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Bollettino U. M. 1.
(8) 4-B (2001), 609-633

Stationary States for a Two-dimensional
Singular Schrodinger Equation (*).

PaorLo CALDIROLI - ROBERTA MUSINA

Sunto. — In questo articolo studiamo problemi di Divichlet singolari, lineart e semili-
neart, della forma — |x|?Au = f(u) in Q,u =0 su 92, dove 2 ¢ un dominio in R% e
fw) =2u o flu) =u+ |u|?~2u con p>2 (o nonlinearita pin generali). In tali
problemi bidimensionalt emergono alcune difficolta a causa della non validita
della disuguaglionza di Hardy in R? e a causa delle invarianze dell’'equazione
— |2 |2 Au = f(u). Pertanto opportune condizioni su A e 2 sono necessarie al fine di
garantire Uesistenza di una soluzione positiva. Per esempio, se I € una curva non
costante passante per l'origine e I, ¢ una curva non limitata, allora la disugua-
glianza di Hardy vale su qualungque dominio  contenuto in RE\(I'yUT ) e si
possono ottenere alcuni risultaty di esistenza.

Introduction.

In this paper we deal with the stationary singular Schrodinger equation in
the limit case of «strong force» (see [9])

0.1) —Au =2

where Q is a domain in R? and AeR. We will also consider the nonlinear
version

0.2) —Adu =

where g e C(R) is a superlinear function, e.g., g(u) = |u|? "2 with p > 2 (see
Section 3 for the precise assumptions on g).

We focus our attention on two-dimensional domains since, as discussed in
[8], this case exhibits some special features that are not shared with any other

(*) Partially supported by M.U.R.S.T. Progetto «Equazioni differenziali e calcolo
delle variazioni». The first author was partially supported also by the Italian National
Research Council (C.N.R.).

1991 Mathematics Subject Classification: Primary 35J25; Secondary 35 J 20,
35J 10.
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dimension. Let us note that some results concerning equation (0.2) and the
corresponding Dirichlet problem were already proved in [8], while for varia-
tional, singular elliptic problems in dimensions different from two we refer,
e.g., to the papers [10], [2], [3], [12], [13], [5] and [T7].

The most striking phenomena related to equations (0.1) and (0.2), that ap-
pear only in dimension two, are:

® Tailure of the Hardy-Sobolev inequality in R? (see, e.g., [4]), in any
domain containing the origin and in any exterior domain, that is, a domain with
compact complement. This means that if © is a domain containing 0 or if Q2 is
an exterior domain, then the value

03) Sp(.Q)=inf[ f|Vu|2;uec;°(Q\{0}),f ||“:: :1]
Q Ie] X

turns out to be zero for every p = 2.
Sflw)
Edh
x—7rx (r>0) and with respect to the Kelvin transform x— iz, whatever
feCR) is. ]

® Invariance of the equation —Au = with respect to dilations

A consequence of these facts is that when £ is a domain containing the ori-
gin or when £ is an exterior domain, for 1 > 0 equation (0.1) admits no positive
(super)solution, even in a very weak sense (precisely, in the sense of distribu-
tions in 2\{0}, see Proposition 2.1).

These remarks lead us to start by examining the class of those two-dimen-
sional domains on which the Hardy inequality holds, i.e., such that S,(£) >0,
(that we call Hardy-admissible domains), and then by studying the corre-
sponding linear problem.

For instance, as already noted in [8], any proper cone in R? turns out to be
a Hardy admissible domain. In fact, the property of Hardy-admissibility de-
pends just on the shape of the domain at the origin and at infinity. More preci-
sely, we can show that the Hardy inequality holds true in any domain Q con-
tained in R2\(I'yU T ) where I'; is a (non constant) curve such that 0 eI’
and I, is an unbounded curve. Actually, more general situations can be consi-
dered, see condition (H) stated in Theorem 1.4.

Whenever the domain £ is Hardy-admissible, as it happens in the above
described situations, then one can study the minimization problem correspon-
ding to the definition of S,;(£2). However, the invariance properties noted at
the beginning reflect on phenomena of concentration at 0 or vanishing, and
then on a possible lack of compactness of the minimizing sequences for S,(£2).
This lack of compactness depends again on the shape of Q near 0 and at
infinity.
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In Theorem 2.3 we state a sufficient condition for compactness and hence
for existence of a positive eigenfunction for the problem

u
—Au =21
(0.4) ||?

u=>0 on 082

in

on a Hardy-admissible domain. This condition fits into the spirit of the concen-
tration-compactness principle [11].

As a particular case we can prove that the eigenvalue problem (0.4) admits
a positive solution when Q =R*\I', , and I', ;= {xeR*: 0 <ux;<a, v, = b},

provided that % > ( is small enough.

In the second part of the paper we deal with the semilinear Dirichlet
problem

~Au="—"—"""""inQ
0.5) | |2

u=20 on 0Q .

As in the linear case, some non existence results are known when the do-
main £ contains the origin or it is an exterior domain. For example, as proved
in [3] and [8], because of the quadratic behaviour of the singularity at the ori-
gin, for p>2 and 0 € 2 equation

has no positive solution, even in a very weak sense and also in higher dimen-
sions. In addition, by the Kelvin invariance, when Q is an exterior domain in
R? the same non existence result holds (this occurs only in dimension two). In
these cases there is no variational setting suited to study the corresponding
Dirichlet’s problem, because there is an intrinsic lack of topology.

Therefore we restrict ourselves to study problem (0.5) assuming that the
domain £ is Hardy-admissible. In this case, S,(£2) > 0 for every p > 2 and, for
a nonlinearity g € C'(R) of the form g(u) = |u|"’2u with p > 2, we can intro-
duce a nice variational setting suited to study problem (0.5). Moreover, for A <
S, (L) the variational functional associated to (0.5) turns out to have a moun-
tain pass structure.

As for the eigenvalue problem, a lack of compactness may occur, because
of the dilation and Kelvin invariances. Nevertheless, we can state a criterion
ensuring that problem (0.5) admits a positive solution (Theorem 3.1). Let
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us note that a similar argument to recover some compactness was already
used in [6] for a critical degenerate elliptic problem (see also [5]).

Finally, in Section 4 we illustrate some existence examples for problem
0.5).

