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On the Range of Elliptic Operators Discontinuous
at One Point.

CRISTINA GIANNOTTI

Sunto. — Si considerano operatori uniformemente ellittici del secondo ordine in forma
non variazionale, L, a coefficienti misurabili e limitati in R? (d = 3) e continui in
RIN{0} e si prova il seguente risultato: se QCR? & un dominio limitato, allora
L(W?P(Q)) é denso in LP(Q) per ogni pe (1, d2]

Summary. — Let L be a second order, uniformly elliptic, non variational operator with
coefficients which are bounded and measurable in R? (d =3) and continuous in
RIN{0}. Then, if QcR? is a bounded domain, we prove that L(W? P(Q)) is dense
m LP(Q) for any pe (1, d/2]

1. — Introduction.

Let £ be the class of second order, uniformly elliptic, non variational oper-
ators L with bounded measurable coefficients in R? (d = 3). Also, for any p e
(1, + ) and any bounded domain 2 c R?, let R(p, L) be the subfamily of the
operators satisfying L(W??(Q)) = L?(R2). We recall that if L has second or-
der coefficients continuous on Q then L € R(p, Q) for every p > 1; actually if
Q is also smooth then it is known that L(Wfé”(!))) =LP(Q).

On the other hand, there exist operators with discontinuous coefficients
which belong to R(p, 2) for every p>1. Examples of this kind are the
operator

d
S, =ad+(1-da) 2,
i,j=1 |a|* dw; d;
which is discontinuous at the origin of R? (see [2], [4], [7]) and the
operator
;2 32

3
U, 1= ad + (1-3a) >
i, =1 ()% + (22)* Ou; Ou;

which is discontinuous on the x; axis of R?® (see [8], [1]).
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At the same time, in [5] it is proved that there exists an elliptic operator L,
in R® with coefficients which are discontinuous on a circumference C and Hold-
er continuous on R*\C and which is not in R(p, Q) for any p > 2 and Q>C. It
is therefore natural to ask which conditions on the coefficients imply that an
elliptic operator belongs to R(p, Q).

In [5] the following characterization of R(p, £2) has been given: Le
R(p, Q) if and only if there is no nontrivial solution to L *u = 0 with support in
Q. Moreover, it is proved that if L is Lipschitz continuous outside a closed set
N of measure 0 and such that R?\N is connected, then L is in R(p, 2) for all
p >1 and any bounded domain £. This result is obtained as consequence of a
unique continuation theorem for L* in R?\N.

The previously quoted operator L, shows that, in general, the condition on
the Lipschitz continuity on RY\N of the coefficients cannot be removed. How-
ever we expect that this can be done if the set N is of some special kind. Note
also that, if L has merely continuous coefficients, then the unique continuation
for L and L™ fails and the technique of [5] cannot be used.

In this note, we consider the case of operators L which are continuous on
R?\{0}, with no other condition on the regularity of the coefficients. We show
that these operators are in R(p, Q) for any 1 < p < d/2 and any bounded do-
main QcR%

2. — Range of Elliptic Operators discontinuous at one point.

Let £ be the family of the uniformly elliptic, second order operators of the
form

d 2 d

.9 .0

L:= Za“ +§:bf—+c,
i,j=1 890“996] j=1 aac]

with bounded, measurable coefficients, defined in R?¢, (d = 3), satisfying

d
(aP?<M?, X BI)P<M? -M<c<0,

i,j=1 Jj=1

M=

<
Il

d
z (I/U/’{Llljaallw, VleRd
Q=1
for some positive constants M and a. We will use the summation convention
and L will be written as L=a"75; ;+b/9; +c.
We begin with an approximation lemma.

LEMMA 1. — Let D be a smooth bounded domain in R and let L e £ with
continuous second order coefficients in D. Let 1 <p< o and seL? (D)
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(p'=p/(p—1)), satisfying

[sLgdr=0 veecr ).
D

Let L, e £, L,= a7 3; j+b) 9;+ ¢,, with coefficients in C* (D) and the same
o and M as L. Let us also assume that

)] laj7 —abi|lpog—0, bj—bi, e,—c ae in D.

Then there exists a sequence {s,}, with each s, smooth on D and such
that

2 Lys,=0in D,  lim s, — s

LP' (D) = 0 .

