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Bollettino U. M. 1.
(8) 4-B (2001), 345-364

On Lower Semicontinuity in the Calculus of Variations.

GIOVANNI LEONI (¥)

Sunto. — Vengono studiate proprieta di semicontinuitd per integrali multipli
we Wh1(Q; RY) — ff(ac, w(@), ..., VEu(x)) da
Q

quando f soddisfa a condiziont di semicontinuita melle variabili
(@, u, ..., VE"Tu(x)) e puo non essere soggetta a ipotesi di coercitivitd, e le succes-
sioni ammissibili in W5 1(Q; R?) convergono fortemente in W*=11(Q; R%).

1. — Introduction.

In this paper we address lower semicontinuity properties for multiple func-
tionals of the form

(1.1) ueWhkr(Q; R — ff(x, w(x), ..., VFu(x)) du
Q

where 2 is an open, bounded subset of RY, with N=1, and k, de N, 1 <p<
o . Qur treatment is mainly expository in intent, based on the references [21],
[46], [47], [48].

It is well known that k-quasiconvexity is a necessary and sufficient condi-
tion for (sequential) lower semicontinuity of the functional (1.1) with respect to
weak convergence (resp. weak * convergence if p= ) in W5 ?(Q; R?) and
under appropriate growth and continuity conditions on the integrand f. In-
deed this was shown by Morrey [69] when k =1 and later extended by Meyers
[68] to the case k > 1. We recall that a function f : EZ — R is said to be k-qua-
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siconvex if
£&) < [ £ + Veuiy)) dy
Q

for all Ee E and all we Cy* (Q; RY), where E{ := R**N | while, for k> 1, E{
stands for the space of symmetric k-linear tensors from RY into R%

Here we will concentrate mainly on the case p = 1, which is more delicate
than the case p > 1 since, due to lack of reflexivity of the space W* 1(Q; R?),
one can only conclude that an energy bounded sequence {u,}cW*1(Q; R?)
with

(1.2) sup ”unHW7"1 < ®

admits a subsequence (not relabelled) such that
(1.3) w,—u in WELL(Q; RY),

where e WE~11(Q; R?) and V¥~ 'u is a vector-valued function of bounded
variation.

In this paper we seek to establish lower semicontinuity in the space
Wk 1(Q; R?) under the natural notion of convergence (1.3), and without assu-
ming in general the strong condition (1.2). The main tool in the proofs of the
results presented below is the blow-up method introduced by Fonseca and
Miiller [52], [53], which reduces the problem of lower semicontinuity for the
functional (1.1) to showing that the inequality

(1.4) liin infff(acoJrehy, Ty 1(xo + €,y +
— Q

ek, (), ..., VEw,(y)) dy = f(a,, u(ay), ..., Viul(x,y))

holds for £V a.e. xye 2, where @ is the unit cube of RY, &, \0,

1
Tiw) = 2, = Voulay)(@ — )",

la| <k o!

and {w,}cW*1(Q; R?) converges strongly in W51 1(Q; R?) to the function

1
wo(y) = > — Veu(r,) y*.
kool

la] =

To prove (1.4) the usual strategy is to localize lower order terms, that is to
show that, by truncating the sequence {w,} and rendering {w;,(y)},
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{Vu, ()}, ..., {VE 1w, ()} uniformly bounded,

15 timint [+ ery, TG+ o) +ebm), .o, V) dy >
— Q

tim inf [, ), ..., V¢ uta), V() dy
h—> o0 Q

and then to further modify the sequence {wy} in order to match the Dirichlet
boundary condition in the definition of k-quasiconvexity. The difficulty in this
problem is in the truncation, being the matching of boundary conditions an ea-
sy procedure.

A standing open problem is to find necessary and sufficient conditions for
(1.5) and, therefore, (1.4) to hold. In this paper we present some simple suffi-
cient assumptions, which are easy to verify in the applications. We will start
with first order gradients, that is with the case k¥ =1, and then move to the
more delicate situation of higher order derivatives. For first order derivatives
we also need to distinguish between the scalar case d =1 and the vectorial ca-
se d>1.

