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Groups in Which the Prime Graph is a Tree.

Maria SiLvia Lucipo

Sunto. - 11 «prime graph» I(G) di un gruppo finito G ¢ definito nel modo sequente: l'in-
sieme dei vertici ¢ n(Q@), cioé l'insieme dei primi che dividono lordine del gruppo e
due vertici p, q costituiscono un lato (e st indica p ~ q) se esiste un elemento in G
di ordine pq. St studiano © gruppi G tali che il grafo I'(G) ¢ un albero, dimostrando
che, 1n questo caso, |m(G)| <8.

Summary. — The prime graph I(G) of a finite group G is defined as follows: the set of
vertices is (@), the set of primes dividing the order of G, and two vertices p, q are
joined by an edge (we write p ~ q) if and only if there exists an element in G of or-
der pq. We study the groups G such that the prime graph I'(G) is a tree, proving
that, in this case, |7(G)| <8

1. — Introduction.

Given a finite group G, we construct its prime graph, I(G), as follows: the
vertices of I'(G) are the primes dividing the order of G and two vertices p, ¢
are joined by an edge (we write p ~ q) if there is an element in G of order pq.

We denote the set of all the connected components of the graph I'(G) by
{m:(G), for i=1,2, ..., %(G)} and, if the order of G is even, we denote by
71(G) the component containing 2. We also denote by m(n) the set of all
primes dividing », if » is a natural number.

The concept of prime graph arose during the investigation of certain coho-
mological questions associated with integral representations of finite groups.
It turned out that I'(G) is not connected if and only if the augmentation ideal
of G is decomposable as a module (see [7]). This is an example of an application
of the properties of the prime graph of a finite group G. In general, we can
study how some properties of the graph influence the structure of the group.

The structure of a finite group G such that (&) is not connected has been
determined by Gruenberg and Kegel, in un unpublished article. Moreover all
the simple groups G such that I'(G) is not connected have been described in
[15], [8] and [9] and the almost simple ones in [10]. The diameter has also been
studied: it has been proved in [11] that the diameter of I'(G) is less or equal 5
for any finite group G.
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In this paper we study the finite groups G such that I'(G) is a tree, that is a
connected graph without loops. We say that a graph is a forest if any connected
component of the graph is a tree.

If G is a soluble group, we prove that |7(G) | <4 (Proposition 2) and in the
case |m(G)| =4, the Fitting length of G is determined, in a more general
situation.

PROPOSITION 3. — Let G be a soluble group with diam (I'(G)) =3. Then ei-
ther lp(G)<3 or G has a normal section isomorphic to H, and lz(G)<4.

We then consider the simple non abelian groups S such that I(S) is a for-
est, describing them in List A. We show that no 7(S) is a tree. We classify all
almost simple groups G with I'(G) a tree in Lemma 3. We show an example of a
simple group S such that for any group H with S < H < Aui(S), we have that
I'(H) is not a tree, while there exists a group G with S as a composition factor
and I'(G) a tree (see Example 3).

We study the general case, proving that if I'(G) is a tree, then G has the fol-
lowing structure.

THEOREM 5. — Let G be a finite group such that I'(G) is a tree. If R is the
soluble radical of G, then

1) G =G/R is an almost simple group, that is S < G < Aut(S), with S a
finite simple non abelian group of List A,
it) if G =1, then |n(R)| <3.

We then describe the «non-modular» situation, that is groups G such that
7(R) is not contained in 7(G).

LEMMA 6. — Let R be the soluble radical of G, with I'(G) a tree.
) If R is a t-group for some prime t not dividing | G |, then G is one of
the groups of List B;
1) if W(R) = {p1, Pz, P3}, then w(R) gn@) and etther
® p,=2,p;=3and S=PSL2,r),withr="7,9, 17 or r=2°3" + 1 and
r+ 1 =2t for some prime t, or
® p,=2 and S = As;
11) if w(R) = {p1, p=}, and p; does not divide |G/R|, then p,=2, and
either
® S=A; or PSL(2,7), with r=7,9,17T or r=23"+1 and r+1 =2t
for some prime t, or
o S =2S2(8), Sz(32) or PSLy(8), or
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® S=A7, My, Ma, By(3), G2(3), Uy(3) or PSLy(q) and |m,(S)| <2
and |m;(S)| =1 for any ©>2.

We show with an example how to construct most of them (see Example 3).

We prove that |7(G) | <8 (Theorem 6) and show with an example that this
bound is the best possible. In fact we prove that there is an extension G of a
Suzuki group with a field automorphism, with 7(G) a tree and |7(G) | = 8 (see
Example 2). If I(G) a tree and |7(G)| =8, we conjecture that the only non
abelian composition factor of G is a Suzuki group. This conjecture is related to
the unsolved problem in Number Theory, known as «twin prime problems».

2. — Soluble groups.

We begin with soluble groups. We say that a graph is a forest if any con-
nected component of the graph is a tree. We observe that if 7(G) contains only
two primes and 7(G) is connected, then I'(G) is a tree. We recall Proposition 1
of ([11]).

ProposiTION 1 ([11]). — Let G be a finite soluble group. If p, q, r are three
different primes of n(G), then G contains an element of order the product of
two of these primes.

We also need to point out some facts about soluble groups in which the
prime graph is not connected. We recall that G is a Frobenius group if it has a
subgroup H such that H N H" =1 for all e G\H. Then G = HF, where F is
the Fitting subgroup of G and H is called a Frobenius complement.

LEmMA 1. — If G is soluble and I[(G) has more than two connected compo-
nents, then G is either a Frobenius or a 2-Frobenius group and has exactly
two components, one of which consists of the primes dividing the lower
Frobenius complement; moreover G/F is a cyclic group.

