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Bollettino U. M. 1.
(8) 4-B (2001), 239-267

On Decompositions in Generalised
Lorentz-Zygmund Spaces (*).

J. S. NEVES

Sunto. — Il lavoro presenta diverse caratterizzazioni degli spazi Lorentz-Zygmund ge-
neralizzati (GLZ) L, 4. (R),conp, e (0, + ®],meN, ae R™ e (R, u) spazio mi-
surato con misura u(R) finita. Dato uno spazio misurato (R, u) e e R™, ottenia-
mo representaziont equivalenti per la (quasi-) norma dello spazio GLZ L, ... ,(R).
Inoltre, se (R, u) e uno spazio misurato con misura finita e e« R}, viene presen-
tata in termint di decomposizioni una novima equivalente per lo spazio Ly 1, ,(R).
St dimostra che le norme equivalenti considerate per L. . o(R), con (R, u) uno
spazio a misura finita, e la norma di decomposizione in Ly 1, ,(R) possono essere
utilizzate per ottenere semplici dimostrazioni di alcuni risultati di estrapolazione
concernenti questi spazi.

1. — Introduction.

In [7], Edmunds and Krbec obtained some decompositions for the expo-
nential Orlicz space Lg,(£2), usually denoted by E,(£), with Young function
@ given by @ (t) = expt“ for large t, where a > 0 and Q is a measurable sub-
set of R" with finite n-dimensional Lebesgue measure |£2|,. Without loss of
generality, it was assumed that ||, =1. They showed that considering a
suitable decomposition of (0,1) into a union of disjoint intervals
{(ts, tt—1)}xex it is enough to control only the blow up of the norms
1/ i, 1 )» Where f* is the non-increasing rearrangement of f, by the same
power k ~1* to have L4, (£2). The proof was based on the fact that Ly (£2) coin-
cides with the Zygmund space L ”(logL)‘l/a(Q) (see [2, Theorem D] or [3,
Lemma IV.6.2]). In Section 3, we extend this result to the generalised
Lorentz-Zygmund (GLZ) spaces L, . o(R), with p, qe (0, + »], mel,
acR™, and (R, u) a finite measure space, cf. Theorem 3.2. The method of the
proof is different from, and in our opinion easier than, that used in [7].

In [19], Triebel gave an equivalent norm for the exponential Orlicz space
Lg,(£2), where Q is a measurable subset of R” with finite volume; see also [6].
With this equivalent norm, he proved that the embeddings id: B2 (2)—
E (Q) and id: H;’/p(.Q)—>E'a(Q), with 1<p<+o, 0<a<p’' and 2 a
bounded C *-domain in R", are compact and obtained estimates for the appro-

(*) 1991 Mathematics subject Classification: 46 E 30.
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ximation and entropy numbers of those embeddings. Let us just mention that
B,ﬁ”;,(!)) and HZ?/”(Q) are classical Besov spaces and fractional Sobolev spaces,
respectively. We refer to [19] for more details. Equivalent norms for the
double exponential Orlicz space Lg,(£2), usually denoted by EE,(£2), with
Young function @, given by @,(t) = expexpt“ for large ¢, where o > 0 and Q
is a measurable subset of R" with finite volume, were obtained by Edmunds,
Gurka and Opic in [6]. The proof was also based on the fact that Ly, (£2) coin-
cides with the GLZ space L« .9, —1/,(£2), see [4, Lemma 3.9]. Following the
same technique as in [6], we obtain in Section 4 equivalent representations for
the (quasi-) norms of the GLZ spaces L. . ,(R), with (R, u) a measure space
and ae R”,te. a=(ay, ..., a,)eR", ay, ..., ¢,-1<0and a,, <0, cf. The-
orem 4.1 and its Corollaries. In particular, when (R, u) has finite measure we
obtain equivalent norms for the GLZ spaces L., .., (), with e R™, extend-
ing in this way the results in [19] and [6]. Still in Section 4, we give an equiva-
lent norm for the spaces L, ;. ,(R), with (B, ) a non-atomic finite measure
space and ee RY, i.e. o= (ay, ..., a,,)eR", a, ..., 0,,_1=0 and a,, >0,
in terms of decompositions. This result extends a result obtained by Edmunds
and Triebel, cf. [8, Theorem 2, p. 72], for the spaces L!(log L)*(£2), with a >0
and Q a measurable subset of R” with finite volume. We refer to [9, Theorem
3.4] for a different proof of this result.

In Section 5, we show how the equivalent norms obtained in Section 4 for
L «, «(R), with ae R", and the decomposition norm in L, i, ,(R), with
ae R", can be employed to get simple proofs of some extrapolation results in-
volving these spaces. Let us remark that we do not follow a general setting in
terms of abstract extrapolation methods considered by Jawerth and Milman,
cf. [11] (see also [14]). We mention that the starting point of the extrapolation
theory was the Theorem of Yano [20] which can be described as follows. Sup-
pose that 7' is a bounded linear operator on L,(0, 1) for p > 1 with ||T1|, ., =
O(p—1)"* asp | 1, for some a > 0; then these estimates can be extrapolat-
ed to L'(logL)*(0, 1) = L;(0, 1); see [22, Theorem XII1.4.11 (ii), p. 119] for a
more general formulation. We refer to [17, Theorem IV.5.3, p. 92] where T was
supposed to be sublinear. We also refer to [9, Theorem 4.2] where 7' was sup-
posed to be subadditive. In [16, p. 23] and [8, p. 74] the case was considered
when T is the Hardy-Littlewood maximal operator. It should be emphasised
that the decomposition approach, used in [8] and [9], skips completely the ma-
chinery of weak type inequalities and the Marcinkiewicz interpolation Theo-
rem, since it follows at once from the expression of the norm in L*(log L)*(£),
with a > 0. There is also a dual statement for operators acting from L,(R,)
into L,(R;), with (R, u,) and (R;, u,) finite measure spaces, for p close to

+ o0, such that [T, ., = O(p"*) as p— + o, for some a > 0; then there

exist positive constants 4, K such that | exp (1| Tf|“) du; < K for each f with
R,
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|f] =1; see [22, Theorem XII.4.11 (i), p. 119]. There is also a version of this re-
sult for sublinear operators. We refer to Section 5 for more details.

2. — Notation and preliminaries.