1. — On the Hardy-Sobolev inequality in two dimensions.

Aim of this Section is to introduce a variational setting suited to study pro-
blems (0.4) and (0.5). As already observed in the Introduction, some difficul-
ties arise because of the dimension two of the domain. Indeed, let us remark
that in the N-dimensional case with N =3 the Sobolev inequality holds true
and one can take advantage from that in order to define the standard Sobolev
space Dy () as the completion of C,” (2) with respect to the Dirichlet norm. It
is known that D} (L) turns out to be a Hilbert space endowed with the norm
Vai||,,2. Moreover, for every a e [0, 2] the space D¢ (£2) is continuously embed-
2N~ D (see

[4]). In particular, for o = 0 one recovers the Sobolev embedding (p(, = NZ—NZ ),
while for a =2 one gets the Hardy inequality (p, = 2).

All the above statements cannot be taken for granted at all when £ is an
arbitrary domain in R2. More precisely the lack of a Sobolev embedding in di-
mension two is an obstruction in order to define in a similar way the space
D¢ (R). Indeed, in general if Q is an unbounded domain in R?, the completion
of C.”(£2) with respect to the Dirichlet norm is not contained in any space
L?(Q) for pe[1, + «]. In addition, the Hardy inequality fails in dimension
two and the values S,(£2) defined in (0.3) turn out to be 0 for every p=2if 0 e
Q or if Q is an exterior domain.

Our goal is to introduce a class of domains in R? for which S,(2) >0 for
every p = 2. This will allow us to state a well-posed definition of the space
D¢ (R) as in the higher dimensional case.

ded into the weighted Lebesgue space L "« (Q, % ), where p, =
X

DEFINITION 1.1. — We say that a domain Q in R? is Hardy-admissible if the
Hardy inequality holds in 2, that is, there exists C'>0 such that for every
ueC.7(2)

In this case we set
uZ

1{’(9)=inf[ f|Vu|2:ueCc°°(9),f—2 =1}.

Q X

s ||
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REMARK 1.2. — Note that if 0 € Q then Q is not Hardy-admissible. Moreo-
ver, by the invariance with respect to the Kelvin transform, also in case £ is an
exterior domain, £2 cannot be Hardy-admissible.

LEMMA 1.3. - If a domain Q in R? is Hardy-admissible, then the comple-
tion of C.~ () with respect to the Dirichlet norm, denoted D} (R), is a Hilbert
space endowed with the norm |[ulpg = |[Vull,2. Moreover D (2) is continuou-

sly embedded into LP(Q; d

|]®

)for every pel2, + «).

PRrOOF. — The fact that D{ (L) is a Hilbert space endowed with the Dirichlet
norm immediately follows by the assumption that the Hardy inequality holds
in Q. In order to prove that D{(£2) is continuously embedded into
L”(Q; |d972 ) for every p e [2, + %), first of all, we point out that 2 c R?\{0}

X
(Remark 1.2). Setting ¢(s, 0) = (e’cos 0, e’sin 0), we have that ¢ is a diffeo-
morphism between R x S! and R%\{0}. Moreover, if uweDj(L2) and v=
wo¢=®u), then ve Hy (R xS), |Vu|?=¢ > |Vv|* ae., and

uZ
(1.1) f|Vu|2=f|Vv|2, f > =f02,
Q b3 ||

Q p)

where X =¢ 1(2)N (R x [0, 27)). Hence D (2) =:{(uo¢)|s: ueDJ(2)}
is a Hilbert space endowed with the Dirichlet norm and is isomorphic to
D{ (), through the mapping @. In addition, since 2 is Hardy-admissible and
(1.1) holds true, the Poincaré inequality holds in Dj(X) and then Dj(X) is a
subspace of H1(X). In particular, by the classical Sobolev embedding Theo-
rem, Dq} (2) turns out to be continuously embedded into the spaces L?(X) for
all pe[2, 4+ ). Since for every ueC, ()

fluogblp:fﬂ
= o |xf?

using the isomorphism @, we conclude that D () is continuously embedded

into L”(Q; de

||

) for every pe[2, + o). =

2

As already noted, in order that a domain in R? is Hardy-admissible, it can-
not contain the origin and it cannot be an exterior domain. In the next Theo-
rem we introduce a quite general condition on the domain ensuring that it is
Hardy-admissible.
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THEOREM 1.4. — If Q is a domain in R? satisfying the condition:

(H) there exists a finite or countable family of connected sets I',,c R* of po-
sitiwe capacity such that:

(G) R?\Q>T, where I' = LnJrn,
(i) I' is unbounded and the origin is an accumulation point for I,
|]

log—‘: xe

(i) supo(l, I,s )<+ where o, I',.1)= inf{ ]
n Y

r\0}h yel, {0},
then 2 is Hardy-admissible.

REMARK 1.5. — According to Theorem 1.4, the Hardy inequality, that fails in
R?, in fact holds in any domain £ contained in R*\(I"yU I',,) where I'; is a
non constant curve passing through the origin and I",, is an unbounded curve.
Clearly this includes every proper cone in R? with vertex at the origin.

PRrOOF Let ¢ be the diffeomorphism between R x S* and R*\{0} introdu-
ced in the proof of Lemma 1.3, and let = ¢ (). By (1.1), 2 is Hardy-ad-
missible if and only if the Poincaré inequality is satified in X with respect to
the class of functions C,*(2) = {ve C”* (R X SH: supp vcX }. Under the dif-
feomorphism ¢, condition (H) is equivalent to:

(H)' there exists a finite or countable family of connected sets F,c R x S! of
positive capacity such that:

(i)'(R x SH\S>F, where F =: UF,,

(i)’ infp,(F) = — o, supp;(F) = + o, where p;: RXS'—R is the
projection with respect to the first component,

(111)’ Supdl(F7uF'n+l)< + 0, where dl(Fn’Fn+1):inf{|s_S,| :
(Sv Q)EFW/? (S,; 0’)eF’n+1},
Hence, if (H)' is fulfilled, taking s > sup d,(F,, F, ,;) and X; = ((js,(j +

1)s) x SH) N X, then for every jeZ there exists n; such that F”jﬂZj is
a set of positive capacity. Therefore, we have that

fvzsCf|Vv|2 for any veC,*(X),
2

2

with C>0 independent of v and j (C depends just on the diameter of
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2;). Adding on j we find

fv2$Cf|Vv|2 for any veC.”(2),
P P

that is, the Poincaré inequality on X holds. =

2. — The linear Dirichlet problem.

