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Bollettino U. M. I.
(8) 5-B (2002), 405-430

Canonical Subgroups of H1 JSL(2 , R).

FILIPPO DE MARI (*) - KRZYSZTOF NOWAK (*)

Sunto. – Si classificano, a meno di coniugazione, tutti i sottogruppi dei prodotti semi-
diretti H1 JSL(2 , R) e R2 JSL(2 , R). I metodi utilizzati possono essere applicati
ai gruppi di Lie localmente isomorfi ad essi.

Summary. – We classify, up to conjugation, all subgroups of the semidirect products
H1 JSL(2 , R) and R2 JSL(2 , R). Our methods can also be applied to all Lie
groups that are locally isomorphic to them.

1. – Introduction.

Let H1 denote the three-dimensional Heisenberg group. The groups
H1 JSL(2 , R), R2 JSL(2 , R) and their double coverings play an important
role in time-frequency analysis, that is in phase space analysis in dimension
one (see [3]). Despite their basic relevance, no reference containing detailed
information about the structure of their subgroups is available in the literatu-
re. This paper fills this gap, providing convenient tables of all connected Lie
subgroups of H1 JSL(2 , R) and R2 JSL(2 , R) up to inner conjugation: for
each conjugacy class we exhibit a natural representative (that is a «canonical»
subgroup) together with its normalizer and centralizer.

The main step in the problem at hand is clearly to derive an explicit description
of the conjugacy classes of all Lie subalgebras of R2JaX (2, R) and T1JaX (2, R)
under the adjoint actions of the corresponding connected Lie groups. The result
concerning T1JaX (2, R) has also an interesting interpretation in terms of Pois-
son polynomial algebras. Indeed, it is well-known that T1JaX (2, R) is canonically
isomorphic, as a Lie algebra, to the algebra P2 of polynomials in two indetermina-
tes and degree G2 equipped with the usual Poisson bracket ] f , g(. Under the iso-
morphism, the adjoint action corresponds to affine coordinate changes. Thus, we
classify Poisson subalgebras of P2 up to affine coordinate changes.

Our approach can be applied to derive analogous classifications for all con-
nected Lie groups that are locally isomorphic to either H1 JSL(2 , R) or
R2 JSL(2 , R). The groups locally isomorphic to H1 JSL(2 , R) are of the form
H1 JSL (m) or H1

red JSL (m) , where H1
red4H1 /Z is the reduced Heisenberg

(*) Both authors were partially supported by the European Community TMR Re-
search Network «Harmonic Analysis», contract N. FMRX-CT97-0159.
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group and SL (m) is the m-sheet covering of SL(2 , R), the case of countably ma-
ny sheets corresponding to the universal covering. The groups locally isomor-
phic to R2 JSL(2 , R) are its coverings R2 JSL (m) .

Our primary interest in these classification results comes from the issues ad-
dressed in [2], where complete lists are needed for different purposes. On the one
hand, we want to describe all possible reproducing formulas – for functions in
L 2 (R) – that arise by restricting the extended metaplectic (projective) representa-
tion of the double cover of R2JSL(2, R) to its subgroups. A reproducing formula
of this sort reflects, on the level of functions, the properties of those affine transfor-
mations of the time-frequency plane that are encoded in the given subgroup H . Mo-
reover, the appropriate notion of equivalence of two such formulas – in a sense ma-
de precise in [2] – may be translated into conjugacy of the corresponding groups.
Thus, the normalizers N(H) provide further useful information. In the same paper
we also analyze the commutative operator algebras consisting of bounded fun-
ctions of P w , the Weyl pseudodifferential operator defined by a real polynomial P
of degree G2. The sensible reduction procedure, in this case, is provided by the
classification up to inner conjugation of the one-parameter subgroups of
R2JSL(2, R), in the sense that any such operator algebra is conjugate to one of
the five canonical algebras corresponding to the five non-conjugate one-parameter
subgroups.

The paper is organized as follows. In Section 2 we introduce the groups and al-
gebras we shall be concerned with. In Section 3 we present our classification resul-
ts together with all the explicit parametrizations. In Section 4 we prove the main
theorems. Finally, in Section 5 we briefly discuss Poisson polynomial algebras and
covering groups.

2. – Preliminaries and notation.

The group SL(2 , R) is the group of 232 real matrices with determinant
equal to one and its Lie algebra is identified with aX (2 , R), the space of 232
real, traceless matrices with commutator as bracket. The adjoint action of
SL(2 , R) on aX (2 , R) is the usual matrix conjugation Ad gX4gXg 21 . The li-
near action of SL(2 , R) on R2 gives rise to the semidirect product
R2 JSL(2 , R), where the multiplication is defined by

gyq1

p1

z , g1hgyq2

p2

z , g2h4gyq1

p1

z1g1yq2

p2

z , g1 g2h .

Consequently, the bracket of (X1 , A1 ), (X2 , A2 )�R2 J aX (2 , R) is

[ (X1 , A1 ), (X2 , A2 ) ]4 (A1 X22A2 X1 , [A1 , A2 ] ) .
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Observe that R2 JSL(2 , R) acts naturally on the time-frequency plane R2 by

gyq
p
z , ghQ yx

j
z4g yx

j
z1 yq

p
z .(1)

The exponential mapping exp : R2JSL(2, R)KR2JaX (2, R) takes the form

exp t(X , A)4u s
0

t

e tA X dt , e tAv ,

whereas the adjoint action of gkq
p
l, gh�R2JSL(2, R) on (X , A)�R2JaX (2, R) is

Adgyq
p
z , gh (X , A)4ggX2gAg 21yq

p
z , gAg 21h .

Denote by H1 the three-dimensional Heisenberg group, that is R23R with
product:

(q1 , p1 , t1 ) Q (q2 , p2 , t2 )4gq11q2 , p11p2 , t11 t22
1

2
(q1 p22p1 q2 )h .

Sometimes it is more convenient to write x4 kq
p
l�R2 and express the product

in terms of the simplectic form v . Thus if x1 , x2�R2 and

v(x1 , x2 )4tx1 Jx2 , J4 y 0

21

1

0
z ,

we have (x1 , t1 ) Q (x2 , t2 )4 (x11x2 , t11 t22
1

2
v(x1 , x2 ) ). The Lie algebra T1 of

H1 may be identified with R23R with bracket

[ (X1 , t1 ), (X2 , t2 ) ]4 (0 , 2v(X1 , X2 ) ) .

The action of SL(2 , R) on H1 given by the automorphisms A Q (x , t)4 (Ax , t)
gives rise to the semidirect product H1 JSL(2 , R), where the multiplication is
given by

( (x1 , t1 ); g1 )( (x2 , t2 ); g2 )4 ( (x1 , t1 ) Q (g1 x2 , t2 ); g1 g2 ) .

so that the Lie algebra S4T1 J aX (2 , R) of H1 JSL(2 , R) has bracket

[ (X1 , t1 ); A1 ), ((X2 , t2 ); A2 ) ]4 ( (A1 X22A2 X1 , 2v(X1 , X2 ) ); [A1 , A2 ] ) .