As usual, R” denotes Euclidean n-dimensional space. Let (R, X, u), usual-
ly denoted by (R, u), be a totally o-finite measure space and referred in the
sequel only as a measure space. A set £'eX is called an atom of (R, X, u) if
wW(E)>0and FcE, F e X implies either u(F) =0 or u(E\F) = 0. If there are
no atoms, then (R, 2, u) is called non-atomic. A measure space (R, u) is called
resonant if it is one of the following two types: (i) non-atomic; (ii) completely
atomie, with all atoms having equal measure. We refer to [3, pp. 45-51] for
more details and for a different, but equivalent, definition. When R = R" we
shall always take u to be Lebesgue measure u,, and shall write | 2], = u,(£2)
for any measurable subset £ of R". The family of all extended scalar-valued
(real or complex) u-measurable functions on R will be denoted by IN(R, u);
Ny (R, w) will stand for the subset of N(R, u) consisting of all those functions
which are finite u-a.e. and " (R, u) (9 (R, u)) will represent the subset of
MR, u) (My(R, u)) made up of all those functions which are non-negative
u-a.e.

DEFINITION 2.1. — Let fe (R, u). The distribution function u, of fis de-
fined by

6)) uid) =u{xeR: |fx)| >4}, forall 1=0,

and the non-increasing rearrangement of f is the function f* defined on
[0, + ) by

@) FE) =inf{A=0: upA) <t}, for all t=0.

The non-increasing rearrangement of the characteristic function f=yz,
where E is a u-measurable subset of R with finite measure wu(F), is
J* =210, wey-

If (R, u) is a finite measure space, then the distribution function u, is
bounded by u#(R) and so f*(t) =0 for all t = u(R). In this case we may regard
f* as a function defined on the interval [0, u(R)); for more details we refer
to [3].

DEFINITION 2.2. — Two functions fe No(R, u) and ge Ny (S, v) are said
to be equimeasurable if they have the same distribution function, t.e., if
ui(A) =v,(A) for all 1=0.
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Let pe (0, + »]. We denote by L,(R) the Lebesgue space endowed with
the (quasi-) norm |. ||p; z. An alternative description of |. ||p; g is given by the
next result, cf. Proposition I1.1.8 in [3] or Theorem 1.8.5 in [21].

PROPOSITION 2.1. — Let fe L,(R). If 0 <p < + o, then

1A= [ 1A de= [ Gyt =17 o, oo,
R 0

Furthermore, in the case p= + o,

[ fll; 2 = ess sup |f@) | =£*(0).

NowletmeNand = (ay, ..., a,,) € R". Let us denote by 97" and v} the
real functions defined by

3) o) = f[ll{‘i(t), for all te (0, + ),

and

4) R ()= f[ll{‘jl(t), for all te[1, + ),

where Iy, I, ..., l,, are non-negative functions defined on (0, + «) by

G bLy=t, LI =1+]|logt|, L;#t)=1+logli_1(t), ie{2,...,m}.

DerFiNITION  2.3. (cf. [B]) - Let p,qe(0, +x], melN and
o= (a0, ...,a,)eR™. The generalised Lorentz-Zygmund (GLZ) space
Ly, 4. «(R) is defined to be the set of all functions fe No(R, u) such that

(6) ”f”p, q; a; R = ”t Vp- l/qﬁfzn(t) f* (t)Hq,(O, + o)

is finite. Here ||. ;. 0. + =) stands for the usual L, (quasi-) norm over the inter-
val (0, + o).

We remark that in [5], the space L, . ,(R) and the quasi-norm ||, ;. a2
defined above are denoted by L, 4., . «,®) and |||, 4. a,. . a,:r> respect-
ively. We use the notation in [5] only when we are considering particular
cases.

Let us observe that when we consider « = (0, ..., 0) in the previous Defi-
nition, we get the Lorentz space L, ,(R) endowed with the (quasi-) norm
H.Hp,q; g, Which is just the Lebesgue space L,(R) endowed with the (quasi-)
norm ||.[|,. r when p=¢; if p=q, m =1 and (R, u) = (2, u,,), we get the Zyg-
mund space L?(logL)*1(£2) endowed with the (quasi-) norm |.|,. 4, o-
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Let us introduce some more notation, that will be needed in Section 4. Let

me N with m = 2. We define the numbers exp,, ..., exp,, by
expy =1, exp; = e*Pi-1, te{l, ..., m}.

Let = (ay, ..., a,) e R". Let us denote by y % the non-negative function de-
fined by

m
) yut) = [10¢,(t), for all telexp,, 5 + ),

i=1
where {y, ..., (,, are the non-negative functions defined by

b)) =t, t=1; () =logl; (), t=exp;_1, 1€{1, ..., m}.

We are going to need in Section 3 the following Lemma, which is very easy
to prove.

LEMMA 2.1 (7). — Let m, ke N. Then
Lote "ty =1, (k).
(127) Let meN, and keN. Then
Lo(k) <!, (k+1)<el,(k).

(i11) Let aeR and m, ke N. Then for each te (e %, e **1), we have the
mequalities

min {1, e“} L5 (k) <l5(t) <max{l,e*} L5 1(k).
() Let aeR, meN and k=2. Then the inequalities
min{l,e *} 5 (k) <la(t) <max{l,e *}l%_,(k)
hold for each te (e **1, e k+2),
The following Lemma, with an obvious proof, will be used later on.
LEMMA 2.2. — Let ke N and qy> exp,_ 1. Then
(1) 0p(Q) <U(q), for each qelexp;_ i, + ®);

(1) U,(q) <e*l,(q), for each qelexpy, + »);

(it 1(q) < ( F i

+ 1) (,(q), for each qelqy, + ).
%(qo)
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By a Young function @ we mean a continuous non-negative, strictly in-
creasing and convex function on [0, + o) satisfying

o L

lim —~ =

m —- =
t—0*t ¢ t—+o P(t)

Given a Young function @ and any measurable subset 22 of R", L4 () will
denote the corresponding Orlicz space, i.e. the collection of functions fe

Ny(2, u,) for which there is a A >0 such that f®(|f(ac)|//1)dﬂc< + o,
Q

equipped with the Luxemburg norm ||. |, o given by

Hf||¢>,gzinf{/1>02f¢)(@)dacSl].
Q

We refer to [1, Chapter VIII] and [12, Chapter III] for more details.
Let @, and @, be Young functions. Recall that @, dominates @ globally
if there is a positive constant x such that

® D1 (8) < Py(xt)

for all ¢ = 0. Similarly, @, dominates @, near infinity if there are positive
constants kx and t, such that (8) holds for all ¢ € [t,, + ). Two Young functions
are said to be equivalent globally (near infinity) if each dominates the other
globally (near infinity). We have from [1, Theorem 8.12, pp. 234-235] the fol-
lowing result: If @; and &, are equivalent globally (or near infinity and
|2],< + ), then Ly (2)=Lg4,(2) and the corresponding norms are
equivalent.