Proor. — The first statement is the corollary to Theorem A of [15]. A group
is called 2-Frobenius if F, and G/F; are Frobenius groups, where F; = Fit (G)
and F,/F, = Fit (G/F;). To prove the second statement we observe that if G is a
soluble Frobenius group, then G = F,. If G is a 2-Frobenius group, then Fy/F,
is either cyclic or the product of an odd order cyclic group C by a generalized
quaternion group Q.- (see for example 10.5.6 of ([14]). In the first case, G/F) is
both a subgroup of Aut (F/F), which is abelian, and a Frobenius complement
of G/F,, which implies G/F; cyclic. In the second case G/F; < Aut(C) X
Out (Qs+). Now Out (Qz) is either an abelian 2-group, if n >3, or S; if n = 3.
Since (|G/Fy |, |F2/F;|) =1, the prime 2 does not divide the order of G/F,
which is therefore abelian and hence cyclic as before.
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We can now prove

PROPOSITION 2. — Let G be a finite soluble group. If I'(G) is a forest, then
|n(G) | <4.

Proor. — We first suppose that I'(G) is connected. We observe that if there
are three distinct primes p, ¢, € (@) such that p ~ g ~ r ~ p, then I'(G) can-
not be a tree.

Then for any prime p € 7(G), there are at most two primes q;, ¢, such that
q1 ~ P ~ q». In fact, if there exists g5 such that p ~ g5, then by applying Propo-
sition 1 of [11] to ¢y, ¢s, ¢35, We obtain, for example, q; ~ ¢, and this contradicts
the fact that I'(G) is a tree.

Then I'(G) must be a chain. If ¢4, ..., g, are the primes in 7#(G), we can or-
der them in a way such that d(q;, ¢;,;) =J, for any :=1, ..., n—1 and j =
1, ..., n—1.If n =5, we apply again Proposition 1 of [11] to ¢;, ¢s, ¢5, and ob-
tain, for example, ¢; ~ g3 and this contradicts again the fact that I'(G) is a tree.
This proves the Proposition in the case in which I'(G) is connected.

Let now F' = Fit (G) be the Fitting subgroup of G and F, be the subgroup
of G such that F,/F = Fit (G/F). If I'(G) is not connected, then by Lemma 1 we
know that the connected components of I'(G) are

71(G) =a(|F)Un(|G/Fy|)  72(G) =a(|F:/F]).

Then |72(G)| <2 = |a(F)| since we suppose that I'(G) is a tree. If p, g are
two distinct primes that divide |F| and if there exists re 7,(G)\{p, q}, then r
divide |G/F; | and is coprime with |F;|. Let O,(G) be the p-Sylow subgroup of
F and 20,(G) an element of order r in G/O,(G) that acts on F,/0,(G). Since
F,/0,(G) is not a nilpotent group, xO,(G) must fix some element. From the
fact that r is in 77, (G), the only possibility is that £0,(G) fixes an element of or-
der q. Therefore we have r ~ q. In exactly the same way we can prove that
r~p. But, since pg divides |F'|, we also have p ~ ¢, against our hypothesis
that I'(G) is a tree.

Then |F| =p". If there exist two other primes r, s in 7,(G)\{p} we can
consider again an element x of order r of G\F, acting on F,. Since the action
can not be fixed points free, the elements that can be fixed by & must have or-
der p’, that is r ~ p in 7(G). Similarly s ~ p and from the fact that G/F, is cyclic
by lemma , we conclude that r» ~ s, contradicting our hypothesis again.

We conclude that also |7;(G)| can not contain more than two primes and
therefore |n(G)| <4.

We would like to examine now the soluble groups in which the prime graph
is a tree and which have exactly 4 prime divisors. It is easy to see that in this
case the diameter of the prime graph is 3 and we want to prove that the Fitting
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length is bounded. Since it can be proved for the more general case of a soluble
group in which the diameter of the prime graph is 3, we here give this proof.
Before stating the Proposition we want to introduce the following group H and
its subgroups 7T and V:

H={a,b,x,y:a*=b'=x'=y>=1, a®=0%*=2%[b, a]l = a?,

[z, al = [y, bl =ab, [y, al = b3, [z, y] =y, [x, b] =a?b);
T={(x,y); V={(a,b)=Fit(H).

Then H is the non-splitting covering of S,, H=VT, where V={(a, b)=
Fit (H) = Qg, the quaternion group of order 8 and H/V = S;.

If G is a soluble group, then the Fitting subgroup of G is not trivial. We can
therefore define the Fitting series of a soluble group G, as follows:

F (G

Fy(G) =1, LzFit(L), for n=1.
F,_1(G) F,_1(G)

Since G is a finite group, there exists a least n e NV such that F,(G) = G. Then

n is exactly the Fitting lenght of the group G, that we denote by Iz(G).

PROPOSITION 3. — Let G be a soluble group with diam (I(G)) =3. Then ei-
ther lp(G)<3 or G has a normal section isomorphic to H, and lp(G)<4.

Proor If diam (I(G)) =3, there exist two primes p;, p, € w(G) such that
d(py, ps) = 3; therefore there exist two other primes p,, p; such that

P1 P2 P3 p.