1.1. The scalar case: non-coercive integrands.

In the scalar case d = 1 and when k = 1 the inequality (1.5) takes the simple
form

6 tim inf e +e ) + e 0,) Vo)) dy >
) Q

tim inf [ fCzo, ), o) dy
) Q

Since for real valued functions e W ?(2; R) one may use simple trunca-
tions 7;,: R—R of the form

ifu=L,
1.7 T(u) =<3 u if —L<u<lL,
-L ifu<s-L,

it is clear that (1.6) holds if we assume that f(-, -, £) is lower semicontinuous,
uniformly with respect to £. Indeed we have the following

THEOREM 1 ([46], Theorem 1.1). — Assume that f : 2 X R X RY¥Y—10, ) is
a Borel integrand, f(x, u, -) is convex in RY, and for all (xy, uy) € 2 X R and
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e>0 there exists 0 >0 such that
(18) f(xOyu(b E) _f(ﬂ’/',u, §)$8(1+f(90,%, S))

for all (x,u)e QxR with |x—uy| + |u—uy| <6 and for all EeR". Let
ue BV(Q; R), and let {u,} be a sequence of functions in W (L2; R) conver-
ging to w in L*(Q; R). Then

ff(ac, w(x), Vul(x)) de < liﬂigf ff(x, U, (), Vu, (x)) de.
Q Q

Here Vu is the Radon-Nikodym derivative of the distributional derivative Du
of u, with respect to the N-dimensional Lebesgue measure .~. Theorem 1 im-
proves a classical result of Serrin (cf. [72], Theorem 11(ii)), where the target
function % was assumed to be continuous and the condition corresponding to
(1.8) is significantly stronger. Conditions of the type (1.8) appeared already in
the papers of Fonseca and Miiller [52], [53], Dal Maso and Sbordone [33], Fu-
sco and Hutchinson [57]. All these results deal with the vectorial case and re-
quire some type of coercivity conditions. See also the papers of Dal Maso ([32],
Theorem 3.2) and of Trombetti [76] for related results in the scalar case. As an
immediate corollary of Theorem 1 we have the following

COROLLARY 1 ([46], Corollary 1.2). — Let g : RN —[0, «) be a convex func-
tion, and let h: Q X R—[0, «) be a lower semicontinuous function. If u e
BV(2; R) and {u,} cWhH(Q; R) converges to u in L'(2; R), then

fh(.%', u) g(Vu) da < linrgigf fh(ac, u,) g(Vu,) dx .
o o

This result seems to be new in this generality.

The lower semicontinuity of fin the u variable is not necessary, but in or-
der to drop it, stronger assumptions on the dependence on x seem to be
needed.

THEOREM 2 ([46], Theorem 1.5). — Assume that f : 2 X R x R¥N—[0, ©) is
a Borel integrand, f(x, u, ) is convex in RY, and for all xye Q and & > 0 there
exists 0 >0 such that

(19) |f(x0,u, E) _f(ﬂ’/',u, E)l g&‘(l‘f’f(%,%,&))
for all xe Q2 with |x— x| <0 and for all (u, &) e R x RN, Suppose also that
flxy, -, 0) is lower semicontinuous and
. (f(x(]’uy ())_.](‘(9‘,/'0$/M’§))Jr
lim sup
HE |&]
Let we BV(2; R), and let {u,} be a sequence of functions in W' 1(Q; R) con-

€ Ll})c(R; R) .
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verging to u in L1(Q; R). Then
ff(ac, u(ax), Vu(x)) de < ligrl)iorolf ff(x, u, (), Vu, () do .
Q ) Q

Theorem 2 extends a classical result of De Giorgi, Buttazzo and Dal Maso
[37] to integrands f = f(x, u, &) which depend on . See also the papers of Am-
brosio [6], Dal Maso ([32], Theorem 3.5) and of De Cicco [34] for related
results.