In this Section we study the existence of positive solutions for the eigenva-
lue problem

in

2.1) |90|2
u=20 on 0Q

with 1> 0.
First of all, we state a non existence result, concerning the case of domains
containing the origin and exterior domains.

PROPOSITION 2.1. — If Q is a domain in R* containing 0, or if 2 is an exte-
rior domain in R?, then for every A >0 the equation

admits no non negative supersolution in the sense of distributions in 2\{0},
namely there is mo function weLp (2\{0}), =0, u=0 such that
- quga Blfu—(p for every ¢ e C.>(2\{0}), ¢ =0.

Q Q

||®

REMARK 2.2. — The non existence result stated in Proposition 2.1 holds only

2

in dimension two. Indeed, in the N-dimensional case for every A < (% — 1)

the equation — |x|*Au = Au admits (very weak) positive solutions on RV \{0}
of the form u(x) = |x| # for a suitable choice of g =B(N, A).

ProoF. — By the invariances of (0.1) with respect to dilations and to the
Kelvin transform, we may assume that Bc Q where B= {xeR*: |x| <1}.
Suppose that there exists a positive supersolution to —Au = l% in the sense
of distributions in Q\{0}. Then, by standard regularization arguments,
—qugaBl "% for every ¢eC2(2\{0}), ¢=0. For every neN let

Q

Q ]
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P, (1) =JT< logr 1) (r>0) and
logn

(siny,(|x]))? as 1 <|x| <1
@, () = n

0 elsewhere .

Then ¢, e CZ(2\{0}), ¢, =0 and, after calculations,

fu% f do. < fuwn '

logn o |xl?
Since =0 and u##0 on any neighborhood of 0 (otherwise =0 on ),

fqu,; > ( for every ne N. Then A < 37
o |l logn

concludes the proof. =

for every n e N, namely A < 0. This

The above non existence result leads us to study the eigenvalue problem
(2.1) when the domain Q is Hardy-admissible. In this case the space D¢ (L) is
well defined (see Lemma 1.3) and we can look for positive solutions to (2.1) as
extremal functions corresponding to the continuous embedding of D¢ (L) into

LZ(Q; %), namely as minimizers for the problem
X
’M/Z
2.2) /'L{I(Q)=inf[f|Vu|2:ueDO1(Q),f—2=1].
Q e ||

Our first goal is to state a criterion ensuring that A7(Q) is attained in
D¢ (). To this aim, let us introduce the values:

M) =sup A QnNB,), AT .(Q2)=supr{(2\B,),

>0 r>0
with the agreement that 17 (U) = « if U = ¢. Note that, since Q2 is Hardy-ad-
missible, also 2 N B, and Q\ B, are (when they are non empty), and A4 (2 N
B,)>0 and AY(Q\B,) >0 for every r>0. Moreover the mappings
r—>A1(QNB,) and r— A1 (Q\B,) are respectively non increasing and non
decreasing, and A%(Q) < min{A¥ ((Q), 1¥ ..(2)}. The following criterion
holds.

THEOREM 2.3. — Let Q be a Hardy-admissible domain in R%. If
(2.3) 2H(Q) <min {17 o(Q), 2{ . ()}

then A(Q) is attained in DI (RQ).
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PRrOOF. — For every ne N let 2, = {er Lo || <n}. For n e N large
n

enough £, is non empty and by standard arguments there exists u, € H} (2,
such that

2
f il :1a flvun,|2:l{{(9n)7

|90|2 o

and u, is a positive solution to

[ i Q,

T 2
(2.4)
u=0 on 09,

with 2 = 21(R,,). Moreover one can easily verify that 17(2,) = A1(Q,, ) for
all neN and 2111(Q,) — 11 (Q) as n— o . Hence the sequence (u,,) is bounded
in D§(Q) and, for a subsequence, converges to some u e D} () weakly in

D) and in Lz(g- d

) and pointwise a.e. in . Then % = 0 and, by wea-

kly lower semicontinuity, f ToF S <1 and f |Vu|* < 27(Q). Clearly, if f EE

1, then by (2.2), one has f|Vu|2 AH(Q) namely 14(Q) is attalned If0<

f(un—u)z f“v% _f u22+o(1)=1—f u22+0(1)
Q

|@|? || o |l

Q

[ 19 = 2= [ 190 2= [ 190+ o1) = 2202 = [ 192+ (1)
Q Q Q Q
we infer that

f|V(un—u)|2 /I{I(Q)—f|Vu|2
@) <= — = 2 +o(1)
f(un—u) u

o el o |af?

and then

S 1vup?

Q) > ——r
u

o |af?
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2
in contradiction with (2.2). Hence the case 0 < f % < 1 cannot occur. Final-
0 X

.
ly, to exclude also the case f % =0, namely u =0, we use the hypothesis
0 X

(2.3). For every ¢ > 0 there exists 7, > 0 such that /(2 NB,) =¥ () —¢
and 7., > 7, such that A¥(Q\B,,) =¥ .. (2) —e. We claim that

”:
(2.5) f|Vun|2%0, f ”2 -0,
U ||

U

for every open, bounded set Uc 2 such that 0 ¢ U. Assuming for a moment
that (2.5) is proved, we conclude that

lllq(ﬁg) = f |Vun |2+0(1)
Q

= f | Vu, |2+ f | Va,, |2+ o(1)

