d(x)=1.

Analysis of results.

We emphasize that the classification of initial data (a, %,) given in Theo-
rem 3.2 applies to all equations (1.1) with non-negative coefficients q(x) e
LI*(R) satisfying condition (1.3). We impose no restriction to q(a) such as
smoothness, oscillation, etc., and in this sense the requirements to q(x) in The-
orem 3.2 are minimal. Moreover, the classification of initial data (x,, y,) is
asymptotically exact (as |«| >> 1) in the class of equations (1.1) with g(x) € IC.
The class I is large enough since it contains not only «ordinary» functions
q(x) but also non-differentiable, rapidly increasing and rapidly oscillating
functions (see [3]). Note that it is usually difficult to study equations (1.1) and
(2.1) with such coefficients. We bring reader’s attention to the fact that the
classification of initial data given in Theorem 3.2 is not full since it does not in-
clude the points (1, yo) € S = XOY\(PUT). Such points are defined by one of
the following inequalities (see (3.6)-(3.7)):

(3.12) L ! <Y < \/E ) - \/é <y0<_;-
\/é dy () dy () dy () \/de(%o)

This gap in the classification is explained by the fact that Theorem 3.2 follows
from Theorems 3.1 and 2.5, and the following main lemma.
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LeEmMA 3.3. — Let y(x) be the solution of (1.1)-(1.2). One can continue y(x)
to R if and only if
7/{1,(-%0) Syos 7)’(9(;0) )
w(y) ()

Thus points (3.12) arise from the following reason: instead of the exact

w'(x) v’ (x)

(3.13)

values of logarithmic derivatives o o we use their estimates (3.2). On
ulx X

the other hand, by Liouville’s well-known theorem, it is impossible to give ex-

v'(x) u'(x)

act formulas for in the case of general equation (1.1). Taking this

v(x) u(x)
into account, one can pose an interesting problem of constructing an effective

v () u'(x)

numerical method for computing in an arbitrary point x, e R with

)
prescribed error. We consider this problem in a forthcoming paper. Finally, note

that it is usually impossible to find exact values of d; (x) and d,(x) in an analytic
form. However, for a given &, one can find the values d; (x,), ds (), d(xy) with
prescribed error by using standard numerical methods since the functions

( Ved VBd zp+t
ray= [ [ eodea, ra=[ [ qoadea,

G14) 0 \/;;’;(JH oo
F3<d)=0f ft ¢(&) dedt .

are non-negative, non-decreasing for de [0, ) and F;(0) =0, F;(®) = o,
i =1, 3. Therefore, the root of equation (3.1) can be localized in intervals with
arbitrarily close ends. See Example 1 for a realization of this scheme in its sim-
plest form (without computing all integrals).

ExaMPLE 1. — Consider a Cauchy problem

3
(8.15) y’(x)+y2(x)=(1+x2)+(1+x2)cos(ac+ %)

(3.16) y(0) = yq.

To apply Theorem 3.2, we need two-sided estimates for d;(0) and d,(0). From
(3.14) for x =0 we obtain

vad V2d ¢ 5
Fy(d) = f f(1+§2)d§dt+ f f(1+§2)cos(§+ %)d&dt
0 0 0

0
Vad
! £3 d* .
—d%+ 5 f sin(t+ E) dt<d?®+ = +12dEF ().

0
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Since f(”(%) <1, one has Fz(l) Sf(”(%) <1=4d,(0)> % Similarly,

2
Vad
4 t3 d4 o
Fyd)y=d2+ 4 f sin(t+ —) dt=d*+ = —\2dEf(d).
3 3 3
Since Fz(%) Zf“)(;—;) > 1, one has d»(0) < %. Since in this case F;(d) =
Fy(d) for d =0, we have d;(0) =d»(0), and hence

3.17) 271 <dy(0), dy(0)<27-207".

From (3.17) and Theorem 3.2, it follows that if ¥, e [ — % , %], one can continue

the solution of (3.15)-(3.16), and if ¢, = 3 or y, < —3, one cannot continue it. In

the cases y,e (—3, —%) U (%, 3), Theorem 3.2 gives not answer to the

question on the existence of continuation of the solution of (3.15)-(3.16) to E.
(Here we, in fact, slightly weakened the result in order to obtain «round»
numbers.)