As for the lower semicontinuity with respect to x, note that for functionals
of the form

Fu) = [ fle, V) de,
Q

and without a coercivity assumption of the type

condition (1.8) is rather sharp. Indeed, when N =1 and Q is bounded, Fusco
[565] proved that the functional

fh(ac)|u’(9c)|dac, ueWh1(2; R),
o

where i(x) is a bounded, nonnegative measurable function, is lower semiconti-
nuous in L1(2; R) if and only if i(x) has a lower semicontinuous representati-
ve. Moreover, in [32] Dal Maso, following a counterexample of Aronszajn, con-
structed a continuous function w : Q2 — R, where 2 =(0,1) X (0, 1) and =
(1, 22), and a sequence of functions {u,} converging to wu(x)=ux, in
L~*(2; R), such that

f|(sin w(x), cosw(x)) - Vu(x) | de > liﬂigf f | (sin w(x), cos w(x)) Vu,(x) | de .
Q Q

If f: 2 x RN—[0, =) is a Borel integrand, f(x, -) is convex in RY, and there
exists C' > 0 such that

fle, ) <C(1+ |&])

for all (x, &) e 2 X RY then we conjecture that a necessary condition for F(u)
to be lower semicontinuous with respect to L!(2; R) convergence is some
form of regularity of f(-, &).

To be also sufficient it may have to be uniform in & for non coercive functio-
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nals, as Dal Maso’s example seems to indicate. Together with the coercivity
assumption

lim inf Gz, &) = e

lower semicontinuity of f in the x variable becomes a sufficient condition for
lower semicontinuity of the functional F(u), see Theorem 5 below.

1.2. The vectorial case: non-coercive integrands.

We now turn our attention to the vectorial case, and consider nonnegative
integrands

fi2xRIxRW™N—[0, ©) where d>1.

The situation is considerably more complicated, even when f(x, u, -) is assu-
med to be convex rather than quasiconvex, which is the natural assumption
when d > 1. This is due to the fact that in the truncation corresponding to (1.7),
namely

u it |Ju| <L,
1.10 T (u) =
(1.10) 1 () %L if |u|=L,
u

the fact that

Virpou)ax) =0 £ ae in {xeQ: u@) = (r,ou)x)}
is no longer valid. In [42] Eisen constructed an integrand of the form
(1.11) f=Fu, & =hu) g(&),

where % is a nonnegative continuous function and g is nonnegative and convex,
for which the corresponding functional ceases to be lower semicontinuos with
respect to convergence in L! (for later purposes it is important to notice that
the function does not satisfy the property that g— « as |&§| — o). Thus we
cannot hope to fully extend either Theorem 1 or Theorem 2 to the vectorial ca-
se. However, we can prove the following:

THEOREM 3 ([46], Theorem 1.7). — Let f be a nonnegative Borel integrand.
Suppose that for all (g, uy) € 2 X R and & > 0 there exist 6 >0 and a modu-
lus of continuity o, with o(s) < C(1+s) for s >0 and for some C >0, such
that

(1-12) f(x()r Uy, 5) —f(g(/', u, g) S 5(1 +f(x7 u, g)) +Q(|u_u0 |)
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for all x e Q with |x — x| <0, and for all (u, &) e R? x R™. Assume also that
either

(@) f(xy, ug, -) is convex in R™ or

d) f(xy, o, *) is quasiconvex in R™N and
(1.13) 0 < f(wo, up, &) <C(|E|7+ 1)  for all EeRWY,

where C >0 and the exponent q =1 may depend on (xy, uy). In addition, if
q > 1 then assume that

(1.14) Fay, Uy, ) = %|§|q —C for all EeRW,

Let we BV(2; R?Y), and let {u,} be a sequence of functions in W 1(Q2; R?)
which converges to u in L*(Q; R®). Then

ff(ac, u, Vu) dac < lim inf ff(x, Uy, Vu,) dac .
o o

Here we intend by modulus of continuity a nonnegative, increasing, conti-
nuous function ¢ such that ¢(0) = 0. Even in the scalar case, Theorem 3 impro-
ves Theorem 11(i) of Serrin in [72], since condition (1.12) is significantly wea-
ker than the corresponding one in [72]. An important class of integrands
which satisfy condition (1.12) is given by

f=1(x, & = nx) g&),

where & is a nonnegative lower semicontinuous function and ¢ is a nonnegative
function which satisfies either condition (a) or (b).