Q0N By, Q\B,,,

=24(QnNB,) f +25(2\B,,) f

QNBy, x| Q\B,,

2

> (W (@)~ ) f _+ Gl m<9)—s>f

QN By € Q\B,,,

= min {1¥ (), A1 ()} —e+0(1).
Thus, for the arbitrariness of ¢, we obtain 1§ (2) = min {1 ((Q), A% . ()},
contrary to the assumption (2.3). Hence it remains to prove the claim (2.5). Let
U be an open, bounded subset of £ with 0 ¢ U. Firstly, we have that z}[ |7:0—;2 —0
because (u,) c H*(U), u, — 0 weakly in H*(U) and then strongly in L2(U). Se-

condly, let y e C;* (R*\{0},[0, 1]) be such that y =1 on U. By (2.4) we have
that

f Vo, V) =

n

By the previous part f x - —0. Moreover the sequence (A1(L,)) is boun-
ded and then

fv%-V(Xun) —0.
Q
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Hence

flvu” |zs leVun|2
U Q
Q Q

< (fu,?|Vx|2)l/2(f|Vun|2)1/2+0(1)
Q (o]
=o0(1),

because (u,) is bounded and converges to 0 strongly in LZ2(supp x). Therefore

(2.5) holds true and the proof is completed. =

In the second part of this Section we focus on the case 2 = R%\T a, b, Where
I,py={reR*:0<wx <a,x, =b}, being b=a>0.As noted in Remark 1.5, Q
satisfies the condition (H) and then, by Theorem 1.4, it is Hardy-admissible.
Moreover, by the dilation invariance, the minimization problem (2.2) as well as
the eigenvalue problem (2.1) are equivalent to the corresponding problems for
the domain R*\T;, 4 for every ¢>0. Hence, without loss of generality, we
may reduce ourselves to consider the domains

QGZRZ\F(%
where I's = {xeR2: 0w <o,x,= %}, and 6 € (0, 1]. Our goal is to show

the following result.

PROPOSITION 2.4. — There exists 0, (0, 1] such that for every 6 (0, &)

the value A1 (Q,) is attained in Di(Q ;). Moreover A{’(Qd)%% as 0—9,.

The proof of Proposition 2.4, is based on the following auxiliary results. The
first one concerns the limit case 0 =1.

LEMMA 25. — 24(2,) =i and it is not attained in D¢ (R24). Moreover

AR ,NB,) =11(Q,\B, = i for every r>0.

Proor. — With the change of variable ¢(s, 0) = (e®cos 0, e’sin ) we get
that

2.6) A{I(Ql)zinf{ f|Vv|2:ueH01(Z),fv2=1}.
X P

It is known that the infimum in (2.6) is 1;(1), with I = (0, 2), and it is not at-



620 PAOLO CALDIROLI - ROBERTA MUSINA

tained in H¢ (). In addition 1,(I) = % Let us prove that A7(2,NB,) =
A(Q1). Clearly A4(2,NB,) = 17(2,). Given & > 0 there exists ue C,” (2;)
2
such that f|“_| —1and J |Vu2<27(Q1) + e. Let uy(@) =u(§) Then for
Q; 1% Q )
0 > 0 small enough use C,” (2, N B,) and, by the dilation invariance |u"|2 =
Q; ¥

2
f Y andf|Vu6|2=f|Vu|2.Hence/111’(QlﬂBT)$/1{I(.Ql)+e.Bythear—
Q1 Q1

Q |90|2
bitrariness of ¢ we conclude that 17(2, N B,) < A{(£,). Therefore we get the
thesis. In a similar way one can prove that 17(Q,) =17(Q2,\B,). =

The next result concerns some properties of the mapping 6 — A4 (Q).

LEMMA 2.6. — The mapping 6 — A1(Q ) is continuous and non decreasing
on (0, 1]. Moreover A4 (245)—0 as 6—0.

ProoOF. — For 0 <8 <9’ <1 we have 2,c Qs . This immediately implies
that the mapping 60— A7 (Q,) is non decreasing on (0, 1]. To prove that
27 (Q5)—0 as 0—0, one uses the fact that, setting Q,=R?\{0},

. 5 . u?
inf |Vu|*: ueC=(Ry), ] —5 =11 =0.
R? |x|2

RZ
Also to prove the continuity from the right it is enough to apply the definition
of 21(2 ). Now let us show that the mapping 0 — A1 (Q,) is continuous from

the left at any 6 € (0, 1]. By contradiction, let ¢ >0 and 0 <6, < d <1 be such
that

2.7 M(Qs)<A1(Qs)—¢ for every 6'e (5, J).

Let (6,)c (89, 6) be such that 6,— 0. By .7), 1{(2,,) <A (Q,) for every
neN, and then, by Lemma 2.5 and by Theorem 2.3, 17(Q s,) is attained in
D¢ (£25,) by some u, which satisfies

uZ
(2.8) f - :1 ’ f |Vu7l |2:j‘{{(‘95n)’

Qs, | |2 Qo

and is a positive solution to

U

[—Auzﬂ.H(!l)— in Q

2.9) P | |? o
u=0 on 99Q, .

Since, by (2.8), the sequence (u,) is bounded in D{ (£ s,), there exists u e
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Dg (8,,) and a subsequence of (u,), still denoted (u,), such that u, —u weakly

1nDO(Q(, ) and pointwise a.e. in s . Hence u =0, ueDO(Qé) f| e <1 and
Qs 25 |

tion with (2.2). Also the case 0 < f TR <1 can be excluded, arguing as in the

proof of Theorem 2.3. Let us con81der the last case f TE =0, namely u = 0.
Q5

Arguing again as in the proof of Theorem 2.3, using (2.9), we can show
that

"
(2.10) f|wn|2%o, f 0,
U ||

U

for every open, bounded set Uc 2 such that 0 ¢ U. Then, taking 7, > 0 such
that A4(Q, ﬂB,O)>/1H0(.Qa)—f, and r, >7, such that AY(Q2,\B, )=
w(Q(s) — —, we have that, by (2 10),

A(Q,) = f |V, |2+ f |Vau,, %+ o(1)

.Q,;ﬂBm Qé\Frw
. &
= min {24 ((2,), 24 . (24)} — 3 +o(1).

Thus, using (2.7) and Lemma 2.5, we obtain that 17(Q,) = 14(2;) + % , a con-

tradiction. Therefore also the case u = 0 cannot occur, and thus the continuity
from the left is proved. =

Hence Proposition 2.4 immediately follows by Lemmata 2.5 and 2.6 and by
Theorem 2.3. Moreover, as a consequence of the above statements, we plainly
obtain the following result.

COROLLARY 2.7. — For every 1 e (0 —) there exists 6 € (0, 1) such that the
eigenvalue problem

m Q(;
u=0 on 08,

admits a positive solution in Di(Q,).