The exponential mapping can be shown to be

exp t( (X , u); A)4u s
0

t

e tA X dt , tu2
1

2
s
0

t

vuX , s
0

v

e tA X dtv dvv ; e tA ) ) ,

while the adjoint action of (( y , s); g) on ((X , z); A)�T1 J aX (2 , R) is

gggX2gAg 21 y , z2vgy , gX2
1

2
gAg 21 yhh ; gAg 21h .(2)
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3. – Classification results.

3.1. Canonical subalgebras of R2 J aX (2 , R).

As agreed, aX (2 , R) is the Lie algebra of 232 traceless matrices with com-
mutator as bracket. The elements

H4 y1
0

0

21
z , J4 y 0

21

1

0
z , U4 y0

0

1

0
z

satisfy [H , U]42U and generate the algebras

W4]tJ : t�R(;
M4]tH : t�R(;
Z4]tU : t�R(;
ZJ M4]tH1uU : t , u�R( .

By means of the immersion XO (0 , X) of aX (2 , R) in R2 J aX (2 , R) we shall
identify W , M , Z , ZJ M and aX (2 , R) itself as subalgebras of R2 J aX (2 , R). Si-
milarly, by taking semidirect products with R2 we write

R2 J W4{gys
r
z , tJh : r , s , t�R} ;

R2 J M4{gys
r
z , tHh : r , s , t�R} ;

R2 JZ4{gys
r
z , tUh : r , s , t�R} ;

R2 J (ZJ M)4{gys
r
z , tH1uUh : r , s , t , u�R} .

Next, let

Rq4{ys
0
z : s�R}%R2 , Rp4{y0

r
z : r�R}%R2 .

The subscripts q and p come from thinking of the plane as phase-space, with

position q and momentum p . By means of the immersion ks
r
lO gks

r
l , 0h of R2 in

R2 J aX (2 , R) we shall identify Rq with a subalgebra of R2 J aX (2 , R). Thus,
we may consider

Rq J M4{gys
0
z , tHh : s , t�R} ;

Rq3Z4{gys
0
z , tUh : s , t�R} ;

Rq J (ZJ M)4{gys
0
z , tH1uUh : s , t , u�R} .
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It should be observed that Z acts on Rq by zero, so that their product is actually
direct, whereas W does not act on Rq . Finally, consider the diagonal of Rp3Z ,
written

]4{gy0
t
z , tUh : t�R}

because the orbits of the corresponding group in the time-frequency plane are
parabolas (see Theorem 3.3). Its vector space direct sum with Rq leads to the
abelian Lie algebra

Rq5]4{gys
r
z , rUh : r�R} .

The Lie algebras we have introduced, hereafter referred to as canonical,
exhaust a list of representatives for the conjugacy classes of subalgebras of
R2 J aX (2 , R).

THEOREM 3.1. – Any proper Lie subalgebra T of R2 J aX (2 , R) is conjugate
to one of the following non-conjugate canonical Lie algebras, listed together
with T(1)4[T , T], T(2)4[T(1) , T(1) ], T(2)4[T , T(1) ] and their algebraic structure.

dim/n. T T(1) T(2) T(2) structure

(1.i)
(1.ii)
(1.iii)
(1.iv)
(1.v)
(2.i)
(2.ii)
(2.iii)
(2.iv)
(2.v)
(3.i)
(3.ii)
(3.iii)
(3.iv)
(3.v)
(4.i)

W

M

Z

]

Rq
ZJ M

Rq J M

Rq3Z

Rq5]

R2

Rq J (ZJ M)
aX (2 , R)
R2 J W

R2 J M

R2 JZ

R2 J (ZJ M)

0
0
0
0
0
Z

Rq
0
0
0
Rq3Z

aX (2 , R)
R2

R2

Rq
R2 JZ

0
0
0
0
0
0
0
0
0
0
0
aX (2 , R)
0
0
0
Rq

0
0
0
0
0
Z

Rq
0
0
0
Rq3Z

aX (2 , R)
R2

R2

Rq
R2 JZ

abelian
abelian
abelian
abelian
abelian
solvable
solvable
abelian
abelian
abelian
solvable
semisimple
solvable
solvable
solvable
solvable

In the first column, the first index denotes dimension.

3.2. Canonical subgroups of R2 JSL(2 , R).

By means of the exponential mapping it is easy to compute the connected
subgroups that correspond to the canonical Lie algebras described in Theo-
rem 3.1. For the reader’s convenience, we give explicit parametrizations of
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such groups. Most notations are self-explanatory. First of all, put

ku4exp uJ4 y cos u

2sin u

sin u

cos u
z ;

at4exp tH4 ye t

0

0

e 2t
z , and ds4alog s4 ys

0

0

s 21
z , sD0 ;

ut4exp tU4 y1
0

t

1
z .

The above generate the canonical subgroups of SL(2 , R), namely

K4]ku : u�R(4SO(2 , R) ;

A4]ds : sD0( ;

N4]ut : t�R( ;

NA4]ut ds 1/2 : t�R , sD0( .

Along with the above groups, we shall consider the following variants

6N4{ye
0

t

e
z : e461, t�R} ;

6NA4{ya
0

t

a 21
z : ac0, t�R} ;

D46A4]diag (a , a 21 ) : ac0( ;

D 04 aD , Jb ( group generated by D and J) .

The normalizer N(Q) and centralizer Z(Q) in SL(2 , R) of the canonical groups
K , A and N of SL(2 , R) and of the canonical algebras W , M and Z of aX (2 , R)
are

N(K)4Z(K)4K4N(W)4Z(W) ;

N(A)4N(M)4D 0 , Z(A)4Z(M)4D ;

N(N)4N(Z)46NA , Z(N)4Z(Z)46N ,

as one checks by direct computation. Finally,

R2 JK4{gyq
p
z , kuh : p , q , u�R} ;

R2 JA4{gyq
p
z , dsh : p , q�R , sD0} ;



CANONICAL SUBGROUPS OF H1 JSL(2 , R) 411

R23N4{gyq
p
z , uth : p , q , t�R} ;

R2 JNA4{gyq
p
z , ut ds 1/2h : p , q , t�R , sD0} .

Rq JA4{gyq
0
z , dsh : q�R , sD0} ;

Rq3N4{gyq
0
z , uth : q , t�R} ;

Rq JNA4{gyq
0
z , ut ds 1/2h : q , t�R , sD0} .

P4{gyt 2/2

t
z , uth : t�R}

Rq QP4{gyq
t
z , uth : r�R} .