LEMMA 2.3. (cf. [6]) — Let 2 be a measurable subset of R" with finite vol-
ume and let a>0. Then

(i) the space L~ (log L)~ 1*(Q) =Ly, «. —1,(82) coincides with the Or-
licz space Lg,(82), where @ (t) = expt® for all t = t, with some tye (0, + o),
and the corresponding (quasi-) norms are equivalent;

(ii) the space L ”(loglogL) V() =L, ..o 1.(R) coincides with
the Orlicz space Lg,(R2), where ®,(t) =expexpt® for all t =1, with some
toe (0, + ), and the corresponding (quasi-) norms are equivalent.

We will denote the Orlicz spaces Ly, (£2) and Ly, (£2), considered in Lemma
2.3, by E,(2) and EE,(Q), respectively. In view of the same Lemma, we may
endow these spaces with the quasi-norms

||-||Ea(9) = ””oo w; 1a;0  and ||-||E‘Ea(!2) = || ”oo ®;0, —1/a; Q+

For more details we refer to [6].
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Let meN. We denote by R and K™ the following subsets of R™:

R ={(ay, ...,a,)eR" ay,...,a,_1=0 and a,, >0}
R™={(ay, ...,ap)eR" ay, ..., 00,-1<0 and a,, <0}.

Given a Banach space X let us denote by X* its dual space.
Let joe N and let {4,},-, be a sequence of Banach spaces. We denote by
l,(A;) the space of all sequences a = {a,};>; With a,€A;, j=j,, such that

+
lelhca = 2% flla, < + oo
=Jo

By [, (4;) we denote the space of all sequences a = {a,};>;, with a;€ 4;, j = j,

for which llall.. ;) = sup [la; |4, is finite. The space cy(4;) is the subspace of
’ J=Jo ’
l..(A;) consisting of all sequences a = {a,};>; such that

Tim oyl = 0.
j—>+ E

By Lemma 1.11.1 in [18, pp. 68-69], generalised in an obvious way,
) [eo(ADT* =1 (A7),

with the usual interpretation (not only isomorphic but also isometric). More
precisely, given g = {g;};>;, € (4), the functional g defined by

(10) 9= 2 g;(f), forall f={f};=;eco(4)),
J=Jo

is an element of [cy(A;)]* and is such that

+
(11 119 lleyape = j% llg;lLax = llgll car-
=Jo

Conversely, let us consider g € [¢, (4;)]*. Then g can be identified with an ele-
ment g = {g;};>;,€;((4*) by (10) and such that (11) holds; see [18] for more
details.

For general facts about Banach function spaces with Banach function norm
(or simply a function norm) ¢ on a measure space (R, u) we refer to [3, Chap.
1, Chap. 2]. Nevertheless, let us recall a few concepts and results. A function
norm o over a measure space (R, ) is said to be rearrangement-invariant if
o(f) =0o(g) for every pair of equimeasurable functions f and g in
Ny (R, w).

Let (R, 1) be a measure space and let ¢ be a function norm. The associate
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function norm o' of ¢ is defined on I * (R, u) by
(12) 0'(9) = Sup{ffgdﬂife k0, eh <1},
R

for each g e AN " (R, u). The collection X = X(o) of all functions fin MN(R, u)
for which o(|f]) is finite is called a Banach function space. The norm of a
function f in X is given by

(13) .£1lx = oC|/])-

The Banach function space X = X(o) generated by a rearrangement-invariant
function norm g is called a rearrangement-invariant space. The Banach func-
tion space X(o') determined by o', where o' is the associate norm of o, is
called the associate space of X(o) and is denoted by X'. It follows from (12)
and (13) that the norm of a function g in the associate space X' is given by

gl = sup {Rf ol du: fe X, |Iflx < 1}.

Let X be a Banach function space over the measure space (R, «). The clo-
sure in X of the set of simple functions is denoted by X,.

ProposiTION 2.2. (cf. [3], Proposition 1.3.10) — The subspace X, is the clo-
sure it X of the set of bounded functions supported in sets of finite
measure.

Let us recall the Lorentz-Luxemburg Theorem, cf. Theorem I1.2.7 in [3].

THEOREM 2.1. — Every Banach function space X coincides with its second
associate space X" := (X")". In other words, a function f belongs to X if, and
only if. it belongs to X", and in that case ||fllx = |flx -

REMARK 2.1. - If X and Y are two Banach function spaces such that Y = X',
up to equivalence of norms, then it follows, by the Lorentz-Luxemburg Theo-
rem, cf. Theorem 2.1, and by the definition of Y’, that Y’ =X, up to equiva-
lence of norms. In other words, X and Y are mutually associate.

Now we recall the Luxemburg representation theorem, cf. [3, Theorem
11.4.10].

THEOREM 2.2. — Let o be a rearrangement-invariant function norm over
a resonant measure space (R, u). Then there is a (not necessarily unique)
rearrangement-invariant function morm @ over (RY,u,) such that

o(f) =o(f*), for all fin Ig (R, w).
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Furthermore, if o is any rearrangement-invariant function norm over
(R*, w1) which represents o, in the sense that o(f)=o(f*), for all f in
Mg (R, w), then the associate norm o' of o is represented in the same way by
the associate morm o' of o, that 1s, 0'(g)=0'(g*), for all g n
MG (R, w).

Let X be a rearrangement-invariant Banach function space over a resonant
measure space (R, u). For each finite value of ¢ belonging to the range of u, let
E be a u-measurable subset of R with u(£) =t and let

(14) @x(t) = ||XE”X

The function ¢ y so defined is called the fundamental function of X. Observe
that the particular choice of the set £ with u(£) =t is immaterial since if F is
any other subset of R with u(F) = t, then y  and y r are equimeasurable and so
Iy £llx = b #llx, because of the rearrangement invariance of X. Therefore, ¢ y is
well defined by (14).