As p, = py, we can apply Proposition 1 to p, p;, ps for any prime p e 2(G). We
therefore obtain p ~ p; or p ~ p,. Moreover p ~ p; implies that p - p, because,
otherwise, d(p;, ps) <2, against our hypothesis. If 7= {pen(G): p~p,} U
{p1}, then 7' = 7(G)\x is exactly the set {pen(G): p~ps} U {ps}.
We apply Proposition 1 to p, ¢, psy for p, g e and obtain p ~ ¢; similarly
for z'. Therefore both 7 and 7' determine complete subgraphs of I'(G).
We consider now the following sets:

my={pex:dp, p) =3},
Ty={pem:dp, ps) =2},
ny={pen':d(p, p) =2},
wy={pen':dlp, p1) =3}
We observe that p;em;, for i=1,2,3,4. If we set ¥=um,Uum,, then
V' =m,Ums.
If Oy(G) # 1, then, for example, O,,(G) # 1. If x is an element of G of or-
der p,, « acts fixed-point-freely on O.(G) =0, (G) # 1. Therefore 0,(G) is



136 MARIA SILVIA LUCIDO

nilpotent and it is contained in the Fitting subgroup Fit(G) = F of G. Since p
divides |0,(G) |, for some pemy, and O,(G) < F, the Fitting subgroup F is a
m-group and we can conclude that O,(G) =F.

Let F, be the subgroup of G such that Fy/F = Fit (G/F). Then F,/F is a
nilpotent 7’-group. Let @ be a ¢-Sylow subgroup of G, for ge ’. @ acts fixed-
point-freely on O, (G) because q = p for any p € ;. Therefore Q is a cyclic or a
generalized quaternion group. Then Fy/F is either a cyclic group or the prod-
uct of a cyclic group C of odd order by a generalized quaternion group @ = Q.
If n # 3, G/F, is a nilpotent group and therefore I(G) < 3. If n = 3, then G/F,
is isomorphic to a subgroup of a direct product of an abelian group and a group
isomorphic to Ss, the outer automorphism group of Q. If G/F, has not a normal
subgroup isomorphic to S;, then again Ir(G) < 3. Otherwise G/F has a normal
section isomorphic to H, the Fitting length of G/F, is equal to 2 and therefore
lp(G) =4.

We can now suppose Oy(G) = 1. Then for any p € ¥ the p-Sylow subgroups
of G are cyclic or generalized quaternion. In fact if p e 7, then for any ge x’
we have that p - q. Let P be a p-Sylow subgroup of G: if O, (G) #1, then P
acts fixed-points-freely on O, (G). If O, (G) =1, then 0,(G) #1, as G is solu-
ble. Moreover, since O,(G) = 1 by our assumption, p does not divide |0,(G) | .
Therefore P acts fixed-points-freely on O, ., (G)/0.(G). In both cases P is a
cyclic or a generalized quaternion group. The same argument holds if
PEMT,.

We consider now a {p;, p,}-Hall subgroup of G. We can suppose that its
Fitting subgroup is a p;-group. Since G is soluble, N = Oy (G) is non-trivial.
Let N; be a & -Hall subgroup of N, i =2, 3; then N = N, N; and, applying the
Frattini argument to N and N,, we obtain G = NN;(N,). As p; and p, do not
divide |N|, there exists a {p;, p,}-Hall subgroup U of G such that U<
Ng(Ny). If « is an element of order p, of U, « acts fixed-points-freely on N,
which is therefore nilpotent. Then N, = DirQ;, with t =1, ..., r, Q; € Syl (N,)
and ¢;em, foranyi=1, ..., r. If L = Q,(Fit (U)), then, by the above remark,
L = <[> is a cyclic group. If ; is an abelian group, by Theorem 2.3 of [G], we
have Q; = Cq.(L) x [Q;, L]. If [@;, L1# 1 and the action of U on [Q;, L] is
fixed-points-free, U should be a Frobenius complement and its centre should
be non-trivial by Theorems 8.5, 8.8 of [H1]. But, as n(U) = {py, ps}, I(U) is
not connected and the centre of U is trivial. Therefore there must exist a non-
trivial p;-element xeU such that Cyg, 1,(x)#1. This means that Cyq, (L) #1,
while Cq,(L) N [Q;, L] =1. Thus L centralizes Q;.

If Q; is not abelian, we consider the abelian group @;/Frat(Q;). By the
above argument [Q;/Frat(Q;), L] =1. By Burnside’s Theorem we also have
that [@;, L] =1. Then L centralizes N,.

Let n=mnyn3e N, with ny,e Ny, n3e N3 and le L, then [nyns, 1] = [ns, {]
and therefore [N, L] =[Ns, L].
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We can also suppose that [N, L] < N;. In fact as L permutes the m3-Hall
subgroups of N and |L| is coprime with |N: Ny(N3)| which divides |N; |, L
must fix a s 3-Hall subgroup of N. Since L acts fixed-points-freely on N3, N; is
nilpotent and therefore Ny = DirR;, with 1 =1, ..., s, R; € Syl (N3) and r; e 73
foranyi=1, ..., s. As Cp,(L) =1, by Theorem 3.5 of [G], B; = [R;, L] for any
i1=1, ...,s.Then [N, L] =[N;, L] = Nj is a normal subgroup of N, moreover
it is also characteristic. Let F be the normal subgroup of G such that F/N =
Fit (G/N). Then F/N is a nilpotent ¥'-group. By the above remark, all its Sy-
low subgroups are cyclic or generalized quaternion. Moreover if 2 divides
|F‘/N |, then the element of order 2 of F/N should be central in G/N. There-
fore diam (/{G/N)) = 2, while both p, and p, divide |G/N| and their distance is
3. Therefore F/N is a cyclic group of odd order and G/F is an abelian group.
Since F/N is nilpotent it must be either a s;-group or a x,-group. We prove
that it is not a z,-group. In fact let U be a ¥'-Hall subgroup of G, containing
U. The connected components of I(U) are exactly 7, and m,. If we suppose
that F/N is a 7 ,~group and set K a i ,-Hall subgroup of U, by Corollary A of
[W], for any g f], we have K N KY = 1. In particular, if K = Fit (U) and ¢ is an
element of order p, of U. But this is false because Fit (U) <tU and therefore
F/N is a m;-group. As N/N; = N, is a ,-group, we have that F/Nj is a n-group
and therefore an element of order p, acts fixed-points-freely on F/N;. By
Thompson’s Theorem, F/Nj is nilpotent and the Fitting length of G is less or
equal 3.