THEOREM 3.2. – Any connected Lie subgroup of R2 JSL(2 , R) is conjuga-
te to one of the following non-conjugate subgroups, listed together with their
normalizers N(Q) and centralizers Z(Q).

dim/n. group N(Q) Z(Q)

(1.i)
(1.ii)
(1.iii)
(1.iv)
(1.v)
(2.i)
(2.ii)
(2.iii)
(2.iv)
(2.v)
(3.i)
(3.ii)
(3.iii)
(3.iv)
(3.v)
(4.i)

K
A
N
P
Rq
NA
Rq JA
Rq3N
Rq QP
R2

Rq JNA
SL(2 , R)
R2 JK
R2 JA
R23N
R2 JNA

K
D 0

Rq J 6NA
P
Rq J 6NA
6NA
Rq JD
R236NA
R23N
G
Rq J 6NA
SL(2 , R)
R2 JK
R2 JD 0

R2 J 6NA
R2 J 6NA

K
D
Rq J 6N
P
Rq3N
6I
I
Rq3N
Rq QP
I
I
6I
I
I
I
I

In the first column, the first index denotes dimension.
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For some purposes (see [2]) it is of interest to describe the geometric natu-
re of the orbits of the various canonical groups in the time-frequency plane.
We shall also use such structures to show that the canonical groups are mu-
tually non-conjugate.

THEOREM 3.3. – The orbits of the canonical subgroups of R2 JSL(2 , R) on

the plane R24{yx
j
z : x , j�R} relative to the action (1) are:

dim/n. group orbits

(1.i)
(1.ii)
(1.iii)
(1.iv)
(1.v)
(2.i)
(2.ii)
(2.iii)
(2.iv)
(2.v)
(3.i)
(3.ii)
(3.iii)
(3.iv)
(3.v)
(4.i)

K
A
N
P
Rq
NA
Rq JA
Rq3N
Rq QP
R2

Rq JNA
SL(2 , R)
R2 JK
R2 JA
R23N
R2 JNA

circles centered at the origin; ]0(;
branches of hyperbola xj4cost . ; the four half axes; ]0(;
points on the x-axis; horizontal lines;
parabolas of the form x4 (1 /2) j 21cost . ;
the x axis;
the half-planes jD0 and jE0; the two half x-axes; ]0(;
the half-planes jD0 and jE0; the x-axis;
horizontal lines;
the plane;
the plane;
the half-planes jD0 and jE0; the x-axis;
the punctured plane; ]0(;
the plane;
the plane;
the plane;
the plane.

3.3. Canonical subalgebras of T1 J aX (2 , R).

As it is clear from the formula expressing the bracket in T1 J aX (2 , R), its
center is

h4]( (0 , z); 0 ) : z�R( .

For a real parameter a , we put

Wa4]( (0 , at); tJ) : t�R( ;

Ma4]( (0 , at); tH) : t�R( ;

Za4]( (0 , at); tU) : t�R( ;

ZJ Ma4]( (0 , at); tH1uU) : t , u�R( .
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If a40, the corresponding subscript will be omitted. The first three are ob-
viously abelian, while ZJ Ma is solvable, its derived algebra being Z . Next we
consider

h3 W4]( (0 , z); tJ) : t , z�R( ;

h3M4]( (0 , z); tH) : t , z�R( ;

h3Z4]( (0 , z); tU) : t , z�R( ;

h3 (ZJ M)4]( (0 , z); tH1uU) : t , u , z�R( ;

h3aX (2 , R)4]( (0 , z); tH1uU1wJ) : t , u , w , z�R( ,

whose algebraic structure is readily seen: the first three are abelian and the
fourth is solvable since the central factor does not play any role; the last one is
reductive because it stands as the product of its center and its derived algebra,
which is semisimple. Other canonical semidirect products are:

T1 J W4{ggys
r
z , zh; tJh : r , s , t , z�R} ;

T1 J M4{ggys
r
z , zh; tHh : r , s , t , z�R} ;

T1 JZ4{ggys
r
z , zh; tUh : r , s , t , z�R} ;

T1 J (ZJ M)4{ggys
r
z , zh; tH1uUh : r , s , t , u , z�R}

for which the algebraic structure is less obvious but follows by simple
computations and is stated in Theorem 3.4. By means of the immersion

ys
r
zOggys

r
z , 0h; 0h of R2 in T1 J aX (2 , R) we shall identify Rq as a subalge-

bras of T1 J aX (2 , R). Its direct sum with the center will be denoted for
short

Rq Z4{ggys
0
z , zh; 0h : s , z�R} .
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By means of Rq and Rq Z we define natural semidirect products

Rq J Ma4{ggys
0
z , ath; tHh : s , t�R}, a�R ;

Rq3Za4{ggys
0
z , ath; tUh : s , t�R} , a�R ;

Rq J (ZJ Ma )4{ggys
0
z , ath; tH1uUh : s , t , u�R} , a�R ;

Rq ZJ M4{ggys
0
z , zh; tHh : s , t , z�R} ;

Rq Z3Z4{ggys
0
z , zh; tUh : s , t , z�R} ;

Rq ZJ (ZJ M)4{ggys
0
z, zh; tH1uUh : s , t , u , z�R} .

Notice that Z acts on Rq Z by zero, so that their semidirect product is actually
direct. Finally, the set-theoretic injection (X , A) O ( (X , 0 ); A) of
R2 J aX (2 , R) in T1 J aX (2 , R) maps ] into a subalgebra of the latter, denoted
in the same way. Therefore we write

h3]4{ggy0
r
z, zh; rUh : r , z�R} ;

Rq Z5]4{ggys
r
z , zh; rUh : r , s , z�R} .

The notation Rq Z5] reflects the fact that this algebra is the vector space di-
rect sum of Rq Z and ] and not their direct product as Lie algebras. As for the
algebraic structure, observe that h3] is abelian while Rq Z5] is nilpotent,
because [Rq Z5] , Rq Z5]]4h . It is isomorphic, but not conjugate, to the
Heisenberg algebra T1 .

The Lie algebras we have introduced, hereafter referred to as canonical,
exhaust a list of representatives for the conjugacy classes of subalgebras of
T1 J aX (2 , R), as stated in the next classification result.