THEOREM 2.3. (cf. [3], Theorem 11.5.5) — Let (R, u) be a non-atomic mea-
sure space and let X be an arbitrary rearrangement-invariant space over
(R, u). Then

lim ¢x(t) =0 if, and only if, (X,)*=X".
t—0*

For two non-negative expressions (i.e. functions or functionals) @, $ we
use the symbol @ < B to mean that A < ¢ B, for some positive constant c inde-
pendent of the variables in the expressions 4 and B. If 4 < B and B < A, we
write A = &B.

We adopt the convention that (a/+ «) =0 and (a/0) = + o for all a > 0.
If pe[1, + o], the conjugate number p’ is given by (1/p) + (1/p’) =1.

3. — Decompositions.

As was said in the Introduction, the following results extend the decompo-
sitions considered in [7] for the exponential Orlicz spaces E,(£).

Let us assume, in this Section, that (R, ) is a finite measure space. With-
out loss of generality we suppose that u(R) = 1; see Remark 3.1. In the sequel,
we shall consider the decomposition of (0, 1) into {(e¢ %, ¢ **1)},5;.

THEOREM 3.1. — Let p,qe (0, + ], melN and a=(a, ..., a,)eR".
Then for each feL (R) we have

P, q; @
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(1) f0<g< + oo,

+ o 1/q
(15) LAl g5 a2 = [Hw TPk f* (e *’“))q]
+o /g
(16) ~ [kzz(e o (k) f* (e *’““))"] ;
(1) if = + o,
an 11, g5 as 2= sup {¢ (k) f*(e ")}
(18) ~sup{e P (k) f*(e "},
k=2

PrOOF. — (i) Let 0 <¢q < + « and suppose fe L, ,. ,(R). Then by Lemma
2.1 it follows that

+ o©
||f”)%,q; R > ‘71212(6 7k(1/p*1/q)ﬁzn(e —k+1) f*(e 7k+1))qe —k

+

Zc, 2 (e Poiy(k) f*(e ).

Conversely, for feL, , ,(R), we have again by Lemma 2.1

+ o + ©
A8, g r < €5 2 (e P wi(k) f*(e D)) < ey 2 (e i (k) f*(e M),
k=2 k=1

which gives the desired inequalities.
(ii) The proof of the case ¢ = + o is similar to the previous one. =

Let © be a measurable subset of R" such that | 2|, = 1. By Theorem 3.1 we
conclude that
fHe™ o ffe™h

A

| fll, ) = iup , for each feFE, (Q),
=1

and

*(g K i, —k+1
1l o= sup — &) 2D

— = 3su , for each ekE (Q).
P (1 + log k)1 P log'/#k !

The next Lemma, with an easy proof, will be used to prove the last result of
this Section.
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LEMMA 3.1. — Let fe My(R, u), J,= (e %, e **1), k=1. Then
(2) for each ke N we have
19) af*(e Frh s”f*Hk,Jks%f*(@ ",

where ¢; and ¢, are positive constants independent of f and k;

(12) for each k=2 we have
(20) e f¥ e A <l g S fHe T,

where ¢, and c; are positive constants independent of f and k.

THEOREM 3.2. — Let p, qe (0, + o], meN and = (aq, ..., a,,) e R". Let
Je=(* e Y k=1, and I,=J,_1, k=2. Then for each fe L, .. (R) we
have

(i) if 0<q< + o,

+ o l/q
@ £l = | S € 02wl ]
+ 1/q
22) ~ [M(e *k/pwzl(mllf*llk,Ik)Q] ;
(ii) if g= + e,
(23) ||f||p,q; @R~ Eli};{g—k/pa)zb(k)”f*nk,rfk}
24) = sup{e P o k) * [l 1.}

PrOOF. — (i) Suppose 0 < ¢ < + » and let fe L, ,. ,(R). Then by (15) and by
(19), we have

+ o©
||f”]%, q; a; R = Clké:l(e 7k/pw:§b(k)Hf* Hk, Jk)q-
By (16) and by (20), we also have
+
”f”g), q; o; R = CzkE::Z(e _k/Pa)Zl(k)”f* ”k, I )q-
Conversely, for feL, ;. .(R), by (16) and by (19), we have

+ oo
18, s = s 2 400 B )
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By (16), by Lemma 2.1 and by (20), we have

+ o0 + oo
W1, o5 s < €4 2 (e P @Zi(h) f2e ™)) < 05 3 (e P () f* [, 1),

which gives the desired inequalities.
(ii) The proof of the case ¢ = + o is similar to the previous one. =

Let 2 be a measurable subset of R" such that | 2|, = 1. By Theorem 3.2 we
conclude that for each fe £, (2)

[ i 7

k 1/a - iig k 1/a

(25) I/

£, (@) = Sup
k=1

The first estimate in (25) is given in [7] by Corollary 2.3. The counterpart
for the spaces EE (L) is given by

171 ~ sup lr* ”ka = sup IF* Hk,]k
EE,(2) k=1 (1 + logk)l/u P 1Og1/ak

,  for all feEE, (Q).

REMARK 3.1. - If (R, u) is a finite measure space with measure u(R), m e N
and eeR™, we have 97 (s) = 937 (su(R)), for all se (0, 1). This follows from
the estimates e 7/ 1;(s) <I;(su(R)) <e’l;(s), for all se(0,1) and i=1, ..., m
where j is a positive integer such that e/~ <[, (u(R)) <e’.

With the previous considerations, it is easy to see that the estimates
in Theorem 3.1 and Theorem 3.2 still hold, up to constants, if we replace
f*e ™) by f*(e *u(R)), for each keN, and J,=(e *, e **!) by
J=(e *u(R), e *"1u(R)), for each ke N, respectively.

4. — Equivalent (quasi-) norms for some generalised Lorentz-Zygmund
spaces.

In this Section, we are going to consider in the first part the GLZ spaces
Ly «.4(R), with e R™, and in the second part the GLZ spaces L, 1, ,(R2),
with ae R7.

4.1. The GLZ spaces Ly . o(R).
First we are going to recall a Lemma.

LeEMMA 4.1. (cf. [10], Lemma 5.1) — Let meIN and v > 0. Then there is a
constant ce (0, + ) such that for all se (0, 1),

sup L, 1(@)sVi<cl,"(s).
qgell, +=)
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With the help of the previous result, it is not difficult to prove the next
Lemma.