622 PAOLO CALDIROLI - ROBERTA MUSINA

REMARK 2.8. — One can easily check that d,>e 7. Indeed, consider the
function % : R?—R defined as follows:

1 -
cos| —log|x|| ase "< |x|<e”
u(x) = 2

0 elsewhere .

—_ 2
One can see that w e D (25) with § =e 7, and f |Vu|2/f |u|2 = %. Hence,
R? Rz 1Y

if it were 111(Q3) = % , then % should be a minimizer and consequently should

be a positive solution to (2.1) on 5. In particular, by the maximum principle,
u(x) > 0 for every x e 23, contrary to the definition of u. Therefore we conclu-
de that 6,> 9.

3. — The semilinear Dirichlet problem.
In this section we study the Dirichlet’s problem (0.5) assuming that 2 is a
Hardy-admissible domain in R?, 1 <1¥(Q) and ge C!'(R) satisfies:
(g1) there exists p>2 such that |g'(u)| = Ou? %) as u— + o,
(92) g(u) =o(u) as u—0,
(g3) there exists ¢ >2 such that 0 < ¢G(u) < g(u) u for any u >0,

(gd)] gt <g'(u) for every u >0,
u

being G(u) = f g(t) dt. Note that the function u— |u|P~%u verifies (g1)-(g4)
0

for p > 2.

Since we look for positive solutions to (0.5), following a standard procedu-
re, we may modify g on (— o, 0) setting g(u) =0 for » <0.

In Theorem 3.1 we will state a criterion in order that problem (0.5) admits a
(weak) positive solution.

Since the domain Q is Hardy-admissible, by Lemma 1.3 the space D{ (£) is
well defined and A7 (2) > 0. Furthermore, since 1 <14(Q2), we can take

= J(rvere-2%))

Q

as a norm in D¢ ().
Thanks to (g1) and (¢2), by Lemma 1.3, the functional I : D} (2) — R defi-
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ned by

is of class C% on D¢ () and its critical points are weak solutions to (0.5).

G(u)
0 |xP
G(u) = G(1)u? for =1 and then I(su) - — o as s— + o, for every ue
D), u=0, u=0.

Hence the functional 7 has a mountain pass geometry. More precisely, set-
ting § = {y eC([0, 1], D3 (2)): y(0) =0, I(y(1)) <0} the class of the moun-
tain pass paths, and

Moreover, by (g2), one has that = o(|lul?), as |ul|—0. By (¢3),

3.1) () = inf max I(y(s))
ye§ sel0,1]

the corresponding minimax level of I, we have that ¢(2) > 0.

To check the Palais Smale (briefly PS) condition for I at level c(£2), we use
a comparison estimate with the «problems at infinity», that keeps into account
of possible concentration phenomena at 0, or vanishing at infinity. This is ac-
complished similarly to what done for the eigenvalue problem (2.1). Precisely,
using the agreement that c(0) = + o, let us define

(3.2) c(Q)=sup c(QNB,), c.(Q)=sup c(2\B,).

r>0 >0
Notice that ¢(2 N B,) and ¢(2\ B,) are well defined for every r > 0. Indeed if
QN B, (or 2\ B,) is non empty, then it is Hardy-admissible, A < 1¥(2 N B,),
because 17(Q2) < A(Q2 N B,), and then also the restriction of I to D (2 N B,)
has a mountain pass geometry at a level ¢(2 N B,.) = ¢(2). Hence we have that
c(R) < min{cy(R), c.(2)}. The following existence criterion holds.

THEOREM 3.1. — Let Q be a Hardy-admissible domain in R?, 1 <A (Q),
and ge C'(R) satisfy (g1)-(g4). If

(3.3) c(R) <min{c)(R2), c.(2)},

then problem (0.5) admits a weak positive solution.

According to what stated before, in order to prove Theorem 3.1, we have
just to check that if (u,)c D¢ () satisfies I(u,) —c¢() and I’ (u,) —0, then
(u,) is precompact in D¢ (). This will be carried out in the next Lemmata.
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Let us first remark that, by (¢2), for every ue D¢ (L) we have

1 1 1
(3.4) (— - —) < 1G0) + 27 ) ) ]
2 q q

In particular, (3.4) implies that any PS sequence for / is bounded and hence it
has a weakly convergent subsequence. Moreover, by (3.4) there is no PS se-
quence for I at a level b <0.

The next two Lemmata are standard and we omit the proof that can be
plainly obtained by following a procedure already used (see, e.g., [11]).

LEMMA 3.2. — Let (u,) c D¢ () be a PS at level b such that u, — u weakly
in DE(RQ) for some we D (2). Then I'(u) =0 and (u, —u) is a PS sequence
at level b — I(u).

By Lemma 3.2 we may restrict ourselves to study PS sequences weakly
converging to 0. We have the following result.

LEMMA 3.3. — Let (u,) c D} () be a PS sequence weakly converging to 0.
Then:
) f|Vun |2— 0 for every open bounded set Uc Q with 0¢ U,
U
(i) given a cut-off function ye CL(R?,[0, 1]) with y =1 in a neighbo-
rhood of 0, then (yu,) and ((1 —yx)u,) are PS sequences.
Now, let us state an auxiliary result concerning bounded sequences in
Dg ().
LEMMA 34. — Let (u,)cDg(2) be a bounded sequence. Let A;={xe
R*: 9i< |x| <@’*'} where jeZ and o>1 is fived. For every p>2, if

P»
sup f | "L —0 as n— «, then fl "L —0.
icZ ona, 1%l |]

Proor. — For every n e N there exists 7, >0 such that

f Iunl”:f N S I P
[* 28 faf®

ons, 121* o, |
1

For i=1,2 let ¢;eC ([0, + »),[0, 1]) satisfying: ¢;(r) =1 for 0 <»r< —
o
and ¢ (r) =0for r=1, ¢po(r) =0for 0 <r<1and ¢,(») =1 for »=p. Now,

for i=1,2 and neN set y; ,(x) = ( || ) for every x e RY. Then, define
/ri
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Ui = X i, nW,. Firstly, let us prove that for i =1, 2

l |un|p _ |ui,n|pﬁ

(35)
29 e® 5 el

as n— . Indeed, for every n € N there exists j, € Z such that r, € (o’r, 07" 1].