ExampLE 1. — We give an example of a soluble group G, whose prime
graph is a tree and has diameter equal to 3. Its Fitting length lp(G) is 4 and
it has a normal section isomorphic to H.

We consider the following example of a fixed-point-free action of H, the
group defined before the preceding Proposition, on P = (u,v:u"=v"=
[, v]=1), an elementary abelian group of order 49. The action is the
following

u=u%v% wl=u"lv, u=u’v, u’=u*v?
2

Y=uve, v¥=w0"

Now we consider F'= P X @, where Q = (s, t: s®=t¥=[s, ] =1) is an ele-
mentary abelian group of order 169. We can define an action of H on @ in the
following way:

st=s=s" s'=t, sV=s% ti=t=t t'=s, tV=t".

Let G = FH, where the action of H on P and @ are the ones just described.
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Then the Fitting length of G is 4, diam (/(G)) = 3 and I(G) is the following
tree

nG=>"—2_32_7

3. — The general case.

For the study of the general case, we begin with the finite non abelian sim-
ple groups. We first prove a numerical Lemma.

LEMMA 2. — Let q=p’, where p is a prime and f a natural number;
then

i) if fis even, 3|(2/—1), if fis odd 3[(27+ 1);
ii) |Jr(q2—1)| £2<9=2,3,4,5,7,8,9, 17;

i) |2((¢®—1)/(8,¢q—1)| <2 « ¢=2,8,4,5,7,8,9, 16, 17, 25, 49, 97
or q=p,p—1=32 p+1=2t, a =2 and t an odd prime;

iv) |7((q2=1)/(8,q+1)| <2 = q=2/, fa prime or ¢=3,9 or ¢=p
and p+1=3-2%

v) |[a((q—1)/(2,q—-1)|<s2=|a((q+1)/(2,q—1)|= q=
4,9,16, 81 or g=p’, f=1 or an odd prime.

PROOF. — i) Let f=2c, then 3=(22—1) divides 22— 1. If fis odd, 3=2+1
divides (27+ 1).

11) We first suppose p = 2. If fis even we have ¢ + 1 =¢™ for some prime ¢
and ¢ —1 =3". Let f=2c and suppose that c is even, then 3 does not divide
2°+ 1 and therefore ¢ — 1 cannot be a power of 3. Then c¢ is odd but then ¢ =1
and g =4.

If fis odd we have ¢ + 1 = 3™ and ¢ — 1 = t" for some prime ¢. From lemma
4 of [10] we know that ((2/+ 1)/(2+1),2+1)=(f,2+1) = (f, 3). If ris an
odd prime that divide f, and r# 3, then (2"+1)|(2/+ 1) and 2"+ 1 is not a
power of 3.

Then f=3°. If we suppose s =2, we can write f=9-3°"%. But then (2°+
1) =19-3% divides 2/+ 1, that therefore can not be a power of 3.

Let now p be an odd prime, then either ¢ —1=2"and ¢+1=2-t", or
g—1=2-t" and g+ 1 =2/, for some prime ¢.

In the first case ¢ = 2/+ 1 and, if fis odd, we conclude that ¢ =3 or 9. If fis
even, f—1 is odd and again we can conclude that {=3 and ¢ =5 or 17.

In the second case ¢ = 2" — 1 and, if fis even, p = 3 and therefore ¢ =3. If f
is odd, we have t =3 and ¢="71.
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11) If (3, ¢ — 1) =1 then we are in case i?). We can therefore suppose that
3 divides (¢ —1). If p =2, then f=2c¢. If ¢ = ¢, ¢; is not a prime, then we have
three distinct primitive Zsigmondy’s divisor respectively of (4t — 1), (422 —1)
and (4% 4 1). If ¢ = 2, then we add ¢ = 16 to the list. If ¢ > 1, then we apply
the same argument to (4°—1), (4 + 1) and (4° + 1). We can now suppose p odd
and ¢=11. We first suppose ¢ —1=3-2-s* and ¢+ 1=2%, and therefore
2/-1 -1 =35 But then we are in case ii), since  — 1 is even. The only case
we have to add is ¢ = 31. Then ¢ — 1 =3-2* and ¢ + 1 = 2-t#. Then either f= 2
or f=1.If f=2, then we are again in case ii), and we get ¢ = 25 and 49. It can
be easily seen that t# — 1 =3-2“71 and again we conclude 3 =1 (the case 8 =2
does not give any new value for g¢).

1w) The proof is similar to the one of 7).

v) Suppose 7((q —1)/(2, q—1)) = {r, t}. If ¢g=p/*%, and ¢ — 1 >2, then
by Zsigmondy’s argument, we can conclude that fis a prime or f= 1. Moreover
if f= 2, we conclude by ii). We now consider p =2, 3 and suppose (f;, f2) =1,
then

pt—1 p phit—1

hioq
p “ _s, _ b

p-1 Top-1 phi-1

)

which is clearly impossible. Then ¢ = p/°, and f a prime. We then use the sec-
ond inequality and Zsigmondy’s argument to conclude that f cannot be odd.
We therefore get ¢ =16 or 81.

We give now a list of simple non abelian groups S, such that the connected
components of I'(S) are trees, as we prove in proposition 4. We recall that if G
is not soluble, the connected components 7;(G), © > 2 are complete, that is if
71, o€ ;(G) then 7, ~ 1, (see Lemma 5 and 6 of [15]).