LEMMA 4.2. — Let me N and e R™. Let tye (0, + «). Then there is a po-
sitive constant c¢ such that " (q)sY?<c9™(s), for all se(0,t,) and all
qgell, + ).

The following result generalises Theorem 3.1 in [6].

THEOREM 4.1. — Let meN and ae R™. Let tye (0, + ).
(1) Let pe (0, + ]. Then for each feL, ...(R),

26) I flly, »; 0= ﬁup )wZL(Q)||f*||(q/<q/p+1)>,oc;(o,to)+t sup {t"P97@) @)}
gell, +

0 <t< + oo
(it) Then for each fe L. . 4(R),
@27 fllee, o a3 2 =% (F0) + sup )wﬁl<q>||f*llq;<o,t(,>.
qell, + >

Proor. — We follow the proof of Theorem 3.1 in [6], where the case p= +
o, m=2,0;=0, a, <0 and u(R) < + © with ¢, = u(R) was considered.
(i) Let t;e (0, + ) and @ := B + C where

B:=sup o@D *lagpr, =0, and  C= sup {tPIUO) f*O}.

gell, + ) ty<t< + o

Suppose fe L, ., ,(R). By Lemma 4.2 there is a constant ¢; >0 such that
for all ge[1, + o),

o WD lgriam + 17, 300, 1) < ¢1 Sup {9u(s) s f#(s)}.

<s<t

Passing to the supremum over all ge[1, + =), we get the inequality
B <cillfllp, »; ai -

Hence

(28) A <2max {1, ¢; }|fl, = o -

Conversely, suppose the right hand-side of (26) is finite. Fix s e (0, £,) and set
g=1+ |logs|. Then B =l (q)s 1" f*(s) =e 197 (s) s f*(s). Taking
the supremum over all se (0, t;), we obtain the inequality

B=e ! sup {tVPIN() fH(H)}.

0<t<ty

So @ =e !|fll,, ». «; r, Which together with (28) gives the estimate (26).
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(ii) Let ;e (0, + o). First we prove the following estimate

(29) A+ B =f*(t) + Sup )wZ”(q)Hf*Hq;(o,tO),
qell, +
where
A= sup o (Pf*ly =04 and  B:= sup {IU@) f*D)}.
qell, +o) foy<t<+

Suppose the right hand-side of (29) is finite. First we verify that
30) 15 llg, 300, 1) < IF*lgsc0, 100> for each ge[1, + o).

Let te (0, t;). Using the fact that f* is decreasing, we have

t 1/q t
tl/qf*(t) — [f[sl/qf*(t)]qﬁ] < [f[sl/qf*(s)]q ﬁ]
0 s 0 S

S ”f* Hq;(O, to)*

Hence taking the supremum over all ¢ e (0, t,), we obtain (30). Using inequali-
ty (30) and since B < f*(t,), we immediately obtain

A+B<f*t)+ sup oDl

qell, +=)

1/q

Now we prove the converse inequality. Suppose that @ + B < + . If
1<q<gq; then

q -1/q
31 17 Do, 00 < F* a0, 0 (1 B q‘) '
1

Let ge[1, + »). Since [;(q) <[;(2q) <el;j(q), for all je N, we have by (31),
with ¢; =2q, the following inequalities

O DI llgs0, 10 S L @B OIS g, 20,10 er sup @& f* |y, w500, 1)

rel2, + «)
Therefore, passing to the supremum over all ge[l, + o), we get the

inequality

(32) sup & (@)1 0,0 S L.

gell, +x)

Now it easily follows from (32) that
fEt)+  sup o (@ F* 0,1 < max {e;, 97, () }A + B)
q

ell, +x)

and (29) is proved. The estimate (27) follows from (26), with p = + o, and from
29). =
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When (R, u) is a finite measure space the previous estimates are much
nicer.

COROLLARY 4.1. — Suppose (R,u) is a measure space such that
WR) < +o. Let meN and ae R™.

(1) Let pe (0, + ]. Then for each fe L, ..q.(R),

(33) ||f||p, w;a;R*
q

sup wz/(q)”f”(q/(q/erl)), ;R
e[l, +x)

(it) Then for each fe L, «.o(R),

(34) ||fHOO, o; a; R = sup CUZZ(Q)Hqu;R-
qell, + o)

ProOF. — The results follow from the theorem with ¢, = u(R) and from the
fact that f*(¢) =0, t=u(R). For the part (ii) we use also Proposition
21. =

From (ii) of Corollary 4.1 we recover the results of Theorem 3.1 in [6] for
the spaces E,(2) and EE,(Q), where 2 is a measurable subset of R" with
|2],< + .

COROLLARY 4.2. — Let meN and ae R™. Let tye (0, + «). If joe N and
Go=1 then for all fe L. . .(R),

(35) 11l ;s e =f* )+ sup @2 (DI 0, 1)
JjeN,j=jo

(36) ~f*t)+ sup " (DIF* 0.0
qelqo, +)

ProoF. — We follow the proof of Corollary 3.2 in [6], where the case m = 2,
a;=0, ay<0and u(R) < + o with t, = u(R) was proved. For fe L, .. (R),
Joe N and ¢, =1 we denote

Si(f) =f*) + [S1up )wZL(q)llf* ”q;(o, t)s
qgell, + >

Se(f) =f*ty) + sup k(g ty V7| f* ”q;(o, t)»

qell, +=)

Ss(f)=f*t)+ sup o @O* g0, 1005

qelqo, +)

a1 (f)=f*t)+ sup i (DIF* o, s

jeN, j=jo
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02(f) =f* )+ sup ol (Dte 7 F* 0, 005
j

eN,j=jo

os(f) =1*() + sup wf(j)”f* ||j;(0,t0);

jeN,j=[ql+1

where [qg,] denotes the integer part of ¢,.
() Let t{ye (0, + =), joeN and fe L. «. ). First we prove that

”f”OO, o; a; R zf*(t()) + sup ) Cl)g(j)”f* ||j;(0, to)*

JjeN,j=j

If ge[l, + ), we put j = max{j,,[q]+ 1} and choose nelN such that
e" 1=j,. Then

7<jolqgl+1)<joqg<e" Yqg+1)<e" '2¢g<e’q

and hence

oD <e"l (@, k=2,...,m.
Therefore
(87) et ) (M () < ™ (§).