THEOREM 3.4. – Any proper Lie subalgebra T of T1 J aX (2 , R) is conjugate
to one of the following types of Lie algebras, listed together with T(1)4T(1)4

[T , T], T(2)4 [T(1) , T(1) ], T(2)4 [T , T(1) ] and their algebraic structure.
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dim/N. T T(1) T(2) T(2) structure

(1.i)
(1.ii)
(1.iii)
(1.iv)
(1.v)
(1.vi)
(2.i)
(2.ii)
(2.iii)
(2.iv)
(2.v)
(2.vi)
(2.vii)
(2.viii)
(3.i)
(3.ii)
(3.iii)
(3.iv)
(3.v)
(3.vi)
(3.vii)
(4.i)
(4.ii)
(4.iii)
(4.vi)
(4.v)
(5.i)

h

Wa , a�R
Ma , a�R
Za , a�R
]

Rq
h3 W

h3M

h3Z

ZJ Ma , a�R
Rq J Ma , a�R
Rq3Zh , h� ]0, 61(
h3]

Rq Z
Rq J (ZJ Ma ), a�R
h3 (ZJ M)
Rq ZJ M

Rq Z3Z

aX (2 , R)
Rq Z5]

T1
T1 J W

T1 J M

T1 JZ

Rq ZJ (ZJ M)
h3aX (2 , R)
T1 J (ZJ M)

0
0
0
0
0
0
0
0
0
Z

Rq
0
0
0
Rq3Z

Z

Rq
0
aX (2 , R)
h

h

T1
T1
Rq Z
Rq3Z

aX (2 , R)
T1 JZ

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
aX (2 , R)
0
0
h

h

0
0
aX (2 , R)
Rq Z

0
0
0
0
0
0
0
0
0
Z

Rq
0
0
0
Rq3Z

Z

Rq
0
aX (2 , R)
0
0
T1
T1
h

Rq3Z

aX (2 , R)
T1 JZ

abelian
abelian
abelian
abelian
abelian
abelian
abelian
abelian
abelian
solvable
solvable
abelian
abelian
abelian
solvable
solvable
solvable
abelian
semisimple
nilpotent
nilpotent
solvable
solvable
nilpotent
solvable
reductive
solvable

In the first column, the first index denotes dimension. Moreover, whenever a
parameter appears, algebras corresponding to distinct parameters are not
conjugate.

3.4. Canonical subgroups of H1 JSL(2 , R).

First of all, it is clear that

Z4]( (0 , z); I) : z�R( .
is the center of H1 JSL(2 , R). The groups

Ka4]( (0 , ta); kt ) : t�R(, a�R ;

Aa4]( (0 , ta); at ) : t�R(, a�R ;

Na4]( (0 , ta); ut ) : t�R(, a�R ;

NAa4]( (0 , sa), ut as ) : s , t�R(, a�R .
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correspond to K , A , N and NA for a40, in which case the subscript will be
omitted. Some groups arise as direct products of the form Z3H , where H is a
subgroup of SL(2 , R), like Z3K , Z3A , Z3N , but also, for example Z3D ,
Z3D 0 . Lie groups containing semidirect factors like Rq or Rq Z are written in
the natural way, namely

Rq JAa4{ggyq
0
z , tah , ath : q , t�R} , a�R ;

Rq3Na4{ggyq
0
z , tah , uth : q , t�R} , a�R ;

Rq J (NAa )4{ggyq
0
z , sah , ut ash : q , s , t�R} , a�R ;

Rq Z3N4{ggyq
0
z , zh ; uth : q , t , z�R} ;

Rq ZJNA4{ggyq
0
z , zh ; ut ds 1/2h : q , t , z�R , sD0} ;

Rq ZJ 6N4{ggyq
0
z , zh ; ye

0

t

e
zh : q , t , z�R , e461} ;

Rq ZJ 6NA4{ggyq
0
z , zh ; ya

0

t

a 21
zh : q , t , z�R , ac0} .

The last groups we need arise by starting from the Lie group P whose Lie al-
gebra is ]%T1 J aX (2 , R) (see subsection 3.3) and successively taking normali-
zers in H1JSL(2, R). They correspond to the algebras ] , h3] and Rq Z5] ,
respectively, that is

P4{ggy(1 /2) t 2

t
z ,

1

12
t 3h , uth : t�R} ;

Z3P4{ggy(1 /2) t 2

t
z , z1

1

12
t 3h , uth: t , z�R}4N(P) ;

Rq Z QP4{ggyq
t
z , zh, uth : q , t , z�R}4N(Z3P) .
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It should be observed that the one-dimensional group P written above projects
onto the subgroup P%R2JSL(2, R) considered in subsection 3.2 under the quo-
tient map modulo the center Z . Indeed, H1 JSL(2 , R) /ZCR2 JSL(2 , R).
We are now in a position for stating the main classification result at the level
of groups.

THEOREM 3.5. – Any connected Lie subgroup of H1 JSL(2 , R) is conjuga-
te to one of the following non-conjugate subgroups, listed together with their
normalizers N(Q) and centralizers Z(Q).

dim/n. group N(Q) Z(Q)

(1.i)
(1.ii)
(1.iii)
(1.iv)
(1.v)
(1.vi)
(1.vii)
(1.viii)
(2.i)
(2.ii)
(2.iii)
(2.iv)
(2.v)
(2.vi)
(2.vii)
(2.viii)
(2.ix)
(3.i)
(3.ii)
(3.iii)
(3.iv)
(3.v)
(3.vi)
(3.vii)
(4.i)
(4.ii)
(4.iii)
(4.vi)
(4.v)
(5.i)

Z
Ka , a�R
Aa , a�R0]0(
A
Na , a�R0]0(
N
P
Rq
Z3K
Z3A
Z3N
NAa , a�R
Rq JAa , a�R
Rq3N
Rq3Nh , h� ]61(
Z3P
Rq Z
Rq J (NAa ), a�R
Z3NA
Rq ZJA
Rq Z3N
SL(2 , R)
Rq Z QP
H1
H1 JK
H1 JA
H1 JN
Rq ZJNA
Z3SL(2 , R)
H1 JNA

G
Z3K
Z3D
Z3D 0

Rq ZJ 6N
Rq ZJ 6NA
Z3P
Rq ZJ 6NA
Z3K
Z3D 0

Rq Z36NA
Z36NA
Rq ZJD
Rq ZJ 6NA
Rq ZJ 6N
Rq Z QP
H1 J 6NA
Rq ZJ 6NA
Z36NA
Rq ZJD
H1 J 6NA
Z3SL(2 , R)
H1 JN
G
H1 JK
H1 JD 0

H1 J 6NA
Rq ZJ 6NA
Z3SL(2 , R)
H1 J 6NA

G
Z3K
Z3D
Z3D
Rq ZJ6N
Rq ZJ6N
Z3P
Rq Z3N
Z3K
Z3D
Rq Z36N
Z36I
Z
Rq Z3N
Rq Z3N
Z3P
Rq Z3N
Z
Z36I
Z
Rq Z3N
Z36I
Z
Z
Z
Z
Z
Z
Z36I
Z

In the first column, the first index denotes dimension.
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4. – Proofs.

4.1. Proof of Theorem 3.1.

In the course of the proof of Theorem 3.1 we shall use Proposition 4.2 be-
low, a variant of the next well-known result.

PROPOSITION 4.1. – Any non-trivial subalgebra of aX (2 , R) is conjugate to
either Z , M , W or ZJ M .