List A:

As, Ag, Ary Ag; My, Mo,

PSL,(3); B2(3), G2(3), Uy(3), Us(2), 2F4(2)’§

PSLy(q) with |n((¢—1)/(2,q—-1))|<2= |a((¢+1/2,q-1))],

PSLy(q) with |a((¢® +q+1)/(3,¢—=1) | <2 = |a((¢®> - 1/3, ¢-1) ],

PSU;(q) with |2((¢* =g+ 1)/(3, ¢+ 1))| <2= |a((¢* -~ 1)/3, ¢+ 1)),

Sz(q?) with |m(q®—V2q+1)| <2 = |a(g®+V2q+1)|, |n(g®>—1)| <2,
where ¢2 =2/, or ¢ =2/ with f an odd prime;

Ree(¢?) with |m(q?—V3g+1)|<2= |a(¢®>+V3q+1)|, |alg?—1)| <
2= |n(q®+1)|, where ¢® =3/, with f an odd prime.

PROPOSITION 4. — Let G be a finite non abelian simple group. Then I(G) is
a forest if and only if G is in List A. Therefore, in any case, I'(G) is not a
tree.
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Proor. — The second statement follows immediately from the first. In fact
if G is not in List A and the first statement is true, then 7'(G) can not be a tree.
If G is in List A, then I'(G) is not connected (see [15], [8] and [9]).

If G is not a group in List A, we prove there exists three different primes
P, q, re (@) such that p ~ g ~ r~ p. We use the classification of finite simple
groups.

If G is a sporadic group, G = M,;, M, we can check in the Atlas [1] that
2~3~5~2,

If G=A,, the alternating group on n symbols, and » =9, we can choose
the following elements, with their respective orders:

|(12)(34)(567) | =6, [(12)(34)(56789)| =10 and |(123)(45678) | = 15.

Then also in this case we have 2 ~3 ~5 ~2.

Let now G =L, (q) be a finite simple group of Lie type of rank =, defined
over the finite field K of order ¢ = p/. We observe that if n <m, then ‘L,,(q)
contains an isomorphic copy of ¢ L, (q). It will therefore be sufficient to prove
the existence of three primes with that property for the groups of minimal Lie
rank, for any type.

We note that if the rank of G is greater or equal 3 or G is of type G,, then
g% — 1 divides the order of a maximal torus 7'. Similarly, if G = Bs, there exists
a maximal torus of order (q%—1)/(2,q—1), but a((¢>—1)/(2,q—1)) =
7(q®—1). Then if ¢ =11 and ¢ # 17, by Lemma 1ii), we know that |n(g®—
1)| > 2. We recall that the maximal tori are, in particular, abelian groups and
therefore if their order is divisible by more than three primes, the prime graph
of G can not be a tree. Therefore, if rank of G is greater or equal 3, or G is of
type B, or Gy, and ¢ =11, q# 17, I(G) is not a tree.

For the remaining primes, that is ¢ =2, 3,4, 5, 7, 8, 9, 17 it is enough to
make some calculations on the order of the centralizers of involutions or on the
order of other maximal tori.

For the groups of type PSL,(q), PSLs;(q), PSU;(q), Sz(q) and Ree (q) it is
sufficient to recall which are the connected components.

We now examine the almost simple groups G, that is S < G < Aut(S), with
S a finite simple non abelian group.

LEMMA 3. — Let G be an almost simple group such that I'(G) is a tree. Then
G is one of the following:

Aut (4g)

PSL,(p’) < a >, where p is a prime greater than 3, fis an odd prime and «
is a field automorphism of order f.

PGL(4, 3) <G < Aut(PSL(4, 3))

Aut (B3(3)),
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PSU(4, 3){0) < G < Aut(PSU(4, 3)), where ¢ is a diagonal automorphism
of order 2.

PGL(3, 4) <G < PGL(3, 4){a) with a a graph-field automorphism of or-
der 2.

PSL(3, q)a), with ¢ =9, 25,49 and o a field automorphism of order 2.

PGU(3, 8) < G < Aut(PSU(3, 8)).

Sz(2f 2)(oc) with a a field automorphism of order f.

ProOF. — It is enough to consider the groups in List A and check the con-
nected components of the prime graph of the subgroups of their automorphis-
m’s group, using [10].

We recall the definition of soluble radical of a group G: it is the maximal
soluble normal subgroup of G.

We can now describe the structure of the groups in which the prime graph
is a tree.

THEOREM 5. — Let G be a finite group such that I'(G) is a tree. If R is the
soluble radical of G, then

i) G = G/R is an almost simple group, that is S < G < Aut(S), with S a
finite simple non abelian group of List A;
ii) if G =1, then |n(R)| <3.

PRrOOF. — i) Let R be the soluble radical of G, G = G/R and F = F*(G) the
generalized Fitting subgroup of G. We note that the Fitting subgroup of G is

trivial and therefore F = H S;, with S; simple non abelian groups. If n > 1,

there exist two distinct odd primes p, g € w(S;), such that 2 ~q~p~2. But
this contradicts our hypothesis that I(G) is a tree. Then F = S is a simple non
abelian group and, by Lemma 4, S must be one of List A.

1) We can now suppose both R and G non trivial. Let S be the simple
group of List A such that S < G < Aut(S). We prove that

if PeSyl,(R) is a cyclic or generalized quaternion group,
() then p~s Y sea(S).

If N =Ng(P), then by the Frattini argument, G = RN. If C = Cy(P) is con-
tained in R, then N/C has a factor isomorphic to a non abelian simple group:
this contradicts the fact that N/C < Aut(P), which is abelian. Then RC/R = C is
a normal non trivial subgroup of G. Therefore C must contain an isomorphic
copy of S and s divides the order of C, for any sen(S). We also prove
that

(% *) if pen(R), 2 =p, then 2 ~sVsen(S).
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Let p be a prime in z(R) such that 2 -« p and P a p-Sylow subgroup of R. If
N = Ng(P), then by the Frattini argument, G = RN. If C = Cy(P) is not con-
tained in R, then RC/R = C is a normal non trivial subgroup of G. Therefore C
must contain an isomorphic copy of S and 2 divides the order of C, contradict-
ing our hypothesis. Then C < R, that is C< NNR. Since G =N/NNR, N/C
has a quotient isomorphic to G. Therefore 2 divides |N/C| and there exists an
element x in N, such that «x acts fixed points free on P and |xC| = 2. This im-
plies that xC is a central element in N/C (see [13]). Then for any s e w(N/C),
and therefore for any sen(S), we have 2 ~s in N/C and therefore in G.