Proor. — Let Wl_?’p (@D) be the Banach space of the traces on 9D of the
functions in W ?(D) and let X? its dual. By standard facts on elliptic equa-
tions (see e.g. [3] and [6]), it can be checked that there exists a unique T e X”
which satisfy

stvdac= TgL(ﬁ
E oN

(N outward normal to 9D) and

) Voe W2 7(D)
aD

3 kyllsllze oy < ITE |lxr < Kallsllze o)

where k; and k, are two constants depending on d, D a, M and the modulus of
continuity of a /. Note also that if L is smooth on D then s is smooth on D, it
satisfies the equation L*s =0, ;(a"’s) — 9;(b’s) + c¢s =0 and we can write

. 1
TE(@) = fsa“-’Niquodo VoeW!' ,7(3D).
aD
Now, it is possible to find a sequence of smooth functions {¢,} such that, if we

set T,(¢) = ftna,,f’jNiN,mda, then
aD
4) nlilr%c ”Tn - TsL ||Xp =0.

Moreover, if s, is the (unique) solution to L,s,=0 in D with Suap =ty
then

) kills, e oy < T llxe < Kalls e -

By (1) and the fact that each L, e . with the same constants o and M as L, we
may use the same k, k, in (5) and (3).
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Let us now define
1w = Lll:= 2 flasi? = a* ooy + 2 o3 = 07l + llew = ellv o
The limit (2) is proved if we can show that
(6) s = sllzr ) < kCLy = LI+ 1T = T ).

To prove this, let fe LP(D) and uveé”(D) the solution to Lu=f in D.
Then

fsn(Lnu —Lu)dx|.
D

<

(M +

f(sn —s) fdx
D

f(sLu — s, L,u) dx
D

By (4) and (5), there exists a k3> 0 so that [|s, || () < k5. Therefore

® fSn(Lnu’ — Lu) dw | <kg|[(L, — L) ullyrpy < kg 1Ly, — LI fllo oy -

D
Moreover
0 o
) f(sLu—snLnu)dx - ‘T(—“ )—TSL(—“ ) ‘ <
D ON |a&p ON |ap

ou ‘
ON

I, - ¢ < ks[|T, = T o llullwe. » < K |7 = T Lo £l

pr W= pap)

From (7)-(9), (6) follows immediately. =

LEMMA 2. — Let L € £ with continuous second order coefficients and let D
be a smooth bounded domain in R% Let also se L? (D) be a function satisfy-

ing st(p de =0 for any ¢ € W& P (D). Then
D

(10) f|s|L(pd9020 Voe W&P(D), ¢=0.
D

Moveover, if supp(s)c D, the claim is true for every ¢ e W»?(D), ¢ = 0.
PROOF. — Let ¢ ,(t) be the C*! function
[t if [t|=e

(1) = t*
¢ + — if |t <e.
2¢

Assume first that L has C* coefficients and hence that s e C * (D) and it satis-
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fies L*s=0. We have that ¢,(s) e C (D) and that

1 z . '
—a’73;58;s + (E — S_)(<97 jatl=39;b7+c) if |s|<e
L*(p.()=1 ¢ 2 2¢)

0 if [s|=e.

Now for any ¢ e Cy" (D), ¢ =0

fqbg(s) Lodx = fL*(gbs(s)) pdr=
D D

1 .. e s? o ‘
—a"'9;89;s+ | = — — (9 ;a"’ = 3;b'+¢); pdx =
s|<e UE ! 2 2 ! !

£ f(8i,jai’-7—8jb-7'+c)g0dx—% f |0, ;07— 3;b7 + ¢|@du .

s] <e [s| <e

Since the last two terms tend to 0 as ¢ —0, it follows that
f|s|L(0dac20 Voe W& P(D), ¢=0.
D

Now, assume that L has continuous second order coefficients and let L,— L,
where each L, is with smooth coefficients as in Lemma 1. So there exists {s, },
s,€C” (D), such that L}s,=0 and s,—s in L” (D). Then

<

=

f|s|L¢dm—f|sn|Ln¢d9@
D D

+

[(s = 180 1) Ly g de
D

fISI(L(p—ano) <
D

n— ©

S ||8n - SHLP'(D) ||Ln §0||LP<D> + ||S||LP'<D> ||Ln - L” ”@”W“’(D) —0

From the previous discussion on the operators with smooth coefficients, (10)
follows. The last claim is straightforward. =