Recall that the adjoint action of gkq
p
l , gh�R2 JSL(2 , R) on (X , A)�

R2 J aX (2 , R) is given by

Adgyq
p
z , gh (X , A)4ggX2gAg 21yq

p
z , gAg 21h .

PROPOSITION 4.2. – Any subalgebra T of R2 J aX (2 , R) is conjugate to a su-
balgebra T for which p 2 (T)� ]]0(, Z , M , W , ZJ M , aX (2 , R)(, where p 2 is the
projection p 2 (X , A)4A .

PROOF. – Observe that p 2 is a Lie algebra homomorphism intertwining
the adjoint actions of R2 JSL(2 , R) and SL(2 , R), and apply Proposi-
tion 4.1. r

We shall prove that any subalgebra T of R2 J aX (2 , R) is conjugate to one
of the listed ones. The fact that they are mutually non-conjugate follows from
Theorem 3.2, where it is proved that the same property holds for the corre-
sponding connected subgroups by inspecting the structures of their orbits in
the time-frequency plane. We shall not write the explicit calculations leading
to the description of T(1)4T(1)4 [T , T], T(2)4 [T(1) , T(1) ] and T(2)4 [T , T(1) ],
nor shall we prove the assertions concerning the algebraic structures because
these are all straightforward matters.

Case 1: dim T41. In view of Proposition 4.2 we may assume that

p 2 (T)� ]]0(, Z , M , W( .

l If p 2 (T)4]0(, then T% mgkr
s
l, 0h : r , s�Rn is a one-dimensional sub-

space of R2 so that T4Rq up to the linear action of SL(2 , R), that is up to
conjugation.

l Assume next p 2 (T)� ]Z , M , W(, and let A be either H , U or J . Then
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there exists (a , b)�R2 such that

T4{gyat

bt
z , tAh : t�R} .

If A4H , then g4 gk a
2b
l, Ih conjugates T to M . If A4J , then g4 gk2b

a
l, Ih

conjugates T to W .

{ If A4U and bc0, conjugate first with the group element

g4gy 0

ab21/3
z , yb 1/3

0

0

b21/3
zh

and then rename t 84b 2/3 t to get ] .

{ If A4U and b40, then g4 gk0
a
l, Ih conjugates T to Z .

Case 2: dim T42. In view of Proposition 4.2 we may assume that

p 2 (T)� ]]0(, Z , M , W , ZJ M( .

l The case p 2 (T)4]0( is trivial and yields T4R2 .

l Assume next p 2 (T)� ]Z , M , W( and let A be either H , U or J . Here
two cases arise:

(a) T contains the line ](0 , tA) : t�R(;

(b) T does not contain the line ](0 , tA) : t�R(.

In case (a) there exists a non-zero (a , b)�R2 such that

T4{gu ya
b
z, tAh : t , u�R} .

The bracket of two elements in T takes the form

ygu ya
b
z , tAh ,gu 8ya

b
z, t 8Ahz4g(tu 82 t 8u) A ya

b
z , 0h

and the set mgu ka
b
l , tAh : t , u�Rn is a Lie algebra if and only if (a , b) is an ei-

genvector of A . If A4U , then (a , b)4l(1 , 0 ) for some lc0 and we obtain

Rq3Z . If A4H , then either T4 mgks
0
l , tHh : s , t�Rn or T4

mgk0
s
l , tHh : s , t�Rn . The first case is Rq J M and the second reduces to

Rq J M by conjugating with g4 (0 , J). The case A4J cannot occur because J
has no non-zero eigenvectors.
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In case (b), for some linear functional t(s , r) we have

T4{gys
r
z , t(s , r) Ah : r , s�R} .

The bracket of two elements in T takes the form

ygys
r
z , t(s, r) Ah , gys 8

r 8
z , t(s 8, r 8) Ahz4gt(s, r) A ys 8

r 8
z2t(s 8, r 8) A ys

r
z , 0h

and the set mgks
r
l , t(s , r) Ah : r , s�Rn is a Lie algebra if and only if

t(s , r) tgA ys 8
r 8
zh2t(s 8 , r 8 ) tgA ys

r
zh40

for all r , s , r 8 , s 8�R . This condition is equivalent to

vt7tAvt4
tAvt7vt ,

where vt is the vector representing the functional t(Q , Q), that is t(s , r)4

oksrl , vtp . The latter condition, in turn, holds if and only if vt is an eigenvector

of tA . If A4U , then T4 mgks
r
l , arUh : r , s�Rn for some ac0, and g4

g0, ka21/3

0
0

a 1/3lh conjugates T to Rq5] . If A4H , then either T4

mgks
r
l , arHh : r , s�Rn or T4 mgks

r
l , asHh : r , s�Rn for some ac0. Take g4

gk 0
2a21l , Ih in the first case and g4 gk 0

2a21l , Jh in the second case to conjuga-

te T to Rq J M . Again, the case A4J cannot occur.

l Now we consider the case p 2 (T)4ZJ M . We can represent T in the
form

T4{uys (t , u)

r(t , u)
z , tH1uUv : t , u�R} ,

where s (t , u) and r(t , u) are linear functionals on R2 . The bracket of two ele-
ments in T takes the form

yuys (t , u)

r(t , u)
z , tH1uUv ,uys (t 8 , u 8 )

r(t 8 , u 8 )
z , t 8H1u 8Uvz4

u(tH1uU) ys (t 8 , u 8 )

r(t 8 , u 8 )
z2 (t 8H1u 8U) ys (t , u)

r(t , u)
z , 2(tu 82 t 8u) Uv ,
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so that the condition

(tH1uU) ys (t 8 , u 8 )

r(t 8 , u 8 )
z2 (t 8H1u 8U) ys (t , u)

r(t , u)
z4ys (0 , 2(tu 82 t 8u) )

r(0 , 2(tu 82 t 8u) )
z(3)

must be satisfied for all t , u , t 8 , u 8�R . Let vr4 (v1 , v2 ) denote the vector re-
presenting r; equating the second coordinates in (3) forces v240. Thus

T4{gys (t , u)

v1 t
z , tH1uUh : t , u�R} .

Conjugating with g4 gk 0
2v1
l , Ih leads to

{uysA (t , u)

0
z , tH1uUv : t , u�R}

with a new functional sA. Let vsA4 (s1 , s2 ) denote the vector representing sA.
Equating now the first coordinates in (3) forces s240. Conjugating with g4

gks1

0
l , Ih the algebra mgks1 t

0
l , tH1uUh : t , u�Rn leads to ZJ M .

Case 3: dim T43. In view of Proposition 4.2 we may assume that

p 2 (T)� ]Z , M , W , ZJ M , aX (2 , R)( .

l The cases p 2 (T)� ]Z , M , W( are trivial and lead to R2 JZ , R2 J M and
R2 J W , respectively.

l Assume next p 2 (T)4ZJ M . Here two cases arise:

(a) T contains the line ](0 , tH) : t�R(;

(b) T does not contain the line ](0 , tH) : t�R(.