Note that without (1.14) L' lower semicontinuity may fail even for the sim-
plest case when f=f(&). This has been shown by Maly [63] for

f=f(&) = |det&|, d=N,

who constructed a sequence in W'V which converges to u(x) =« weakly in
WP, where p < N — 1, and for which lower semicontinuity fail (see also Fon-
seca and Maly [50]).

Theorem 3 covers the case in which the integrand f is essentially of the
type f=f(x, £). To cover the general case f=f(x, u, &), rather than using

(1.10) it is more convenient to adopt a truncation of the type
(115) ) w if |u| <L,
. T u) 1=
i 0 if [u|=L+M.

A weak form of coercivity will then be needed to control the derivatives of the
sequence {u,} in sets of the form {xeQ:L,< |u,|<L,+M,}.
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THEOREM 1.4 ([46], Theorem 1.8). — Theorem 3 still holds if we replace con-
dition (1.12) with the following: for all (xy, uy) €  x RY either f(xy, Uy, £) =0
for all EeR™, or for every e >0 there exist Cy, Cy, 6 >0 such that

(1.16) S(xo, ug, &) — flw, u, &) <e(1+flx, u, §)),
(1'17) f(xruvg)BCI“Cl _CZ’

for all (x, u) e QX R with |x—ay| + |u—1uy| <O and for all &EeR™.

Theorem 4 was proven by Fonseca and Miiller [52], under somewhat stron-
ger hypotheses, and in the case where assumption (b) of Theorem 3 holds with
g = 1. The convex case can be thought of as a natural extension of Theorem
11(ii) in [72] of Serrin to the vectorial case. Note that Theorem 4 can be applied
to integrands of the type

f=1u, & =nu) g(&),

where / is a nonnegative lower semicontinuous function and ¢ is nonnegative,
convex, and

(1.18) g&) = as  [§] =0,

Thus, under the additional condition (1.18), one can recover lower semiconti-
nuity for the class of integrands treated in Eisen’s counterexample. Note that
we do not assume any control from below on the function A(u), other than
h(u) =0.

Most of the proofs are carried out firstly for f which grow at most linearly
in the gradient variable & While this approach is standard in the convex set-
ting, due to the well known results which allow to approximate from below
convex functions by an increasing sequence of convex functions which grow
at most linearly, it was only very recently that Kristensen brought this idea
to the vectorial setting, exploiting his approximation result for quasiconvex
functions (see [60]; also [65]).

1.3. Coercive integrands.

In all the previous Theorems we have seen that when coercivity, or
weak forms of it, fails then one needs to assume regularity conditions on
f(, -, &) which are uniform with respect to the gradient variable &. Theorem 5
below shows that the uniformity can be dropped at least for convex and po-
lyconvex integrands, if one strengthen the coercivity condition on f.

THEOREM 5 ([47], Theorem 1.1). — Let f: 2 X RIx R”*N —[0, ] be a
lower semicontinuous function, with f(x, u, -) convex in RY*¥. Suppose that
for all (), uy) € 2 x R? either f(xy, uy, ) =0 for all £ RN, or theve exist
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C, 60>0, and a continuous function g : B(x,, 6,) X B(ug, 0¢) = RN such
that

(1.19) fla, u, gle, u)) e L * (B(xy, d9) X Blugy, d¢); R),

1

for all (x, u) € Q@ X R with |x— x| + |u—uy | <o and for all Ee R**N. Let
uwe BV(Q; RY), and let {u,} be a sequence of functions in WL HQ: RY) con-
verging to u in L1(Q2; RY). Then

ff(oc, u, Vu) de < 1iy{gi£1f ff(.oc, U,, Vi) dec .
Q Q

COROLLARY 2 ([47], Corollary 1.2). — Let f : 2 x R x RN —[0, ] be a
lower semicontinuous function, with f(x, u, ) convex in R¥*N. Suppose
that

fle,u,§)—> 0w as || >

and that f(x, u, 0) € Lige (2 X R?; R). Let ue BV(2; RY), and let {u,} be a se-
quence of functions in Wh1(Q; R?) converging to w in L'(Q; R?). Then

ff(ac, u, Vu) de < 1iyrlrl>i£1f ff(.oc, U,, Vi) de .
Q Q

Corollary 1.9 extends Theorem 12(i) [72] of Serrin to the vectorial case (see
also Theorem 3.2 of Ambrosio [6]). The tecniques used in the proof are rather
different to those of the authors just mentioned which only work in the scalar
case (see also [42], [70]). It is interesting to observe that without a condition of
the type (1.19) Theorem 5 is false in general. This has been recently proved by
Cerny and Maly in [27].