ExXAMPLE 2. — Below we present a possible approach to the problem of find-
ing asymptotics of the solution of (1.1)-(1.2) continued to R, and to applications
of Theorem 3.3. To express the asymptotics in terms of ¢(x), we assume below,
in addition to the requirements from § 1, that the following conditions hold:

(3.18) qx) >0 for xeR, q(x) —> o as |x|— o
k(x)
Va@)

Herea>0,>0,2"16+1- a6 >0, kx) <q@),y = ﬁ,k(x) > 2 for

xe R, k(x) is a continuous function and k(x) — o« as |x| — «. To apply Theo-
rem 3.3, we verify that q(x) € IC. Let us find ¢ *(x) for |«|>> 1. According to
Theorem 2.4, one has ¢;(x) := q(x), g-(x) :=0. Then

reR.

(3.19)  |g(s) —q@) | Scqx)*|s—x|f  for |s—ux|<

t
by () = sup f[(q(oc +8) — q(@)) + (g(x — s) — g(®)] ds
q(a) =A@ |0
t
< 2¢4(@) sup fsﬂds - 0 for |v]| >0 =
Vo) t=4@ |§ x)°
1+ alx)

(820) q*(x) V2=d(x) = a(x) | <cq(x)™°, |x|>1.
| | ||

Vq(x) 7
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Let us check (2.6). From (3.18)-3.19) for |x|>1 and se

[ac k@) + () }, it follows that

, X
Va(x) Vaq(x)

8
3.21) %zlicq(x)“l(ﬂ)zlt S

Vq(x)

Since k(x), q(x) are continuous, (3.21) remains true for all x € R (possibly, with
a bigger constant c¢). Using (3.20) for |x|>1 we check (2.7) in a similar
way:

k(@) ]
3.22) Pw)= sup f [(qe +5) — q@) — (q(x— ) — g(x))] ds
q*(®) Izl sk@q*@ "o
’ f+2
<— Sup [J‘ZCQ(”)CWSWGZS]s Ck(x)5 —0 for |x]—co.
V() 17 <2k@q@ 2L o qx)

Hence @(x) <c for |x|>> 1. Since d(x) is a continuous positive function (see
[3]), from (2.13) it follows that @(x) is absolutely bounded for x e R. Thus
q(x) € IC. Then by Theorem 3.3, for any ee (0, 1], problem (1.1)-(1.2) has
a continuation to R for all y, and |x,|>> 1 such that y,q(x) "?e[—1+e,
1 — £]. Conversely, it has no continuation to R for all y, and |x, | > 1 such that
either 1,q(x,) 2 =1+ ¢, or y,q(xy) 2 < —(1+¢). In addition (see (3.10)),
one has

_(@ 1
YD 1 my @

lim =
“ V) V()

€r— —

=1.

REMARK. — The scheme suggested in Example 2 is also convenient for
studying equations (1.1) with oscillating functions g(«). Consider, for example,

3
(8.15). Set qi(x) =1+ a2, go(x) = (1 +a?) cos (90 + %) It is easy to verify
that ¢, (x) satisfies (3.18) and (3.19) for a = % ,B=1, k(x) = q;(x)"®. Repeating
the above computation, we obtain that in this case, by Theorem 2.4 and Defini-

tion 2.1, one has

1+ d6(x) c
— |o(0) | € ——,
V1+x? V1+ a2

and q(x) € H. Thus g, (x) does not have any influence on the asumptotic behav-
ior y_(«) and y, («), and by Theorem 3.3, for any ¢ > 0, problem (3.15)-(3.16)

d(x) =

|x|%oo
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has a continuation to R for all y, and |x,|>>1 such that — % e[~1+¢,

1+af
1 — e]. Conversely, it has not continuation to R for all y, and |, |>>01 such that

either — % >1+4¢, or —2 < —(1+e).
1422 1+
4. — Proofs.

In this section, we prove the assertions from § 3.