Then = e (0", o/7] and thus
0

1 P Uy |? P

0 — |u"|2 [ 1,n2| = f (I—2%% ) |un|2
26 |=I° 4 [2[° enp, ||

P P P

B R T Y,
Qna4; || Qna;, || JeZ gna; ||

Jin — 1

and then, by the assumption, (3.5) holds true for ¢ =1. A similar argument
holds for 7 =2. Secondly, we claim that for ¢ =1, 2

(36) flVXi,nlzug_)O
Q

as n— oo . Indeed

C
f'VXI,n|2u5$_2 f u??
Q

Tnan {rule <lx| <n}

(p—2)/p b \2P
<£( f |x|4/(p2)) f |un|
2 2
T \an {rulo < || <ry} QN {rylo < x| <r,} |x|

2/p
U P

< C/|sup f |"|2 .
ieZ Q4 ||

Hence, using again the assumption, (3.6) is proved for 7 = 1. Similarly it holds
also for i =2. Now we show that
P 2/p
[ L |2 ) +o(1)
x|

o |

l/

3.7) f|Vun |2>23p(9)(1
3 2

as n— %, where S,(£2) is defined by (0.3). Indeed, setting y, =x1,,+ X2, n»
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we have

f|v<xnun>|2<f|Vxn|2u5+fxi|Vun|2
Q Q

1/2
3.8) +2(f|Vxn ) (fxnIVunl )
o
so(l)—i-f|Vu%|2
o

because (u,) is bounded in D¢ (2) and by (3.6). Then, using (0.3), we infer
that

f|Vun|22f|Vu1,n|2+f|Vu2’n|2+0(1)
Q

|, |7\ BRI
>S(9)( ) +Sp(9)( & ) +o(1)
Q

| ||

7\
BZSP(Q)(EI |;’|2) +o(1)

Q

because of (3.5). Now we observe that for ¢ =1, 2 the sequence (v;, ,) satisfies
the same assumptions of (u,), namely (u; ,) is bounded, by (3.8), and clearly

w; o, P
sup f l “"J —0 as n— o . Hence we also have
ieZ gna; 17
|ui,n |p

2/
f|Vui’n|2>ZSp(Q)(% ) +0(1)
Q

as n— o . Then, using (3.5) and (3.8), we deduce that

2/p
[1vu 2225, <9>(22f '“"llz ) +o(1).

Q

By recurrence, for every ke N we have that

1 ([ Ju, P\
fIVun|222kSp(Q)(§J ]2 ) +0(1)

Q
as n—> o . Since p > 2 and (u,,) is bounded in D¢ (2), and since, by Lemma 1.3,

S,(2) >0, we conclude that I% —0. =
0 €xr

As a consequence of Lemma 3.4 we have the following result.
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LEMMA 38.5. — Let (u,) c D¢ (Q) be a PS sequence weakly converging to 0.
Then the following alternative holds: either

@) lim inf|v,| =0, or
(ii) there exists a sequence (j,)CZ such that |j,|— o and

P
lim inf f ||u"||2 >0, where A; is defined as in Lemma 3.4.
ona;, 17

PrOOF. — Suppose that (i) does not hold. By (¢1)-(¢3), for every ¢ > 0 there
exists C,>0 such that 0 <g(t)t <et?+C,|t|” for any teR. Then, taking
e<A(Q)— A we have

<]’ (’M/ )u%-l—E”’Z/Ln”z‘f'Cf |un|

39w, |F= 1<u)un+fg(®|b; T

|2
Since lim inf||u,| >0 and I’(u,)—0, fixing e (0, 17 (£2) — 1) small enough,
we obtain that lim inf j‘% >0, and then, by Lemma 3.4,
0 X

Jua |?
hm inf sup 5 >0.
]EZ_QQA |x|

In particular there exists a sequence (j,) cZ such that

QNA,

In

Since f |u—l|2p — 0 for every bounded open set Uc 2 with 0 ¢ U, we have that

|70 | — . Therefore (ii) follows. Conversely, suppose that (ii) does not hold.
P
Let (j,) cZ be such that sup f [ |2 = f |2 |2 If (j,) is bounded,
JjeZ QnA4; |90| QNA; |9€|
[ |”

In

since u, —0 weakly in D¢ (), we have that —0 and then, using

ana, |©]?

In

Iun | = (. The same holds if (j,) is unbounded, because

Lemma 3.4, lim inf f

we are assuming that (11) does not hold. Hence, by (3.9), lim inf |[u, || = 0, name-
Iy 4. =

In the next Lemma we show that, by the assumption (g4), there is no PS
sequence at levels b e (0, c(2)).

LEMMA 3.6. — Let (u,)cD{(R2) be a PS sequence at level b, such that
u, —>u weakly in DI (Q) for some we DI (Q). If b<c(Q) then u=0, and
u,—0 strongly in D} (Q). In particular b= 0.
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PROOF. — By (g4), for every u e D} (Q), u # 0, there exists a unique ¢, > 0
such that %I (tu) |;=;, = 0. Moreover I(t,u) = rtnjtg( I(tu) = c(L2). In particular,

if I'(u) = 0 then I(u) = ¢(Q). Let (u,) be a PS sequence at level b < ¢(Q) such
that u,, —u weakly in D¢ (). By Lemma 3.2, ' (u) = 0 and (u,, — u) is a PS se-
quence at level b’ =b — I(u). If u # 0, then b’ <0, which is impossible, becau-
se of (3.4). Hence u,, — 0 weakly in D{ (£2). Suppose, by contradiction, that for a
subsequence, still denoted (u,), lim ||u, || > 0 holds. For any ne N let t, > 0 be
such that rtn?ag( I(tu,) = I(t,u,). We claim that I(t,u,) — I(u,) =0, and then

I(t,u,) —b, contradicting the fact that I(t,u,) = c(2) > b. Therefore u,—0
strongly in D¢ (£2). Hence, to complete the proof, we have to show that
I(t,u,) — I(u,) —0. To this aim, let us introduce for every n e N the function

ju() = I(tw,). Note that j,eC*(R*), with j;(t) = dlu, [P — [ £ anq
Q

||

' 2
Jr@) = |, P — M By (g4) we have that for any ne N
Q |]?
1
(3.10) In(t) < ?j,{(t) for every ¢t >0 .