The method used in Theorem 5 can also be applied to polyconvex integrands.
For each matrix & e R?*¥ let (&) e R* be the vector whose components are
all the minors of £, where

min{d, N}

=8

THEOREM 6 ([47], Theorem 1.4). — Let h: 2 x R x R"—[0, o] be a lower
semicontinuous function, with h(x, u, -) convex in R'. Suppose that for all
(%9, Up) € 2 X RY either h(wy, uy, v) =0 for all veR, or there exist C,
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0¢>0, and a continuous function g : B(xy, 6¢) X B(uy, 09)—R" such that

(1.21) M, u, g, u)) e L * (B(xy, 6¢) X Blug, 0¢); R),
(1.22) o, w, v) = Clv| — %

for all (x, ) e 2 X R with o —a | + |u—uy| <6y and for all veR". Let
ue BV(Q; RY), and let {u,} be a sequence of functions in W' ?(Q; R?) which
converges to u in L'(2; R?), where p=min{d, N}. Then

J e, w, (v dor < tim in [ e, w,, M (V0,)) der
Q ' Q

Theorem 6 is closely related to recent results of Dal Maso and Sbordone [33],
and of Fusco and Hutchinson [57], where condition (1.21) is replaced by a con-
dition of the type (1.16).

COROLLARY 3 ([47], Corollary 1.4). - Let ¢ : 2 Xx RYN x R—[0, «) be a con-
tinuous function, with ¢(x, u, -) convex in R. Suppose that for all (x, u) e
QxRN

1.23) p(x, u,s)—>xo as |s|—>ow.

Let ue WhY(Q;RY), and let {u,} be a sequence of functions in
WEN(Q; RY) bounded in WUHN"1(Q;RY) and converging to u in
LY(Q2; RY). Then

f(p(x, u, det Vu) de < linrrl)ioglf fqo(x, u,, det Vu,,) dx .
Q Q

To the author’s knowledge Corollary 3 is new in this generality. Lower se-
micontinuity for polyconvex and quasiconvex integrands of this type has been
studied by several authors in the past years, see in particular the papers [1],
[13], [15], [22], [26], [31], [33], [67], [50], [51], [58], [63], [64] for the polyconvex
case and [17], [49], [65], [66] for the quasiconvex case. It is rather interesting
to observe that when ¢ depends only on the gradient variable s, rather than
on the full set of variables (x, u, s), then condition (1.23) can be dropped. This
was shown by Celada and Dal Maso in [26]. No analogous results without a
coercivity condition of the type (1.22) are known for the case when d=N.

1.4. Higher order derivatives.

We now turn our attention to functionals of the form

(1.24) ueWhr(Q; RY) — ff(x, w(®), ..., Viu(x)) de,
Q
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where k = 2. While in the previous subsections we have chosen to address es-
sentially only the case p =1, we consider here also the case p > 1. Indeed for
higher order derivatives much less is known compared to the case k =1. Me-
yers [68] proved that k-quasiconvexity is a necessary and sufficient condition
for (sequential) lower semicontinuity of a functional

w—> ff(x, w(x), ..., VFu(x)) dx ,
o

with respect to weak convergence (resp. weak * convergence if p= ) in
Wk P(Q; R?) and under appropriate growth and continuity conditions on the
integrand f, thus extending to the case k > 1 the notion of quasi-convexity in-
troduced by Morrey when k£ = 1. Meyers’ theorem uses results of Agmon, Dou-
glis and Nirenberg [3] concerning Poisson kernels for elliptic equations. Fu-
sco [56] later gave a simpler proof using De Giorgi’s Slicing Lemma. He also
extended the result to Carathéodory integrands when p =1, while the case
p > 1 has been recently established by Guidorzi and Poggiolini [59] under the
Lipschitz condition

|f(@, v, &) = fle, v, ED)| SCA+ &P+ & [P ]E- &

(note that this condition is automatically satisfied for £ =1 and k = 2, see [65]
and [59]), and by Braides, Fonseca and the author in [21], who obtained the
following general relaxation result in W"7?(Q; R?) with respect to weak
convergence.