If I'(R) is not connected and 7,(R) contains two distinct primes p, q, we
know, by Lemma 1, that p, q e (| F3/F'|), where I, is the second Fitting sub-
group of R, and F, is a Frobenius group. Therefore both the p- and the ¢-Sy-
low subgroups are cyclic or generalized quaternion.

If I'(R) is connected, then by the proof of Lemma 2 ii) we get that also in
this case we have two primes p, ¢ in z(R) such that both the p- and the ¢-Sy-
low subgroups are cyclic or generalized quaternion.

We can apply (*) to p and g, but this gives a loop in I'(G). Therefore I'(R)
contains at most 3 primes.

We now want to list all the almost simple groups G such that |7;(G)| =1
for any 1.

List B:

As, S5 Ag=PSL(2,9), PSL(2,9)a), with a a graph automorphism,
PSL(2,7), PSL(2, 8), PSL(2, 17), PSL(3, 4), Sz(8), Sz(32).

LEMMA 4. — Let G be an almost simple group such that |7;(G) | =1 for any
1, then G belongs to the List B.

ProOF. — 2, 3 e 1(S) for any group of List A, except for A5, Ag, PSL(3, 4)
and the two families PSL(2, ¢) and Sz(2/).

For the groups PSL(2, q), with ¢ even, we must have |n(¢—-1)|<1=
|m(q +1)|, that is |n(q2— 1)| =2. If q is odd, then we must have |7((q —
/2| <1=|a(g+1)/2]|, that is |7(¢®—1)| <2, since 8 divides ¢®—1.
Therefore we are in case ii) of Lemma 2.

If G = Sz(q), then g = 2fwithfan odd prime, and 75(G) U 74(G) = n(q* +
1). Since 5 divides 2% + 1, we can suppose that m3(G)= {5}. But ((4'+
1)/5,4+1)=(f,4+1) (see Lemma 4 ii) of [10]), and therefore the highest
power of 5 dividing |G| is 25. We conclude that ¢ =8 or ¢ = 32.

For the almost simple groups which are not simple, it is enough to consider
the automorphism group of these simple groups.

We now want to examine more closely the situation in which #(R) ¢ 7(G/R).
To do this we shall often need actions which are «nearly» fixed points free.
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When «nearly» means «except some elements of order a prime p», we have the
following definition. A group acts p'-semiregularly over a finite dimensional
Fvector space V, F a field of characteristic ¢, if every nontrivial p'-element
acts without fixed points over V\{0}. The action is said separable if ¢ does not
divide |G|, tnseparable otherwise. If the action is inseparable, then of course
p =t (see [6]). The groups acting p’'-semiregularly have been classified by
Fleischmann, Lempken and Tiep in [6].

Another result that we shall need concerns the action of Frobenius

groups.

LEMMA 5. — Let G be a group acting faithfully on a vector space V defined
over a field of characteristic t. If 0,(G) # 1, for some p #t, then for any q e
1(G/0,(G)), we have either p~q or t ~q.

Proor. - If @ e Syl,(G), we define N=0,(G) Q. Then if p=q, N is a
Frobenius group acting faithfully on V. Therefore by Lemma 1, iv) of [12]
there exists we V such that for any x e @, we have w*=w, that is £ ~gq.

We fix some notations. If I'(@) is a tree, then by Theorem 5 we know the
structure of G. Then we define

R =the soluble radical of G,

S =the only non abelian simple factor of G,

G =G/R,

N =the normal subgroup of G such that N/R=S.

We finally want to remark that if we have a faithful action of a group G on a
vector space V, an element g e G acts fixed points free over V if and only if
(% 11> 1g)n =0, where (.,.) is the inner product of characters, H = (g) and y is
the character defined by the action.

LEMMA 6. — Let R be the soluble radical of G, with I'(G) a tree.
i) If R is a t-group for some prime t not dividing |@ |, then G is one of
the groups of List B;
il) if w(R) = {p1, pe, p3}, then a(R) gn@) and either
® p,=2,p3=3and S=PSLZ2, r),withr="7,9, 17T or r=2°3"+ 1 and
r+1 =2t for some prime t, or
® n,=2 and S = As;
iii) if 7(R) = {pi1, p2}, and p, does not divide |G/R|, then ps=2, and
either
® S=A;or PSL(2,7), with r=7,9,17T or r=23"+1 and r+1 =2t
for some prime t, or
o S =2S2(8), Sz(32) or PSLy(8), or
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® S=A7, My, My, By(3), G2(3), Uy(3) or PSLy(q) and |m,(S)| <2
and |m;(S)| =1 for any i>2.

PROOF. — i) Let R be a t-group for some prime ¢ not dividing | G | . Let V be
Q,(Z(R)) and C be Cg(V). Then R < C| G, and therefore either C= N, and
therefore any connected component of (V) can contain at most one prime,
that is SeListB, or C =R and then we have an action of G on V.

It can be checked in the Atlas, that if S=A;, Ag, My;, My, A5(3); Bs(3),
G»(3), PSU,(2), PSU,(3), PSU;(2), 2F4(2)', then 2 ~3 ~t ~2.

For the groups PSL(2, p”), the character table can be easily deduced from
the one of SL(2, p/), which can be found in paragraph 38 of [5]. From these ta-
bles, one can see that if a connected component of I'(S) contains two primes
Sy, Sz, then s; ~t ~ s,. Therefore we only need to consider the groups of List B.