In case (a), either

T4{gw ya
b
z , tH1uUh : t , u , w�R}

for some non-zero vector ka
b
l�R2 or

T4{gys
r
z , tH1v(s , r) Uh : r , s , t�R}

for some non-zero linear functional v on R2 . The set

mgw ka
b
l , tH1uUh : t , u , w�Rn is a Lie algebra if and only if the vector ka

b
l is

a simultaneous eigenvector of the matrices kt
0

u
2t
l for all t , u�R . This im-
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plies b40 and T4Rq J (ZJ M). On the other hand, the set

mgks
r
l , tH1v(s , r) Uh : r , s , t�Rn is a Lie algebra if and only if

vg(tH1v(s, r) U) ys 8
r 8
z2(t 8H1v(s 8, r 8) U) ys

r
zh42(tv(s 8, r 8)2t 8v(s, r))

for all r , s , t , r 8 , s 8 , t 8�R . Taking t4 t 840 we obtain

vv7tUvv4
tUvv7vv ,

where vv represents v . Taking t41, t 840 we also obtain Hvv42vv . Hence
vv40, so that this case does not occur.

In case (b), for some linear functional t on R3

T4{gys
r
z , t (s , r , u) H1uUh : r , s , u�R}

and this set is a Lie algebra if and only if for all r , s , u , r 8 , s 8 , u 8�R

tg(t(s , r , u)H1uU)ys 8
r 8
z2

(t(s 8 , r 8 , u 8 ) H1u 8U) ys
r
z , 2(t(s , r , u) u 82t(s 8 , r 8 , u 8 ) u)h40 .

Let vt4 (t1 , t2 , t3 )�R3 represent t . For u4u 840 the above relation reduces
to

vtA7tHvtA4
tHvtA7vtA ,

where tA(s , r)4t(s , r , 0 ). Thus vtA4 (t1 , t2 ) is an eigenvector of tH4H and ei-
ther t240 or t140. A direct computation shows that if t240 then also t140.
This is not possible because dim p 2 (T)42. Next, one shows that if t140, then
t2 t340. But since t2 cannot vanish, necessarily t340. Hence

T4{gys
r
z , t2 rH1uUh : r , s , u�R}

and by conjugating with dilations we may assume t241. A final conjugation

with g4gy 0

21
z , Ih gives T4Rq J (ZJ M).

l Finally, assume p 2 (T)4aX (2 , R). Then, for some linear functionals s
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and r on R3

T4{uys (t , u , w)

r(t , u , w)
z , tH1uU1wJv : t , u , w�R} .

Now, since ZJ M is a subalgebra of aX (2 , R), necessarily

{uys (t , u , 0 )

r(t , u , 0 )
z , tH1uUv : t , u�R}

is a subalgebra of R2 J aX (2 , R). But this is precisely what we had in the case
dim T42 and p 2 (T)4ZJ M . Therefore we may assume that both
(t , u) O s (t , u , 0 ) and (t , u) O r(t , u , 0 ) are the zero functional and there
must exist (a , b)�R2 such that

T4{gyaw

bw
z , tH1uU1wJh : t , u , w�R} .

It is easily seen that the above set is closed under taking brackets if and only if

(tH1uU1wJ) yaw 8

bw 8
z2 (t 8H1u 8U1w 8 J) yaw

bw
z4y22a(tw 82 t 8w)

22b(tw 82 t 8w)
z

for all t , u , w , t 8 , u 8 , w 8�R . It is now straightforward to check that this may
happen if and only if a4b40. Hence T4aX (2 , R).

Case 4: dim T44. In view of Proposition 4.2 we may assume that

p 2 (T)� ]ZJ M , aX (2 , R)( .

l The case p 2 (T)4ZJ M is trivial and leads to R2 J (ZJ M).

l Assume p 2 (T)4aX (2 , R). Then, for some linear functionals s and r
on R4

T4{uys (s , t , u , w)

r(s , t , u , w)
z , tH1uU1wJv : s , t , u , w�R} .

Arguing as in the previous case, the set

{uys (s , t , u , 0 )

r(s , t , u , 0 )
z , tH1uUv : s , t , u�R}

must also be a subalgebra of R2 J aX (2 , R). This algebra is three dimensional
and projects under p 2 onto ZJ M . Therefore, arguing as we did for this case,
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we may assume that for some real number r 0 and some functional sA on
R2

T4{uysA (s , w)

r 0 w
z , tH1uU1wJv : s , t , u , w�R} .

Conjugating with g4gy2r 0

0
z , Ih we obtain

T4{gys † (s , t , w)

0
z , tH1uU1wJh : s , t , u , w�R}

for some new functional s † on R3 . Finally,

ygys † (s , t , w)

0
z , tH1uU1wJh ,gys † (s 8 , t 8 , w 8 )

0
z , t 8H1u 8U1w 8 Jhz4

uy ts † (s 8 , t 8 , w 8 )2 t 8s † (s , t , w)

w 8s † (s , t , w)2ws † (s 8 , t 8 , w 8 )
z , [tH1uU1wJ , t 8H1u 8U1w 8 J]v

shows that w 8s † (s , t , w)2ws † (s 8 , t 8 , w 8 )40 for all s , t , w , s 8 , t 8 , w 8�R .
Choosing w4w 841 implies that (s , t) O s † (s , t , 1 ) is the zero functional and
therefore s † depends only on w . But then T would be three dimensional, a con-
tradiction. Hence this case does not occur.

Since there are no other cases, the proof is complete. r

4.2. Proof of Theorems 3.2 and 3.3.

Theorem 3.3 follows from direct computations, all of which are elementary.
As for Theorem 3.2, the list follows from Theorem 3.1 by taking exponentials,
and the structure of normalizers and centralizers may be established by strai-
ghtforward calculations. It only remains to be proved that all canonical sub-
groups are mutually non-conjugate, where conjugation in the group, namely
iz y4zyz 21 , z , y�R2 JSL(2 , R), is given by

igkqpl, ghgyx
j
z , hh4g(I2ghg 21 ) yq

p
z1g yx

j
z , ghg 21h .

In particular, the SL(2 , R)-component is given by the usual matrix conjuga-

tion. Let z�R2 JSL(2 , R) and denote by a z : R2KR2 the action (1). If kx
j
l�R2

and H is a subgroup of R2 JSL(2 , R), denote by O
H
kx

j
l the orbit

O
H
kx

j
l4{a hgyx

j
zh : h�H} .
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If H and H 8 are conjugate subgroups, that is H 84 iz (H) for some z�
R2 JSL(2 , R), then the following obvious relation holds:

a z (O
H
kx

j
l )4 O

H 8
a zgkxjlh .

Thus conjugate groups have the same sets of orbits. This fact, together with
the observation that conjugate groups must share dimension and algebraic
structure, and must have conjugate SL(2 , R)-components, shows, by simple
inspection, that all canonical subgroups are mutually non-conjugate.