THEOREM 7 ([21], Theorem 1.3). — Let 1 <p < oo, ke N, and suppose that
f:QXEG 11X El—[0, ©) is a Carathéodory function satisfying

0<f(x,u,v) <C(+ |u|’+ |v|"), 1sp< o,
for £ a.e. xeQ and all (u,v)eE}_ ;X Ef, where C >0, and
feLin(Q xXEf_1yx El';[0, @) if p=oo.

Then for every ue W5 ?(Q; R?) we have

inf{linnl)iorolf ff(ac, Uy ..y VEU,) du {u,} cWhP(Q; RY,
Q

Up—u i WEP(Q; RY) (= if p= oo)] = fmzkf(x, w, ..., Vi) de
Q
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where, for £~ a.e. xeQ and all (u,v)eEf_ 1, x Ef,

M F, w, ) = inf[ff(ac, w, v+ Viuly) dy : we CF (Q; Rd)] .
Q

Here

dlu
Vlu::(a—ay y =1.
89011 aQCN a1+ ... +tay=1

When k£ =1 we recover classical relaxation results (see e.g. the work of Acerbi
and Fusco [2], Dacorogna [30], Marcellini and Sbordone [67], and the referen-
ces contained therein).

To the best of our knowledge, when k > 1, Theorem 7 gives the first inte-
gral representation formula for the relaxed energy when the integrand is non
convex and depends on the full set of variables, that is f=f(x, u, ..., VFu).
This is due to the fact that classical truncation methods for £k =1 cannot be
extended in a simple way to truncate higher order derivatives. The results of
Fonseca and Miiller (see the proof of Lemma 2.15 in [54]), where the trunca-
tion is only on the highest order derivative V*u, allows us to overcome this dif-
ficulty. Note however that this technique relies heavily on p-equi-integrability,
and thus cannot work in the case p =1 if one replaces weak convergence in
W5 1(Q; RY) with the natural convergence, i.e. strong convergence in
ch—l,l(g; Rd)

In this context a relaxation result has been given by Amar and De Cicco
[4], but only when f= f(V*u), so that truncation is not needed. The general ca-
se where f depends also on lower order derivatives has been addressed by
Fonseca, Maly, Paroni and the author [48]. A first striking difference with the
first order case k =1 is that in the scalar case d =1, that is when «(x) is an R-
valued function, the analogous of Theorem 1 and of Corollary 1 are false when
k> 2. Indeed we can show the following:

THEOREM 8 ([48], Theorem 4). — Let Q:= (0, 1)¥, N=3, and let h be a
smooth cut-off function on R with 0 <h <1, h(u) =1 for u<1, h(u) =0 for
u = 2. There exists a sequence of functions {u,} in W»(2; R) converging to
zero in Wh1(Q; R) such that {||Au,|L10. x)} is uniformly bounded and

liﬂigf fh(un)(l — Au,) " de < fh(O) dw .
Q Q

A positive result is given in the case where f depends essentially only on x
and on the highest order derivatives, that is V*u(x). This situation is signifi-
cantly simpler than the general case, since it does not require to truncate the
initial sequence {u,}cW"1(Q; R%).
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THEOREM 9 ([48], Theorem 1). — Let f : 2 X E[‘fc,l] x B¢ —1[0, ») be a Bo-
rel integrand. Suppose that for all (xy, vy) € 2 X Ef} 11 and &> 0 there exist
09> 0 and a modulus of continuity o, with o(s) < Cy(1 + s) for s >0 and for
some Cy>0, such that

(1.25) flag, v, &) —fle, v, &) <e(1+flx,v, &) +o(|v—vy]|)

forall xe Q with |x — x| <0y, and for all (v, &) eEf 11X Ef. Assume also
that one of the following three conditions is satisfied:

(@) f(xy, vy, *) s k-quasiconvex in E and

1
(1.26) E |§| — Cy < f(xy, vy, &) S Ci(1+ |§|) Jor all EEEIf,
1

where C;>0;