Since j=[q]l+1>¢q, we get by Holder’s inequality together with (387) the
inequality

(@t M| f* ||q;(0, 1) S coy (]) to M| f* ||j;<o, t)s
where ¢ =¢ ™*1t+@w) > 1 and hence
(38) So(f) <coy(f).

It is easy to see that S;(f) = S.(f), 0:(f) =05(f), and since o,(f) <S;(f)
we have, together with (38), the estimates

39) 01(f) <81 (f) =S (f) < co(f) = 0:(f).

So (35) it follows from (27) and (39).
(i) Let tye(0, + ), ¢=1 and fel., ., (k). From (27) it follows
that

(40) Ss(f)sSl(f)z”wa,w;a;R-
Since o3(f) =0,(f) if jo=1[qy] + 1, we have by (35)
(41) ||f||w,w;a;Rz03(f)gSS(f)-

Therefore, by (40) and (41) we get (36) and the proof is finished. =

When (R, u) is a measure space of finite measure we obtain simple equiva-
lent norms.
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COROLLARY 4.3. - Suppose (R,u) is a measure space such that
WR)< +o. Let melN and ae R™. If joeN and qy=1 then for all
feLy, . oR),

(42) ”.](‘Hoo,Oc;nz;l-?z . Sup (’UZL(])Hf”],R
JjeN,j=jo

43) ~ sup  oX(Qfll; -
qelqo, +»)

ProoF. — The results follow from Corollary 4.2 with ¢, = u(R) and Proposi-
tion 2.1. =

If we consider m=1, a;<0 and 2 a measurable subset of R” with
| 2], <+ in the above Corollary we recover part (i) of Corollary 3.2 in [6].

COROLLARY 4.4. — Let meN, m=2 and ae R™. Let tye (0, + x). If
JoeN, jo=[exp,_2]1+1 and qy > exp,,_2 then for all fe L, . (R),

(44) Ifle, o s e =5+ sup y2DI* 0, 10
JjeN,j=jo

(45) =frt)+ sup @I * o,
qgelqy, +»)

Proor. - (i) Let joe N, j, = [exp,, —»] + 1. Since j, > exp,, _ 2, it follows from
(i) and (iii) of Lemma 2.2 that, for each ke {1, ..., m — 1}, (,.(j) = [; (), for all
J =Jo. Therefore, the estimate (44) follows from (35).

(i) Let ¢y > exp,, _o. Then for k=1, ..., m — 1, the estimate (,(¢q) = ,(q),
for all q = q,, follows from (i) and (iii) of Lemma 2.2. Therefore, the estimate
(45) follows from (36). ®

COROLLARY 4.5. — Suppose (R,u) is a measure space such that
WR)< + . Let meN, m=2 and ae R". If joe N, jo = [exp,, _.]1+1 and
Qo > exp,, — 2 then for all fe L. .. .(R),

(46) ||f||°°,oo;a;Rz_ Sup )/Z[L(])Hf”],}%
JjeN,j=jo

47 ~ sup  ya(@flly; e
qelqo, +)

ProorF. — The results follow from Corollary 4.4 with ¢, = u(R) and Proposi-
tion 2.1. =
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If we consider m =2, a; =0, a, <0, and 2 a measurable subset of R" with
|2],< + o in the above Corollary we recover part (i) of Corollary 3.2 in

[6].
4.2. The GLZ spaces Ly 1. (R).

Let us assume, in this Subsection, that (R, «) is a finite measure space. Let
meN and ae R'}. Let us consider the spaces L; 1. o(R) and L, .. _,(R) en-
dowed with .|k, 1; 4z and [|. ]|, «; _: r, respectively.

Again, without loss of generality we suppose that u(R) =1, because if
(R, u) is a finite measure space with measure u(R), after a change of variables,
we have by Remark 3.1

1
17l 1 e = J 978 fit () ds,
0

for each fel, 1, ,(R), and

1l ;= sup 920(s) () ds
for each fe L. . _q(R), where fi*(s) = f* (su(R)), for each s e (0, 1), which is

the non-increasing rearrangement with respect to the measure u;=u/u(R).
The triangle inequality for ||.|| ;. 4 » follows immediately by the property,

t t t
[ar+ors ds< [os) o) ds+ [as) g*)ds, 0<t<1,
0 0 0

whenever ¢ is a non-negative decreasing function on (0, 1), cf. [13, p. 38] or [2,
p. 23].

Let us introduce the functional ||f]|». w; o r) = sup 37, (&) f**(t). Then
by Lemma 3.2 in [5], we have

||f||oo, w; —a; R s ||f||(°°, w©; —a; R) =< ||f||OO, w; —a; R»

for all feL., .. 4(R). The triangle inequality for .||« »; ¢z it follows
from the sub-additivity of fi>f**, cf. Theorem I1.3.4 in [3].

LEMMA 4.3. — Let meN and ae R'. If (R, u) is a resonant measure
space, then

X= (Ll, 1; a(R)v ” Hl, 1; a;R)
and

Y= (llooy o —a(R)? H'”(W, o0 —a;R))
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are rearrangement-invariant Banach function spaces and they are mu-
tually associate (up to equivalence of norms).

ProoF. — There is no difficulty in verifying that X and Y are Banach func-
tion spaces and the rearrangement invariance is obvious, since two equimea-
surable functions have the same non-increasing rearrangement.

Now we are going to prove that X and Y are mutually associate. We follow
the proof of Theorem IV.6.5 in [3] and the proof of Lemma 3.4 in [5].

Suppose g € Y. Then for any fe X with ||f||y < 1, we have by the Hardy-Lit-
tlewood inequality, cf. Theorem I1.2.2 in [3],

1
f |fg|du < ff*(t) g*(t) dt < Usgpl{g**(w 3" Il = lglly £l
R 0 <t<

Hence taking the supremum over all fe X with |flly<1, we get

48) gl = sup{ [ 1ldu: fex, Iflc < 1} <lglly-
R

To establish an inequality reverse to (48), it is sufficient by the Luxemburg
representation Theorem, cf. Theorem 2.2, to do so for the measure space
(R*, &) and functions g in R* for which g = g *. Suppose g belongs to the as-
sociate space X' of X, and also under the previous conditions, then by Holder’s
inequality, cf. Corollary 11.4.5 in [3], for 0 <t <1,

1
tg**(t) = fX[O, n(s)g*(s)ds< ||X[o, t]“X”g”X"
0

Since
1 t
o, a1llx = fx[o, 1n(s) 95 (s) ds = fﬁl’f(S) ds =1ty (1),
0 0
we get
(49) lglly <llgllx-

The estimates (48) and (49) together show that Y is equivalent to the associate
of X. Hence, it follows immediately from Remark 2.1 that the spaces X and Y
are mutually associate. =
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ProposITION 4.1. — Suppose (R, u) is a non-atomic measure space. Let
melN and ae R™. Then, up to equivalence of norms,

(50) (Loc 0 a(R))* :Ll,l; —a(R)’

where Lg, w: o(R2) is the completion of L., (R) i Ly, «. ((R).