4.3. Proof of Theorem 3.4.

The projection p : T1 J aX (2 , R)KR2 J aX (2 , R) given by ((X , z);
A) O (X ; A) shows that T1 J aX (2 , R) /h is isomorphic to R2 J aX (2 , R). This is
the key observation for the proof, in the form stated in following simple
result.

PROPOSITION 4.3. – Any subalgebra T of T1 J aX (2 , R) is conjugate to a su-
balgebra T for which p(T) is a canonical subalgebra of R2 J aX (2 , R). Two su-
balgebras of T1 J aX (2 , R) are conjugate only if they project onto conjugate
subalgebras in R2 J aX (2 , R).

PROOF. – Let P : H1 JSL(2 , R)KR2 JSL(2 , R) denote the projection
( (Y , s); g) O (Y ; g). Since dP4p , or simply from (2), it follows that for X�
T1 J aX (2 , R) and g�H1 JSL(2 , R) we have Ad (Pg)(p(X) )4p( Ad gX). Let
now Pg be the group element that conjugates p(T) to a canonical subalgebra of
R2 J aX (2 , R). Then T4Ad g(T) satisfies the first assertion. If (1 and (2 are
two conjugate subalgebras in T1 J aX (2 , R), that is Ad g((1 )4(2 for some g�
H1 JSL(2 , R), then Ad (Pg)(p ((1 ) )4p((2 ), whence the second asser-
tion. r

Thus we may assume that p (T) is canonical. In the course of the proof we
see that at most two canonical subalgebras project to the same canonical alge-
bra. In any such case the two algebras have different dimensions and cannot
be conjugate. This establishes the fact that all algebras appearing in the list
are mutually non-conjugate.

Case 1: p(T)4]0(. Clearly T4h .

Case 2: p (T)4 W . There exist a , b�R such that any X�T can be written

X4 ggk0
0
l , at1bzh ; tJh for some t , z�R . If b40, then T4 Wa . Otherwise put

at1bz4w and T4h3 W .
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Case 3: p(T)4M . There exist a , b�R such that any X�T can be written

X4 ggk0
0
l , at1bzh ; tHh for some t , z�R . If b40, then T4Ma . Otherwise

put at1bz4w and T4h3M .

Case 4: p(T)4Z . There exist a , b�R such that any X�T can be written

X4 ggk0
0
l , at1bzh ; tUh for some t , z�R . If b40, then T4Za . Otherwise

put at1bz4w and T4h3Z .

Case 5: p(T)4] . There exist a , b�R such that any X�T can be written

X4 ggk0
t
l , at1bzh ; tUh for some t , z�R . Conjugating with ggka

0
l , 0h; Ih this

becomes ggk0
t
l , bzh ; tUh. If b40, then T4] . Otherwise put bz4w and

T4h3] .

Case 6: p(T)4Rq . There exist a , b�R such that any X�T can be written

X4 ggks
0
l , as1bzh ; 0h for some s , z�R . If bc0, put as1bz4w and T4

Rq Z . Otherwise conjugate with ggk 0
2a
l , 0h ; Ih to get T4Rq .

Case 7: p(T)4ZJ M . There exist a , b , g�R such that any X�T can be

written X4 ggk0
0
l , at1bu1gzh ; tH1uUh for some t , u , z�R . If gc0,

then put at1bu1gz4w and T4h3 (ZJ M). If g40, it easily seen that for X
and X 8 in the above parametrization, [X , X 8 ]�T only if b40. Thus T4

ZJ Ma .

Case 8: p(T)4Rq J M . There exist a , b , g�R such that any X�T can be

written X4 ggks
0
l , at1bs1gzh ; tHh for some s , t , z�R . If gc0, then put

at1bs1gz4w and T4Rq ZJ M . If g40, it easily seen that for X and X 8 in
the above parametrization, it can be [X , X 8 ]�T only if b40. Thus T4

Rq J Ma .

Case 9: p(T)4Rq3Z . There exist a , b , g�R such that any X�T can be

written X4 ggks
0
l , as1bu1gzh ; uUh for some s , u , z�R . If gc0, then put

at1bs1gz4w and T4Rq Z3Z . If g40, conjugate with ggk 0
2a/t
l , 0h ; ath

with tc0 to get

ggyts1 (a/t)(t 2 u)

0
z ,g b

t 2
2

1

2

a 2

t 2 h (t 2 u)h ; (t 2 u) Uh .

Put v4 (t 2 u) and w4 ts1 (a/t)(t 2 u), obtaining

ggyw
0
z , y 2b2a 2

2 t 2
z vh ; vUh .
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By suitably choosing t we may let (2b2a 2 /2 t 2 )�]0, 61(. Thus T4Rq3Zh .

Case 10: p (T)4Rq5] . There exist a , b , g�R such that any X�T can be

written X4 ggkq
t
l , aq1bt1gzh ; tUh for some q , t , z�R . It easily seen that

for X and X 8 in the above parametrization,

[X , X 8 ]4 ((0 , q 8 t2qt 8 ); 0) ,

so that necessarily q 8 t2qt 84a Q01b Q01gz for all q , t , q 8 , t 8�R and some
z . This can only happen if gc0. Put then at1bs1gz4w and T4

Rq Z5] .

Case 11: p (T)4R2 . There exist a , b , g�R such that any X�T can be writ-

ten X4 ggkq
p
l , aq1bp1gzh ; 0h for some p , q , z�R . It is easily seen that for

X and X 8 in the above parametrization,

[X , X 8 ]4 ((0 , q 8 p2qp 8 ); 0) ,

so that necessarily q 8 p2qp 84a Q01b Q01gz for all q , p , q 8 , p 8�R and all
z . This can only happen if gc0. Put then at1bs1gz4w and T4T1 .

Case 12: p(T)4Rq J (ZJ M). There exist a , b , g , d�R such that any X�T

can be written X4 ggkq
0
l , at1bu1gq1dzh ; tH1uUh for some q , t , u , z�

R . If dc0 then put at1bu1gq1dz4w and T4Rq ZJ (ZJ M). If d40, it
easily seen that for X and X 8 in the above parametrization,

[X , X 8 ]4ggytq 82 t 8 q

0
z , 0h ; 2(tu 82 t 8u) Uh ,

so that necessarily 04a Q012b(tu 82 t 8u)1g(tq 82 t 8 q) for all
q , t , u , t 8 , u 8�R . This can only happen if b4g40. Thus T4

Rq J (ZJ Ma ).

Case 13: p(T)4aX (2 , R). There exist a , b , g , d�R such that any X�T

can be written X4ggk0
0
l , aa1bb1gc1dzh ; ka

c
b

2a
lh for some a , b , c , z�R .