THEOREM 1. — Let Le £ with continuous second order coefficients in

RI\{0}, d=38. Then Le R(p, Q) for any 1 <p sg and any bounded do-
main QcR%

PRrooF. — Clearly, we just need to consider the case 0 € Q. In what follows,
B, denotes the open ball of radius » and center 0.
Let R be so large that B> Q2 and let ¢ =1 — (| |/R)N, which is smooth
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and positive on By and vanishing on dBp. Moreover, from the expression

|9€| )NZ
Lo=—| 1 — .
o= (1

NN-2) & wwy NS 0 NS
[ D TR L =L Sl

R® - ||®
it follows that N > 2 can be chosen large enough so that Loy < — (%)

Consider also some nonnegative y e C “[0, + ) which is identically 0 on a
neighbourhood of [0, 1] and identically 1 on a neighbourhood of [2, + «) and,

for any 0 <e<R/2, let us define wg(x)zw(ﬂ). Finally, let ¢,(x) =
&

@(x) . (x), which is smooth on By, equal to ¢ on R?\B,, and identically 0 on a
neighbourhood of B,.
Let se L? (RY) be a solution to L*s = 0, with support in 2. By Lemma 2,

we have that 0 < f |s|Le.dx= f |s|L¢.dx and hence that
Bpr Q\B,

0< f |s|L(gy.) dx + f |s|Lodx <

By, \B, Q\By,
N-2
f Is|Ligy,) dx — f |s|(|%|) de .

By \B Q\By,
Then

N-2
f |s|(|1%|) da <

‘Q\BZE
f |s|[{y.Lo+@(L—c)y.+2a"7 6,y 0,9} du.
e<|w| <2¢
Since 9. =0 and Lp <0 in e < |x| <2¢, we have

N-2
f |s|(%) de < f [s[{oL —c)yp.+2a"7 0,y 8¢} d<

Q\Bs, s<|x\ <2¢

20" L@
f |S|{ A

e<|w|<2e |x| €

R o abau; o
(”’ |l|]2+”’é(“]’]_ | |;])ﬁ””’ébj|_])]d”
X X X X
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Therefore, there exists C' > 0, which depends only on d, M, a, r and N such
that

2ab7

x<
aﬂ”/)é—l"‘
||
o x o abau; o C
% abiyr = ]2 +y! a“—% i-}—sz/);b]—] < —
€ || || || | €

in e <|x|<2e Then

K N2 C (dlp) -2 1p(od 1/
[s|| == de < — |s|dw < Ce'P)=2|s||0 | By | VP (20 — 1)P.

Q\Bs, R € s<|x|<2£ N2
Since (d/p) —2 =0 as e —0, we get that f |s|(%) dx =0 and hence that
Q

s=0 a.e. in R%. This implies the claim by the characterization of R(p, Q)
in[5]. =

REFERENCES

[1] O. ARENA, On the range of Uraltseva’s Axially symmetric Operator in Sobolev
Spaces, Partial Differential Equations (P. Marcellini, G. Talenti, E. Vesentini Eds.)
Dekker (1996).

[2] D. GILBARG - J. SERRIN, On isolated singularities of solutions of second order ellip-
tic equations, J. Anal. Math., 4 (1955-56), 309-340.

[3] D. GILBARG - N. S. TRUDINGER, Elliptic Partial Differential Equations of Second
Order, Springer (1983).

[4] O. A. LADYZHENSKAYA - N. N. URAL'TSEVA, Linear and Quasilinear Elliptic Equa-
tions, A.P. (1968).

[6] P. MANSELLI, On the range of elliptic, second order, nonvariational operators in
Sobolev spaces, Annali Mat. pura e appl.,, (IV), Vol./ CLXXVIII (2000), 67-80.

[6] J. NECAS, Les Méthodes Directes en Théorie des Equations Elliptiques, Masson
Paris 1967.

[7] C. Pucci, Operatori ellittici estremanti, Annali di Matematica Pura ed Applicata
(IV), Vol. LXXII (1966), 141-170.

[8] N. N. URAL'TSEVA, Impossibility of W ? bounds for multidimensional elliptic op-
erators with discontinuous coefficients, L.0O.M.1., 5 (1967), 250-254.

Cristina Giannotti, Dipartimento di Matematica e Fisica, Universitd di Camerino,
Via Madonna delle Carceri, 62032 Camerino (Macerata) Italy
e-mail: giannotti@campus.unicam.it

Pervenuta in Redazione
il 19 aprile 2001