Proor. - We apply Theorem 2.3 to the space X =L.. .. ,(). It is easy to
see that hm @ x(t) =0, where ¢y is the fundamental functlon of X. Therefore,
—07

by Theorem 2.3, (X;)* = X'. But by Lemma 4.3, X' coincides with L; ;. _,(R),
up to equivalence of norms, and, by Proposition 2.2, X; coincides with the space
Lc?c , 0 a(R)- u

Let jo, meN and ae R"™. We denote by c;(L;(R)) the subspace of
co(Lj(R)) which consists of all elements {F;};>; of cy(L;(R)) with
Fi=w7y(j) f, for all j = j,, where fe L., ., ,(R). In what follows, and according
to Corollary 4.3, we consider the space L, .,(R) endowed with the norm

1%, =i ar="sup &L (DIl -
JeN,j=j

ProposITION 4.2. — Let j,, melN and ae R”. Then
LS wialR) = (fe L, oy uR): Tim o (Il 2 =0}
and (LS, ., o(R), ||.|*) is isometric to (ci (L;(R)), |I. [, @)

Proor. - If fe Lm «: «(R), the results follow easily.
Conversely, suppose feLm »: o(R) with hm w""(])Hf|[7 2=0.Let £>0.

Then there is j;eN, with j; =j,, such that for all j=7; we have the
inequality

1) 0" (D|Fl 2 < g

Since fe L., «,qR), fis finite u —a.e. For each n €N let us consider the set
R,={xeR: |f(x)| >n}. Now we introduce a sequence { f, },cn in L. (R) by
fu(x) =f(x) if xe R\R,, and f,(x) =0 otherwise. Then, for each nelN, we
have by (51)

. € m
G2 |f=fule wiwrs . max_ oZDIflr,+ 5 =0UE® ik, +
JeN,josjsi 2
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Now

o () £ v, = (@ (k) P,

1;R-

Let us consider, for each neIN, a function defined 4 —a.e. on R by

In = (CUZL(IC) |f| )kXR”'

We note that for allne N, |g, |< h, u —a.e. on R, where h = (0 (k) |f])", u —a.e.
on R, is a function in L,(R). Since lim yp =0 u —a.e. it follows from the
— +

n

Lebesgue dominated convergence Theorem that lim [w™(k) fl}. r,=0.
n— +

Hence, there is nye N such that
(53) 0" ()|l p, < % for each 1= n,.

Therefore, from (52) and (53), we get lim ||f—f,|% «.q r=0, which shows
n— + oo

that feL?cy o a(F).
Now we can define a linear mapping H from L&, = o(R) onto ¢ (Lj (R)) by

H(P) = {07() fli=j,  for all feL .. (R).
We also have [H(f)llesz;z)) = [£1%, = a; r> for all fe L2 ... o(R), and the proof

is finished. =

The next result gives an equivalent norm for the GLZ spaces L, ;. (),
with ae R}, in terms of decompositions.

THEOREM 4.2. — Suppose (R, u) is a non-atomic measure space. Let m e N
and ac R . Let joe N with jo = 2. Then Ly 1. ,(R) is the set of all measurable
Sfunctions g: R— C which can be represented as

+
(54) 9= 29

J=Jo
with g; a measurable function on R that belongs to L; (R), for each j = j,, such
that

+ oo
(55) E wZ’(j)llg;-Hj';R <t
J=Jo

The infimum of the expression (55) taken over all admissible representations
(54) is an equivalent morm on L; ., ,(R) and i will be denoted by

|g|1,1;a;R'
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Proor. — Let joe N. Let us consider a measurable function #: R— C that
can be represented as

+ o
J=Jo

with g; a measurable function on R that belongs to L; (R), for each j = j,, such
that

+ o
2 otDg;ll g < + o
J=Jo

and let us define

(57 D,(f)= fhfdy, for all feL) .. (R).
R

Then @, e (LY .. ,(R))* and

(58) 04122, 2. Y| < inf 3 02Dl

J=Jo

where the infimum is taken over all admissible representations (56). In fact,
for all fe LY ... _,(R), we have by Theorem 1.27 in [15, p. 22] and by Holder’s
inequality, the following

+ + o

20O < 2 gl el e <, 2 -z 2 0% D gill; 2
J=J J=J
J=Jo J=Jo

Thus, @, is a bounded linear functional on L?cy «: ¢(F2) (the linearity of @, is
obvious) such that

+ ©
24102, = - aRD* < 2 0t lgili
J=Jo

and we get (58).

Now we follow the reasoning in the proof of Theorem 2.6.2/2 in [8, pp. 72-
74]. Let Ge (LY, », _(R))*. Since LY ... _,(R) is isometric to ¢f (L;(R)), cf.
Proposition 4.2, G o H ‘e (c§ (Lj(R)))*, where H is the isometry considered in
the referred proposition. By Hahn-Banach theorem, there exists a bounded
linear functional G o H ™' on ¢,(L;(R)), which is an extension of GoH ~! to
¢ (L;j(R)) and has the same norm

1G o H 1| (co(Ly(R))*|| =G o H " | (eg (Ly(R)))*| .