If dc0 then put aa1bb1gc1dz4w and T4h3aX (2 , R). If d40, it easily
seen that for X and X 8 in the above parametrization, [X , X 8 ]�T only if

04a(bc 82b 8 c)12b(ab 82a 8 b)12g(ca 82c 8 a)

for all a , b , c , a 8 , b 8 , c 8�R , so that necessarily 04a4b4g . Thus T4

aX (2 , R).

Case 14: p(T)4R2 J W . There exist a , b , g , d�R such that any X�T can

be written X4 ggkq
p
l , aq1bp1gt1dzh ; tJh for some q , p , t , z�R . If dc0

then put aq1bp1gt1dz4w and T4T1 J W . If d40, it easily seen that for
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X and X 8 in the above parametrization, [X , X 8 ]�T only if

pq 82qp 84a(tp 82 t 8 p)1b(qt 82q 8 t)

for all p , q , t , p 8 , q 8 , t 8�R , which is impossible for all a , b�R .

Case 15: p(T)4R2 J M . There exist a , b , g , d�R such that any X�T can

be written X4 ggkq
p
l , aq1bp1gt1dzh ; tHh for some q , p , t , z�R . If dc0

then put aq1bp1gt1dz4w and T4T1 J M . If d40, it easily seen that for
X and X 8 in the above parametrization, [X , X 8 ]�T only if

pq 82qp 84a(tq 82 t 8 q)1b(pt 82qp 8 t)

for all p , q , t , p 8 , q 8 , t 8�R , which is impossible for all a , b�R .

Case 16: p(T)4R2 JZ . There exist a , b , g , d�R such that any X�T can

be written X4 ggkq
p
l , aq1bp1gu1dzh ; uUh for some q , p , u , z�R . If dc

0 then put aq1bp1gt1dz4w and T4T1 JZ . If d40, it easily seen that
for X and X 8 in the above parametrization, [X , X 8 ]�T only if

pq 82qp 84a(tp 82 t 8 p)

for all p , q , t , p 8 , q 8 , t 8�R , which is impossible for all a�R .

Case 17: p(T)4R2 J (ZJ M). There exist a , b , g , d , e�R such that any

X�T can be written X4 ggkq
p
l , at1bu1gq1dp1ezh ; tH1uUh for some

q , p , t , u , z�R . If ec0 then put at1bu1gq1dp1ez4w and T4

T1 J (ZJ M). If e40, it easily seen that for X and X 8 in the above parametriza-
tion, [X , X 8 ]�T only if

pq 82qp 84b(tu 82 t 8u)1g(tq 82 t 8 q1up 82u 8 p)1d(pt 82p 8 t)

for all p , q , t , u , p 8 , q 8 , t 8 , u 8�R , which is impossible for all b , g , d�R .

Case 18: p(T)4R2 J aX (2 , R). There exist a , b , g , d , e , v�R such that

any X�T can be written X4 ggkq
p
l , aa1bb1gc1dq1ep1vzh ; ka

c
b

2a
lh

for some q , p , a , b , c , z�R . If vc0 then put aa1bb1gc1dq1ep1vz4
w and T4T1 J aX (2 , R). If v40, it easily seen that for X and X 8 in the above
parametrization, [X , X 8 ]�T only if

pq 82qp 84a(bc 82b 8 c)12b(ab 82a 8 b)12g(ca 82c 8 a)

1d(aq 82a 8 q1bp 82b 8 p)1e(cq 82c 8 q1pa 82p 8 a)

for all p , q , a , b , c , p 8 , q 8 , a 8 , b 8 , c 8�R , which is impossible for all
a , b , g , d , e�R .

Since there are no other cases the proof is complete. r
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5. – Related issues.

5.1. Polynomial algebras.

The classification of Theorem 3.4 may be expressed in terms of (Poisson)
polynomial algebras. Let P2 denote the Lie algebra consisting of all polyno-
mials of degree G2 in two indeterminates, equipped with the Poisson
bracket

] f , g(4
¯f

¯x

¯g

¯j
2

¯f

¯j

¯g

¯x
, f (x , j), g(x , j)� P2 .

Let F : T1 J aX (2 , R)K P2 be defined by

Fgggyq
p
z , th ; Ahh42

1

2
[x j] JA yx

j
z2 [x j] J yq

p
z2 t(4)

Explicitly, if A4 ka
c

b
2a
l�aX (2 , R), then

Fgggyq
p
z , th ; Ahh (x , j)42

c

2
x 21axj1

b

2
j 22px1qj2 t .

It is easy to check that F is a Lie algebra isomorphism. Observe that T1 is map-
ped by F onto P1 , whereas aX (2 , R) corresponds to homogeneous polynomials
of degree 2. The adjoint action on P2 is given by affine coordinate change. In
other words, g4 ( (y , s); B)�G acts on R2 by ((y , s); B) Qt[x , j]4B t[x , j]1y
and F(AdgH)4F(H) i g 21 . Thus we identify Poisson subalgebras of P2 up to
affine coordinate changes. The explicit list is omitted.

The isomorphism (4) plays an important role in harmonic analysis in phase
space. Let e denote the extended metaplectic representation of H1 JSL(2 , R)
(see e.g. [3] for more details) and let s w denote the Weyl pseudo-differential
operator with symbol the tempered distribution s� S8 (R2 ) like, for example, a
polynomial. The following formula holds:

e( exp X)4e 2pi(F(X) )w
, X�S .

Thus P2 is a natural model for e via the Weyl calculus. This correspondence
has been used in [2] in connection with the problem of describing the commu-
tative algebras generated by the restriction of e to one-parameter subgroups
of H1 JSL(2 , R).

5.2. Coverings.

Our results could be extended to all Lie groups locally isomorphic to either
G14R2 JSL(2 , R) or G24H1 JSL(2 , R), because their Lie algebras are ei-
ther S14R2 J aX (2 , R) or S24T1 J aX (2 , R). The matter reduces essentially
to the following steps:
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(a) Identify the universal coverings of G1 and G2 , compute their discrete
central subgroups and then form the quotients of G1 and G2 modulo their di-
screte central subgroups. Such quotients exhaust the class of all Lie groups lo-
cally isomorphic to either G1 or G2 . This is easily done: for G2 one gets the
groups H1 JSL (m) or H1

red JSL (m) , where H1
red4H1 /Z is the reduced Heisen-

berg group and SL (m) is the m-sheet covering of SL(2 , R). The case of counta-
bly many sheets corresponds to the universal covering SL Q . The groups local-
ly isomorphic to G1 are its coverings R2 JSL (m) . The explicit construction of
the universal covering SL Q may be found for example in [4], while the explicit
construction of the other groups, together with many useful formulas and ob-
servations, may be found in [1].

(b) Given a group Hi locally isomorphic to Gi , i41, 2 , compute the
exponential mapping exp : SiKHi and write the canonical subgroups corre-
sponding to the canonical subalgebras of Si .
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