() f(xy, vy, -) is 1-quasiconvex in Ef and
(1.27) 0 <f(x, v, &) <C (1 + |&])  for all E€EY,
where C;>0;

(e) f(wy, vy, *) is convex in EL.
Let weBV¥(Q; R") and let {u,} be a sequence of functions in
Wh1(Q; RY) converging to u in WEL1(Q; RY). Then

ff(ac, w, ..., VFu) da < lim inf ff(ac, Uy, -y VFu,) da .
Q Q

Here V:u is the Radon-Nikodym derivative of the distributional derivative
D"y of VF~14;, with respect to the N-dimensional Lebesgue measure .2, and
for any integer k =2 we define

BVF(Q; R?Y) := {ueW’“’l'l(Q; R%): VF~lye BV(Q; E,f_l)}.
An important class of integrands which satisfy (1.25) of Theorem 9 is given
by
f=fx, &) = nx) g(&),

where h(x) is a nonnegative lower semicontinuous function and g is a nonnega-
tive function which satisfies either (a) or (b) or (e¢). The case where h(x) =1
and g satisfies condition (a) was proved by Amar and De Cicco [4]. Theorem 9
extends Theorem 3 to higher order derivatives. Even in the simple case f=
f(&) it is not known if Theorem 9(a) still holds without the coercivity
condition

1
&= EIEI - Ci.

When the integrand f depends on the full set of variables in an essential
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way, the situation becomes significantly more complicated since one needs to
truncate gradients and higher order derivatives in order to localize lower or-
der terms. However, setting v:= (u, ..., V*"'u) and applying Theorems 4
and 5 to v and to the integrandf such that f(v, W) =flu, ..., V), we find
easily the two results below, Theorems 10 and 11.

THEOREM 10 ([48], Theorem 2). — Let f : Q X Ef} _1; X E!—[0, «) be a Bo-
rel integrand, with f(x, v, ) 1-quasiconvex in E{. Suppose that for all
(19, Uy) € R X B} _1, either f(xy, vy, &) =0 for all E B, or for every & > 0 the-
re exist C, 6,>0 such that

(128) f(x()’ UOy E) _f(ﬂ’/', v, 5) = 8(1 +f(ﬂ’/', v, E))a

1
(1.29) C|§|_E$f(9ﬁo,vo, & <=Ca+|&])

for all (x, v) e @ X B _yywith |x— x| + |[v — v | <6 and forall Ec Ef. Let
we BVF(Q; RY), and let {u,} be a sequence of functions in W*1(Q; R?) con-
verging to u in W= 11(Q; RY). Then

ff(x, w, ..., Vi) de < lim inf ff(ac, Uy -y VEU,) dc .
Q ) Q

A standing open problem is to decide whether Theorem 10 continues to
hold under the weaker assumption that f(x, v, -) is k-quasiconvex, which is the
natural assumption in this context.

As in Theorem 9, conditions (1.28) and (1.29) can be considerably weakened
if we assume that f(x, v, -) is convex rather than 1-quasiconvex. Indeed we ha-
ve the following result:

THEOREM 11 ([48], Theorem 3). — Let f : Q X E’[‘}’c,l] X Ef——1[0, ©] be a
lower semicontinuous function, with f(x, v, -) convex in EZ. Suppose that for
all (xg, vy) € 2 X E'[‘,lc_l] either f(xy, vy, &) =0 for all Ec EZ, or there exist Cy,
00>0, and a continuous function g : B(xy, 0¢) X B(vy, 0o) > E& such
that

(1.30) flx, v, g(x, v)) e L * (B(xg, 69) X B(vy, 09); R),
1

(1.31) fle,v, =0 |E] - —
G

for all (x, v) € 2 X B} _ 1y with | —2a| + |v—vy| <O, and forall EeEf Let
ue BVF(Q; RY), and let {u,} be a sequence of functions in W 1(Q; R?) con-
verging to u in WE-L1(Q; R?). Then

ff(ac, U, ..., VFu) de < lim inf ff(.%', Uy -y VEU,) dc .
Q Q
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The situation is more complicated if the integrand f is k-polyconvex, since
the method used to prove Theorems 10 and 11 cannot be applied in this case.
For each Ee Ef let M(E) € R” be the vector whose components are all the mi-
nors of &.