The same is true for the Suzuki groups Sz(q). In fact we want to prove that
for any character y we have that (14, x |z) # 1, for H=T,=(x) or H="T,=
(y) with |z| =q¢+V2q+1and |y| =q—\2q+ 1. We first consider the case
H =T,. From the table of characters of the Suzuki groups [2], it is easy to
check that this is true for any character y = @ ;. We only prove this case. We
first observe that the inner product of /7 and @, is

0=(I1,0)=q%q—-1(g—V2q+1)—q%qg—1(q—V2q+ 1)1 .er,0 (9))/4
= 21¢geT1@z(g) =4 = (1y, O, |H) =0,(1) +21¢gET1@l(g) >0.

The proof for T, is exactly the same. Then Sz(q) must belong to List B.

We observe that a p-Sylow subgroup of S acts on R. Since the 3-Sylow sub-
groups of PSL(3, q), PSU(3, q) and Ree(3/) are not cyclic, they cannot act
fixed points free. Therefore for these groups, we have 2 ~3 ~¢ ~ 2.

Therefore the only groups which admit a representation in coprime charac-
teristic are the groups in List B. Moreover for any group in List B we have
such a representation: if H € List B, and ¢ is a prime not dividing |H |, there
exists a group G = VH, where V is an elementary abelian ¢-group V on which H
acts, such that ¢t ~s, for any sea(H).

1) We first suppose that

F( R) _ 17'1 ’Pa P‘z

This implies that the p,-Sylow subgroups of K are cyclic or generalized quater-
nion groups. Then by () of Theorem 5, we have p, ~ s for any s € 7(S). There-
fore we can suppose that p; does not divide |S|. If R is a 2-Frobenius group
and F' is the Fitting subgroup of R, then R/F is a Frobenius group and we can
suppose that the Frobenius complement is a ps-group. Therefore we can apply
(*) of Theorem 5 both to the prime p, and the prime p;. This gives a contradic-
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tion, since |n(S)| = 3 for any simple group S. The same is true if the Frobe-
nius complement is a p;-group. Then R is a Frobenius group, with Frobenius
kernel F', a {p;, p. }-Hall subgroup of R. Let P, be a p;-Sylow subgroup of R,
Vi=92,(Z(Py)) and C; = Cz (V7). If C; is not contained in R, then C; must con-
tain N, but this gives a contradiction. Then C; = F and I'(IN/F) is connected. If
ps does not divide |S|, repeating the same argument, we get two actions of
N/F over V; and V3 = Q,(Z(Ps)), with P; the ps-Sylow subgroup of R. Since
I'(N/F) is connected, one of these actions must be fixed-points free. Therefore
N/F = SLy(5) and p, = 2. Otherwise p; divides |S| and then the action of N/F
must be ps-semiregular and separable. Therefore by proposition 5.2 of [6],
ps =3 and N/F = SL(2, r) with =7, 9, 1T or »=2%-3"+ 1 and r + 1 = 2-t for
some prime t. Or N/F = SL(2,5) and p; can be any prime. We conclude that
SL(2, r) < G/F < GL(2, r) and any of these groups can be realised, by theo-
rems 5.2 and 4.1 of [6].

We now suppose that I'(R) is connected and p; ~ ps ~p,. If O, ,,(R) #1,
then for example O,, (R) # 1, and a p,-Sylow P, of R acts fixed points-free over
0,,(R). Otherwise we can consider the quotient modulo O,,(R) and use a simi-
lar argument. We can then suppose that, for example, the p,-Sylow subgroups
of R are cyclic or generalized quaternion. Then by () of Theorem 5, we have
p2~ s for any sem(S) and therefore p; does not divide |S|. If O"(R) # R,
then G/OP'(R) is as in case 1. But this is not possible because in case 1 we
should have s~ p; for any sem(S), giving a loop. Therefore O ”H(R) <R
and we consider G = G/O {P» 72 P1(R). We recall that p; ~ ps ~ ps ~ s, for any
sen(S). If ps does not divide |S|, then we have a fixed points free action of
G/C, over V; = Q,(Z(P;)), where P, is the p;-Sylow subgroup of G and C, =
Ce(V1). If py divides |S|, we have a p;-semiregular and separable action and
we can conclude as before.

In both cases, we have seen that 7z(R) is not contained in 7#(G) and the di-
ameter of I'(@) is less or equal 3.

111) We suppose that I'(R) is not connected, 7(R) = {p;, p2}, and that p,
does not divide G/R. As in case ii), we can prove that R is a Frobenius group.
We first suppose that P, = Fit (R) = Fit (G), with P, € Syl,,, (R). Then by () of
the proof of Theorem 5 we have p, ~ s for any s e (S). If V; = 2 {(Z(P;), then
C, = Cs(V7)) is a normal subgroup of G. If C; is not contained in R, then C; =
N, and this gives a loop in I'(G), since 7(S) contains at least 3 primes. There-
fore C; = P; and I'(N/C;) is connected and the action of N/C; over V; must be
s '-semiregular for some prime s e 7(S). Then by Lemma 1.3(iv) of [6], we can
apply Proposition 5.2 of [6], concluding as in the previous case.

If P, = Fit(R) is the p,-Sylow subgroup of K, we can consider the group
G/P, and we are in case i), that is S € List B. Moreover we have an action of
G/C, over Vo, = Q,(Z(Ps)), where C, = Cq(V5). Since I'(G/C,) is connected, we
have C, = P, and the action must be p;-semiregular and inseparable. By theo-
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rem 4.1 and following of [6], we have p,=2 and G/R = Sz(8), Sz(32) or
PSL(2, 8). Any of these representations exist.