Proor oF LEMMA 3.1. — All the equations from (3.1) are considered in the
same way. Let us verify, for example, the assertion for the second equation.
From (3.14) it follows that

V2d g+t V2d o4t v+d/V2
d
ra-] [wwaas [ [aqoaasL [ oo
0 x iNE @ \/é x

as d— oo . Hence Fy( ) = . Since F»(0) =0, Fy(d) does not decrease and is
continuous on [0, o), we conclude that the equation F,(d) = 1 has at least one
positive root. Suppose that there are two roots a and 8, a > . Then

V2B w+t x+ V2P ©+ V2P
1= | [aoaasves [ qoiz= [ q@dz=0—

0

V2o g+t r+V28
0=f f‘ﬂf)dt?\/ﬁ(a—ﬁ) f & dé=a=8,
veg ¢ @

a contradiction. =

Proor oF THEOREM 3.1. — We integrate the equations v" (&) = q(&) v(&) and
u"(&) =q&) u(¢) along [x—t,x] and [x, 2+ 1], t=0, respectively. We
get

x+t

4D v'@-v'@-t= [ q@ueds, |u'@|tu'@r= [ q@de.
x—t X

Let us integrate equalities (4.1) by te [0, ul, # =0. We get

M X
42 v@u=v@—w-w+ [ [q@vededt, uz0
0

x—t
u o x+t

4.3) |u’(ac)|p¢=u(9c)—u(x+,u)+f fq(&)u(&)dédt, u=z0.
0 X
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In (4.2) and (4.3), set u = \/2d;(x) and u = \/2d,(xt), respectively. In the esti-
mates presented below, we use (2.2) and the definition of d;(x):
\/Edl(x) X
v (@) Ve () <o) +o@ | J q@ dgdt =200

0 x—t
V2d @)
v’ (@) V2d, (@) > v(e) — v —V2dy (@) + vz —\/2d, () f f q(x) dEdt=2(x).

0 x—t
Thus inequalities (3.2) for v(x) are proved. The estimates for u(x) are proved
in a similar way. Furthermore, (3.2) and (2.2) imply (3.3):
v' () N |u'(@)]
dy(@)dy(x) 1 v(x) () v'(x u'(x)
S - lsma[ D g, 1O 'dm}\f
di@)+ds(x) o(®)  di(x) t+dy(x)

v(x) u(x)

v'(@)  |u'@)
d@dy@ 1 @) 7160 >min[ v'(x )d( , @l |u' ()| i )] L
@) +ds@) o) dy(@)  +dy(w) ! e ?

(i) u(x) V2

Let us check (3.4). Let n(x)=d,(x)dy(@)(d;(x)+dy(x)) 1. Then n(x)<d,(x),
n(x) <d,(x), and therefore from the definition of d;(x), d(x) it follows that

Va2di(@) V2da(®) 1 ¢
o= [ [q@acat+ [ [ @ dear
(4.4) 0 x—t 0 x
Vo) g+t
> [ [e@adea.
0 x—t

Fr_ozn (4.4) it follows that Ei\(x) >y, and we thui obtain o(x) <\/§17(9c) <
\/Zd(x) by (3.3). From (2.2) and the definition of d(x) we then obtain

V2d@)
1 ,(x) ' @)] _ v —v@— \/_d(x)) 1 f f@ gdgdt
o@) v(oc) u(i) v(x) V2d(x) \/EEZ(x) 0 (i)
R V2@ g4t
+u(x)—u£x+v2d(x))+ L f f (g)ﬁd.{zdt
V2d(x) ulx) Ved®) ¢ &

\/28(9:) v+t
<£+ 1A f fq(é)dédtzyé +A\/§=2A\/§. [
dlx)  V2d@) ¢ % d(x)  d(x)  d(x)
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Proor or LEMMA 3.2. — From the definitions of d(x) and a(ac), we deduce
the following relations which prove the assertion:

V2d@) g4y @+ V2d@)
2= f f q(&) dEdt < V2d(w) f q(&) d& = V2d(x) = d(x)
0 x—t x—V2d(x)
V2d@) g1y VE2d@) gt N @+ d@) /VE
d
2= f fq(é)dﬁdtB f fq(&)oléoltBﬂ f q(&) d§
0wt () V2 1 2x—3<x>/\/§
:d(m)?M.

Proor or LEMMA 3.3. — By assertion I) from § 1, it is enough to prove the
statement of the lemma with signs <, = in (38.13) replaced by <, >,
respectively.