THEOREM 12 ([48], Theorem 5). — Let h: Q X Eff _;;x R"—[0, =] be a
lower semicontinuous function, with h(x, v, -) convex in R". Suppose that for
all (xy, vy) € 2 X E’[‘}i,l] either h(xy, vy, v) =0 for all ve R®, or there exist C,
0¢>0, and a continuous function ¢: B(xy, 09) X B(vy, 09) = R" such
that

(1.32) M, v, glx, v)) e L= (Bxy, 6¢) X B(vy, 0y); R),
(1.33) Iz, v, v) = Clv| - %

forall (x,v) e Q XE’[‘}ZC,I] with |x —xg | + |[v—vy| <04 and for all ve R". Let
ueBV*(Q; RY), and let {u,} be a sequence of functions in W*?(Q; R?)
which converges to u in WkE-L1(Q: RY), where p s the minimum between N
and the dimension of the vectorial space E{_;. Then

fh(ac, w, ..., VE o, M(VE)) da<lim inf fh(m, Uy -y VE Lo, M(VEW,)) dic.
5 5

Theorem 12 is closely related to a result of Ball, Currie and Olver [14],
where it was assumed that

1
h y Uy = )
(x, v, v) = y(|v|) G

where

y(s)

— > @ as S—> oo,
S

2. — Open problems.
1. In [72] Serrin proved the following

THEOREM 13 ([72], Theorem 12). — Assume that fe C(2 X R x R¥;[0, )),
flx, u, ") is convex in RN and f satisfies any one of the following condi-
tions:

@) flx,u, & — o as |E| = o for each (x,u) e xR
(i) f(x, u, ) is strictly convex in RN for each (x,u)e Q X R.

(iii) The derwatives f,, f: and f;, exist and are continuous.
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Then F(u, Q) is lower semicontinuous in Wik (2; R) with respect to lo-
cal convergence in L.

Theorem 13 was extended to the vectorial case by Morrey in his book on
Calculus of Variations ([69], Thms. 4.1.1, 4.1.2). However, several years later
Eisen [42] found a gap in Morrey’s proof, thus placing in doubt the validity of
Theorem 13 when d > 1, and constructed counterexamples for Theorem 13(iii)
when d > 1 (see also [74] for more details and an extensive bibliography). Co-
rollary 2 above shows that Theorem 13(i) continues to hold when d > 1, while,
to our knowledge the validity of Theorem 13(ii) when d > 1 remains open.

2. Consider a continuous integrand f: 2 X R x R™N—[0, ), d>1,
such that f(«x, u, -) is quasiconvex in RN and

1
6|§| -Csflx,u, ) <C(|§| +1) for all (x,u, 5 e xRIx RW,

Is it possible to find a sequence of nonnegative functions f; /f, which satisfy
the same properties of f, but are also continuous in (x, ) uniformly with re-
spect to £? If so then the functional corresponding to the integrand f would be
lower semicontinuous with respect to L! convergence. Note that this approxi-
mation result is true for convex functions and for quasiconvex functions with
superlinear growth (see the paper of Marcellini [65]).

3. Let f:E?—[0, o) be k-quasiconvex and assume that

0<fE)<C(|&|+1) for all EcBY.

Let u e BVF(2; R?) and let {u,} be a sequence of functions in W 1(Q; R?)
converging to » in W*~11(Q; R?). Does the following inequality

Jrvkuy de < lim inf v, de
Q Q

hold? It certainly holds if one assume that f(§) = C; || for |&| large, but for
k=1 this coercivity condition can be avoided using De Giorgi’s Slicing
Lemma.

4. Assume that
f: .Q XE’[(}IC,I]XEIE—)[O, OO)

is continuous and such that f(x, v, -) is k-quasiconvex in E¢ and
1
° |E| —C<f(x,v, &) <C(|&| +1) for all (v,v,EeQxXE} 1 xEL.

Under some condition of the type (1.16), is the corresponding functional lower
semicontinuous with respect to strong convergence in W*~11(Q; R%)?
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