We now turn to the case I'(R) connected. Since R is soluble, we can suppose
that R = F'H, with F' a normal p;- (or p,)-Sylow subgroup of B and H a p, (or
pp-Sylow subgroup of R, and I'(R) connected. (It is enough to consider
OPrP2(R) or OP» P~ P1(R) and make the quotient). If F' is a p,-Sylow subgroup,
then the group G/F is as in case ) and I'(G/F) is connected. Moreover we have
a ps-semiregular action of G/F on F and therefore p, = 2 and S = Sz(8), Sz(32)
or SL(2, 8).

Then F' is the p;-Sylow subgroup of B and we define V; = Q,(Z(F)) and
C, = Cq(Vy). If C; is not contained in R; then using the same argument as be-
fore we get again p, =2 and S = Sz(8), Sz(32) or SL(2, 8). Then C; <R and
we consider the action of G/C; over V. If p, # 2, then 2 ~ p,, since O,(G/C;) =
1. The same is true for p,, and then we get a loop in I'(G). Then p, =2. If C; =
R, then SeListB and again S = Sz(8), Sz(32) or SL(2, 8). If C; <R, then
0,(G/Cy) #1, and we can apply Lemma 3, obtaining either s ~2 or s~ p;.
Therefore |7;(S)| =1 for ¢>1 and |7,(S)| <2. Then S can only be one of
these groups A;, My, My, PSL(2, q), B2(3), G5(3), Us(3). In any case
diam (I(GF)) < 3.

THEOREM 6. — If I(G) is a tree, then |n(G)| <8.

Proor. - If G is a soluble group, then |7(G)| <4 by Proposition 2.

If G is an almost simple group, then |n(G)| <6, except when G =
Sz(2f2) < a > with a a field automorphism of order f, in which case |7(G)| <8.

If ﬂ(R)gn(@) then by Lemma 6, |7(G)| <6.

Therefore the only case we have to consider is when n(R) cn(G). If Se
List A, then |n(S)| <7, except when S = Ree (¢?) and |n(S)| <8. We prove
that |7(G)\7(S) | < 1. If this set is not empty, then S must be a finite simple
group of Lie type and there exists an element a of G\S conjugated to a field
automorphism of order a prime fthat does not divide the order of S (see [10]).
We also know that 2 divides |Cs(a)|. Therefore if there are two distinct
primes f; and f; in 7(G)\7(S), we have f; ~2 ~ f, ~ f;, against the hypothesis
that I'(G@) is a tree.

For the case S = Ree(q?), we can also prove that |(G)\7(S) | is empty.
We recall that the characteristic of the field over which Ree (q) is defined is 3,
that is ¢ = 3™. Therefore, if fe 7(G) \7(S) and fis the order of a field automor-
phism o, then 3 divides |Cs(a) |. Then we have f~2 ~ 3 ~ f, against the hy-
pothesis that I'(G) is a tree.

We now show some examples. First we prove that the bound of the theo-
rem 6 is the best possible.
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ExXAMPLE 2. — This is an example of an almost simple group in which the
prime graph is a tree and |n(G)| =8.

Let S = %B,(q?), with ¢>=2° and G = S{a) where «a is a field automor-
phism of S of order 3. Then the connected components of 7(S) are described in
[8] and are the following

7 (8) = {2},

75(S) =n(q*—1) = {7, 73},

75(8) = n(q?—\2q+1) = {13, 37},
74(S) =m(q*+V2q+1)={5,109}.

Moreover, since Cg(a) = B,(2*), we have that n(Cs(a)) = {2, 5, 7, 13}
and therefore I(G) is a tree and |7(G)| =8.

If |7n(G)| =8, then the only other possibility for S are the Ree groups
Ree (¢?), when ¢% =3/, with f a prime. Let f be a prime, < 100, Ree (¢?) be-
longs to the List A if and only if /<11 and in these cases |Ree(¢®)| <7.
Moreover the problem of finding a prime f such that 3'—1=2¢ and 3/+1=4r,
for some primes 7, t, is equivalent to the «twin prime problem», which is still
unsolved. We therefore don’t know if there is any example of this type.

We now show an example with R # 1.

EXAMPLE 3. — This is an example of a group G such that |n(R) \7(G) | =2
and I'(G) is a tree, showing that also the bound in Theorem 6 ii) is the best
possible. Moreover this is an example of a group S e List A such that for any
group H with S < H < Aut(S), we have that I'(H) is not a tree, while there
exists a group G with S as a composition factor and I(G) a tree.

We consider the group M = SL(2, 5) and its complex character y = 6 (see
par. 38 of [5]). Let ¢ be the corresponding complex representation of M of de-
gree 4 and V be the MC-module. Easy calculations shows that (y |z, 1z)z =0
for any cyclic subgroup H of M except for the subgroups of order 3. By theo-
rem 3.8 (see chapter 3) of [3], for any prime p coprime with the order of M,
there exists a field F;, ¢ = p" such that for any irreducible representation of M
in GL(n, C), there is an irreducible representation of M in GL(n, F,).

Let then Q = F/, q as just described and suppose also that p # 29. Then @ is
an elementary abelian p-group and we can make M acts 3'-semiregularly over @),
while an element of order 3 of M centralizes a non trivial element of Q.

Let now P be an elementary abelian group of order 29%, then there is a
fixed points free action of M over P (see exercise 3.4.11 of [4]). If F =P x Q,
then M acts over F' in the way we have just described. Let G = FM, then the
soluble radical R of G is F(z), where (z) = Z(M) is a cyclic group of order 2,
a(R)\n(@) = {29, p} and
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is a tree. We have already observed that neither I'(45) nor I(S5) are trees.
In a similar way we can construct examples for the groups described in
Lemma 6 i), ii) and the first two cases of iii).
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