NECESSITY. — Suppose that the solution of (1.1)-(1.2) can be continued to .
By Theorem 2.5, this solution is of the form (2.18) for some 8 = 6, and 6, =0,
0, # * o because of the above assumption on inequality signs in (3.13). Then
only one of the following can hold:

v’ (1) u' (1) v’ (1) u’ (2)
) <Y< ——, 3 <
v(io) u(@y) o v(i) il

1 .
) Yo > )

Let us show that if 1) or 3) holds then 6, < 0. Indeed, in the case 1) we ob-
tain, using (2.2) and (2.18):

Ov (o) +u'(wy) ') 1 - u(x) <0,

=
0 ov(ay) +ulag) () v(20)[6 gv(acy) + ulacy)] 0 (%)
Similarly, in the case 3), one has

u' (2) B 0ov' (x) +u'(x) _ 0,

45) 0< .
u(o) 0ov(xy) + uly) w()[0 o V() + ulay)]

The assumption 6> 0 contradicts (4.5) because of (2.2). Thus in the cases 1)
and 3) we have 0, < 0. But then there is x; € R such that 6 ,v(x;) + u(x;) =0.
wu(x)

v(x)

Indeed, from Theorem 2.1 it follows that the function ¢(x) = — ,xeR is
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continuous, ¢(x) <0 for all xe R, and in addition
1 . .
p' ()= ——— >0, xeR,; lim @(x) = —o, lim ¢(x)=0.
,I;Z(x) r—> — xr—> o

Therefore, the equation 6 yv(x) + u(x) = 0 has a unique finite root x;. Then the
solution of (1.1)-(1.2) has vertical asymptotics at the point « = x;, and thus the
solution cannot be continued to R. This implies that the case 2) holds.

SUFFICIENCY. — Suppose that (3.13) holds. By assertion I) from §1 and The-
orem 2.5, in some neighborhood of the point x = x, there exists a unique
soluition of (1.1)-(1.2), and it is of the form (2.18) with some 6 =0,, 6,=0,
6, # *= . Then we deduce from (3.13) and (2.2):

46) 0 < 0ov' (xy) +u'(xy) B u' (xy) _ 0, .
0 ov(xy) + ula) w(xe)  u(wg)lOov(ay) + ulxg)]
@ 0 < v’ () 3 0,v' (xy) +u' () _ 1
) v(2) 6 ov(ay) + ulaxg) V()6 o v(ay) + ulg)] '

From (4.6)-(4.7) and (2.2) it follows that 6,> 0. But then in view of (2.2) the
solution (2.18) is defined for all xe R and satisfies (1.1) almost every-
where. =

Proor oF THEOREM 3.2. — Follows from Theorems 3.1, 2.5 and Lemma
33. =

Proor oF COROLLARY 3.2.1. — From (2.3) one can easily deduce the
equalities

48) v' (%) _ 1+Q'(96), u' (x) :_1—9’(90)’ seR.
v(x) 20(x) u(x) 20(x)

Since the solution (1.1) of equation (1.1) exists for all x € R, it is of the form
(2.18) with 6 > 0 (see the above proof of Theorem 3.2). Then from (2.18), (3.13),
(2.4) and (3.4), it follows that

) < V'@ _1te'@ _ 1 _ 2)/2, veR
v(x) 20(x) olx)  d(x)

w@ _ l-o'@ 1 2V2

= , rekR. n
u() 20(x) o(x) d(x)
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Proor or THEOREM 3.3. — Since q(x) € H, by Theorem 2.3 one has
o' (x)—0 as |x| — o, and (2.8)-(2.9) hold. Let ee (0, 1], (&, ¥o) € {(x, ¥):
yd(x) =1+¢,x=a}cT(e, a). Then for a >> 1 we obtain using (4.8), (2.8) and

(2.9):
v'(wg)  14+0'(x) 1+ (x) - 1+¢ -

o) 2o(wy) | d@o(lte@) | d@)

By Lemma 3.3, this implies that the solution of problem (1.1)-(1.2) cannot be
continued to R. The cases (¥, %) e {(x, y): yd(x) < —(1+¢)} eT(e, a),
a >>1 and (x, yy) € P(e, a), > 1 are considered in a similar way. Let us check
(3.11). From (2.2), (2.18) and Theorem 2.3 for 6 #0, 6 # = o, we get

N 1 u'(@)
lim g, @) d(e) = lim 20 @ Gy =g L& 00
L = Gu(x) + ulx) = w(x) 1 u(x)
0 v(x)
1lm0@
_ fim (140 (@) d(x) 0 1+0'(x) v(x) _

i 20(x) 1 u(x)

1+ -

0 v(x)

The second equality of (3.11) can be verified in a similar way. =
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