Moreover j, (t) > 0 for t e (0, t,), j, (t,) =0, and j,, (t) <0 for ¢ > ¢,. Hence, by
(3.10), we obtain that

(311) |j. @) | <t|j,(1)| for every te[min{t,, 1}, max{t,, 1}].

Let us prove that the sequence (t,) is bounded. By (g2) and (¢3), fixing ¢ >0
there exists C, > 0 such that g(u)u = —eu® + C, |u|? for every u € R. Therefo-

2

tu?l u?l n - n q
guw)w, o —et, | 2 4+ O, 80! f % and then
Q X

o @ 6 lzf?
u, |4
6.12) @+ ol > o2 12l
e ||
By Lemma 3.5, there exists a sequence (j,,) CZ such that lim inf f "

ona.  |©]?

In

0, where A, = {x e R?: o/ < |x| <o’*'}. Then, lim inf M > 0, that, toge-
J Q Q |90|2
[}

ther with (3.12), implies that sup ¢, < + o . Finally, we can show that j,(¢,) —
Jn(1) =0, that is the initial claim. Indeed, by (3.11) we have that

1 1
0=<y,(t,)—J,(1) < ‘fljn'(t)|dt‘ < (D) | |ftdt‘ =0(1)
ty by

because supt,<+oo and j,(1)=1"(u,) u,—0. This concludes the
proof. =
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REMARK 3.7. — If Q is a proper cone in R?, then, under the assumptions
(g1)-(g4), for A <A (), the mountain pass level ¢(2) is always a critical
value for I. Indeed, given a PS sequence (u,) c D} (L) at level ¢(£), thanks to
the invariance of the problem (0.5) with respect to dilation, we may suppose

|un [P

that, up to dilations, lim inf f T >0, where A, =B, \ B,. Hence there
Qn4, ¥

exists u e D} (), u # 0, such that, for a subsequence, u,, —u weakly. By Lem-

mata 3.2 and 3.5, I' () = 0 and I(u) = ¢(2) (in fact u, —u strongly in D} (),

see below). Note that in this case ¢(Q) = ¢)(Q) = ¢, (2) (see Lemma 4.1).

LEMMA 3.8. — Let (u,) c D{ () be a PS sequence weakly converging to 0.
Let (j,) cZ be such that |j, | — % and lim inf f

Qn4;,

fined as in Lemma 3.4. Then lim inf I(u,) = min {¢,(2), ¢, (2)}.

| |

EE >0, where A; is de-
X

Proor. — Let us suppose that, for a subsequence, j,— — . Let »> 0 and
x€C.~(R?,[0, 1]) be such that y =1 on B, and y = 0 outside B,. By Lemma
3.3, (yu,) is a PS sequence for I | pjqn g, Then, by Lemma 3.6, lim inf 7(yu,) =
¢(2 N B,), because lim inf|[yu, | >0. One can also see that lim inf I(u,) =
lim inf I(yu, ). Thus, by the arbitrariness of » > 0, we infer that lim inf I(u,) =
¢o(£2), by (3.2). Instead, if inf j, > — o, then j, — + o, and, arguing as before,
we conclude that lim inf I(u,) = ¢, (22). Hence, the Lemma is proved. =

Conclusion of the proof of Theorem 3.1. Let (u,)c D¢ () be a PS se-
quence at level ¢(2). Up to a subsequence, u, —u weakly in D¢ (2). If u =0
we have finished, because, by Lemma 3.2, (u,, — %) is again a PS sequence at a
level b <c¢(Q)—I(u) < c(2) and thus, u, —u strongly in D} (2), by Lemma
3.6. Hence, by contradiction, suppose that u,—0 weakly in D¢ (). Since
lim inf ||u, || > 0 (otherwise I(u,)—0, while ¢(2) >0), by Lemma 3.5, there

| |”

exists a sequence (j,)cZ such that |j,|— o and lim inf f >0

QnA771
being A; = {wxeR*: o/< |x| <¢’*'}. Then, by Lemma 3.8, lim inf I(u,) =
min {¢y(R), c.(2)}, contrary to the assumption (3.3). This concludes the
proof. =

ER ’

REMARK 3.9. — In Theorem 3.1 the assumption (g1) on g can be slightly
weakened, by requiring just

(91) log(|g'(u)|) =o(u?) as u— + .

Indeed, since the Trudinger-Moser inequality holds in H'(X), where X =
R x (0, 2m) (see [1]), the condition (g1)" is sufficient to guarantee that the

G(T) is well defined and of class C2 on DE(), and ¢’

2

functional @(u) = f
Q

|
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maps weakly convergent sequences into weakly convergent ones. Moreover, if
U is an open bounded subset of £ such that 0 ¢ U, denoting by ¢ ;; the restric-
tion of ¢ to D¢ (U), then ¢ and ¢} are relatively compact mappings.

We conclude this Section by discussing the role of the assumption of Har-
dy-admissibility of the domain. Consider the case of a domain Q containing 0.
Then it is not Hardy-admissible and, if A =0, it is known that equation (0.2)
admits no positive solution, even in a very weak sense, as proved in [3] and in
[8]. More precisely, the following non existence result holds (see [8]).

THEOREM 3.10. — Let fe C(R) be such that lim inf & >0 for some p>1,

u—+owo yr
and f(u) > 0 for every u > 0. If Q is a domain in R? containing 0, or if Q is
an exterior domain in RZ, then the equation

admits no non negative supersolution in the sense of distributions in Q\{0},
namely there is no function w e Ly, (2\{0}) such that f(u) € Lt (2\{0}), u =

0, u=0 and —qu(p>ff( )gpfm‘ every @ eC.7(2\{0}), ¢ =0.

Considering again a domain £ containing 0, one could ask if there exists a

2
positive solution % to problem (0.5) for 4 <0, with f ( |Vu|2 + ﬁ) < o, In
0 X
general also in this case we have non existence. Precisely, let us recall the fol-
lowing result, proved in [8].

THEOREM 3.11. — Let ge C(R) satisfy (gl)-(¢g2), LeR, and let 2 be a
smooth, bounded, star-shaped domain in R* containing 0. If u is a solution

2
to (0.5) such that f(|Vu|2+ ﬁ) < oo, then u=0.
0 X

In this case the reason of non existence is the invariance under dilation and
a concentration phenomenon to the problem on the whole space R?, which ad-
mits a positive solution radial solution for 1 <0 and g e C(R) satisfying (g1)-
(g3) (see [8, Theorem 2.5]).

4. — Examples.

As an application of Theorem 3.1, in this section we consider the case of do-

. . . 1
mains contained in R*\ Iy, where I'y = {xeRZ: 0wy <o,x,= E}’ and d e
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(0, 1]. Let us introduce the cones
Q,={(ocost, osint): 0>0,0<7<0}

where 0 < 0 < 2x. Note that, setting I, = (0, ) and ¥,=R X I,, we have

_7'[2

4.1) A{I(QG):/II(ZG):AI(IG):E.

We first discuss the case of a domain of the form Q = Q,U U, where U is a
bounded open set such that 0 ¢ U.
To evaluate ¢y (£2) and c. (L), the following result is useful.

LEMMA 4.1. - C(Q@) = Co(gg) = Cm(gg).

PrOOF. — On one hand, the inequalities c(2,) <cy(R2y) and c(R2y) <
€. (£ 4) are always true. To prove the opposite inequalities, let us consider the
solution u to (0.5) on 2, obtained as critical point of I in D¢ (£2,) at the moun-
tain pass level c(2,) (see Remark 3.7). The sequence (u,) defined by u,(x) =
u(nx) satisfies the assumption of Lemma 3.8. Hence ¢y(2 ) < lim inf I(u,,) =
c(Q4). A similar argument holds to prove that ¢, (2g) <c(2,). ™

THEOREM 4.2. — Let g e C*(R) satisfy (g1)-(g4), and let Q be a domain in
R? of the form Q = Q ,U U, where 2, is a cone of angle 0 € (0, 2] and U is a
bounded open set such that 0 ¢ U. Then, for every A <A (Q), problem (0.5)
admits a weak positive solution.

Let us note that Theorem 4.2 applies in particular for Q =R?*\T,
0e(0,1]

Proor. - If Q = Q, then the result has been already discussed in Remark
3.7. Suppose that U\Q, = 0. By the assumptions on the domain, there exist
Ty, Tw > 0 such that Q N B, = Q,N B, for every r< (0, 7y), and 2Q\B, = Q,\B,
for every r>r,. Hence, by Lemma 4.1 and by (3.2), we obtain ¢,(22) =
€ (Q2) =c(R2y). We claim that c(Q) <c(L2,), and therefore, by the previous
equalities, the result follows as an application of Theorem 3.1. Suppose by con-
tradiction, that ¢(2) = c(2). Let u,e D (L2,) be the solution to (0.5) on 2,
obtained as ecritical point of I in H}(2,) at the mountain pass level ¢(Q).
Then, setting M={ueDi(2):I'w)u=0, u=0} and My={ue
DRy T'(wWu=0, u= 0}, we have that I(uy) = c(2,) = iﬂr}fl = ijrl}fl. The-

0

refore, by (g4), ug solves problem (0.5) on 2. In particular » = 0 in U\ Q, con-
tradicting the maximum principle. =
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Let us consider now the case of a domain 2 such that 0 € 9Q is a cusp point,
that is, there exists a unit versor v € R? such that for every 6 > 0 there exists

r>0 for which 2N B,cQy ,, where Q, ,= {xERZ x> |ac|cos—} The

estimate of ¢,(£2) will be obtained by using the following result.
LEMMA 43. — ¢(2y)— + x© as §—0,.

Proor. — Firstly we note that, by (4.1) and by Remark 3.7, given 1 € R, the-
re exists 0, e (0, 27] such that for 6 € (0, 6,1, the functional I on D¢ (2,) ad-
mits a mountain pass geometry and a critical point %, at the mountain pass le-
vel ¢(£24). By the dilation invariance, we may suppose that sup f ||u9||2p =
jeZg,na 1T
f 1u]”  where A;j={reR?: o’< |x| <o’*'}. Using (3.1), we have that

El
QpNA

for 0 <0’ <0, c(2y) <c(2,y) and then ;irr}) c(Qy) = sup c(L24). Suppose by
- 0>0

contradiction that sup c(2y) <. Then, by (34), we infer that
sup ||u0||1)01<99>< 0, and thus, up to a subsequence, u;—u, weakly in
6>0

D} (R 0,)- Since supp uy = 24, and 6 — 0, we have that u, = 0. If u,— 0 stron-
gly in D§ (2,,), then ¢(2,) —0, a contradiction. Hence, lim inf [, |pj o, > 0,

[“01” < 0. This

| 2

and then, arguing as in the proof of Lemma 3.5, lim inf

Q9N A

contradicts the fact that, since uy,— 0 weakly, f |u"| — 0. This concludes
the proof. = QyN4,

Hence we have the following result.

PROPOSITION 4.4. — If Q is a domain in R* with 0 € 82 and such that 0 is a
cusp pomnt, then cy(2) = + «.

PROOF. — By definition of cusp point, there exists a unit versor v e R? such
that for every 6 >0 one can find » > 0 for which 2 N B,c 2, ,. Then c¢(2 N
B,) = c(2,,,) =c(8y). Hence, by (3.2) and (4.1), ¢y(2) = +o. =

A result similar to Proposition 4.4 holds in the case of an unbounded do-
main Q such that Q\B, is contained in a strip, for some > 0.

PROPOSITION 4.5. — Let 2 be a domain in R? satisfying the following proper-
ty: there exist r> 0, unit versors vy, v, e R? with vy-v, =0, and a bounded in-
terval I such that Q\B,c {av,+bv,:aeR, bel}. Then c.(2)= +
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The proof goes on as for Proposition 4.4. Hence, if L is a domain in R* sati-
sfying the assumptions of Propositions 4.4 and 4.5, for 1 <A{(Q) and ge
C1(R) satisfying (g1)-(g4), the existence of a weak positive solution to (0.5) is
guaranteed by Theorem 3.1.
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