But by (9), G o H ! can be identified with an element {G;};>; €/, ((L;(R))*)



ON DECOMPOSITIONS IN GENERALISED LORENTZ-ZYGMUND SPACES 261
such that
- + -
59 [|GoH 1 |(ei W)*||=[1GoH 1 (o @;@))*||= 2 [1G; | L))
J=Jo
Since each ij can be identified with a gjeLjr(R) by
G = [a.fdu,  for all feLR),
R
with [|G; | (L;j(R))*[|=1g;l|;. &, it follows from (59) that
+ o
60) G|, o —a®)* =G o H 7 (g WRN* | = 2 Gl -
J=Jo
Using Theorem 1.38 in [15, p. 29] we get
+o
GUf) = 3 Gylw™a() )= [ Wfdu, for all feL? .. o(R),
J=Jo R
with
+w ~ . . .
h=23g and g=go".(), j=j,

J=Jo

because, for each feLl .. . (R),

+ + o
S [ 1foma Gy g 1du <AL . can 2 Gln <+ e
J=Jo

J=JloR

From (60), we get
+ o

(61) IGI(LY, . —o®))*[|=inf 2 02Dyl &
J=Jo

where the infimum is taken over all admissible representations of / that satis-
fy (65). But since G = @, we have from (58) and (61) that

+ o0
IGI(LE, o —aB))* ]| = int 3 02 (Dgsly s
J=Jo
where the infimum is taken over all admissible representations of % that satis-
fy (55).
Now given a function % represented as (54) and satisfying (55), we infer by
(50) that there is a ge L; 1. ,(R) such that

&)= [fydu, for all feL® .. _o(R),
R
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with

”gHI, 1; a; R = H(ph | (LCE)O, 0 7:1(R))* ” .
Then it follows, by Theorem 1.39 in [15, p. 30], that g = & u — a.e., because it is
easy to see that g, he L;(R), and
||g||1y 1; ;R = |g| 1,1, 0;R-

Conversely, let ge L, 1, ,(R). By (50), g defines a linear functional A, on
LY. .. o(R) such that

Ag(f)szgdu, for all feL .. ,(R),
R
with
”gHI, 1,0, R = HAg |(Lc(>)0, 0 —a(R))* ” .
Since there is a function % that can be represented as (54) and satisfying (55)
for which A4 ,= &, it follows as above that g =/ u —a.e. and
||g||1, 1; ;R = |g| 1,1;a;R-

In order to verify that |. | 1, 4 & is a norm on L, ;. ,(R), we just prove the
triangle inequality, because the other conditions are not difficult to prove. Let
fi9€ly 1. o(R). Let us consider representations of f and g as (54),

+ + x
f=2f and g= 2y,

J=Jo J=Jo

and satisfying (55), respectively. Then f+ g can be represented as

(62) ftg= ,f(ﬁwﬂ
J=Jo

and, by Minkowski’s inequality,

+ o + oo + oo
63) 2 otDIfi+ gl g $j2j ol (DIfi i - +j27 ot (Dgilir< + .
J=Jo =Jo =Jo
Now, it follows from (62) and (63) that
lf+9li1mr= infw wZn(j)||Zj||j';R

frg= 2=z
< in+fm ow DI+ 95l

= j=joli
= St® o
9=2""509;

s |f|1,1;a;R+ |g|1,1;a;R’

and the triangle inequality is verified. =
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5. — Applications.

As was referred in the Introduction, there is a version of the extrapolation
result in [22, Theorem XI1.4.11 (i), p. 119] for sublinear operators. Therefore
we start this section by defining sublinear operator and by recalling that ex-
trapolation result; see [17, Theorem V.3.3, p. 124] or [9, Theorem 4.1] for
instance.

DEFINITION 5.1. — Let (R, uo) and (R, u) be measure spaces. Let T be an
operator whose domain is some linear subspace of INy(Ry, uy) and whose
range 1is contained in NU(Ri, u1). Then T 1is said to be sublinear if the
relations

|T(f+9)| < |Tf| + |Tg| oand |TGAf)| = |A||Tf]
hold u,—a.e. on Ry for all f and g in the domain of T and for all scalars A.

THEOREM 5.1. — Suppose Q2 is a measurable subset of R" with finite vol-
ume. Let a>0 and qye[1, + »). If A is a bounded sublinear operator in
L), gy<q< + o, such that

IAfll, < cgIflly,  g=qo=1,
then
|l‘4f||Ea(Q) <d|fll=, for all feL.(RQ).

Now, by the results of Section 4, the following Theorem is an obvious gen-
eralisation of the previous one.

THEOREM 5.2. — Let me N and ae R” . Suppose (Ry, u,) and (R, u) are
finite measure spaces.

(1) Suppose A is a bounded sublinear operator from Ly (R,) into Ly(R,)
such that either

IAflly; &, < co™ (DI flly; mys for all feLy(Ry),
for each qelqy, + ) with ¢y =1, or
IAF Nl 2, < v ™ @I f sy Sfor all fe Ly(Ry),
for each qelqy, + ) with q,> exp,,_, and m =2. Then
A: Ly(Ry) =Ly, «; o(Ry),
and

“Af”m,m;a;Rlsc”f”oo;Roy fO?” alleLoo(RO)-
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(it) Suppose A is a bounded sublinear operator from L,(R,) into
L,(R,) such that either

IAflly; &, < co b (@D flly s Sor all feL,(Ry),
for each qelqy, + ) with ¢o=1, or
IAf s r, < v @DIflly; myy  for all feLy(Ry),
for each qelqy, + ) with q,> exp,, _» and m =2. Then
A:Ls o, o(Ry) =L (Ry),
and

|l‘4f||OG;Rl SC”f”:m, ©; a; Ry fO?" all fELOO, W;a(RO)'

ProOF. — The proof is a consequence of Corollaries 4.3, 4.5 and [12, Theo-
rem 2114, p. 84]. =

If we take m =1, a = —1/a, with a > 0 in part (i) of the previous Theorem,
we recover Theorem 5.1.

Now we present an extrapolation result involving the GLZ spaces
Ly 1, o(R), with e R, the proof of which is similar to that of Theorem 4.2
in [9]

THEOREM 5.3. — Let (R, u,) and (R, u1) be non-atomic finite measure
spaces. Let me N, jo =2 and a, fe R . Suppose A is an operator whose do-
main 18 NMg(Ry, uy) and whose range is contained in N(Ry, ui) such
that:

+ oo
(2) for every possible representation of fe Ny(Ry, tg) by f= Z f, (con-
vergent po-a.e. on Ry), with {f;};C INo(Ry, uo), we have Z Af; conveﬂrgent

Jj=J
Ui —a.e. on Ry and the inequality ’

+
(64) |Af|<| 2 Af;| wui—ae on Ry
J=Jo
(i) for all pe (1, + ) and all feL,(R,),
1
) a1y < 0 ( — ) 1l

where c is independent of f, p and p.
Then

(66) “Af”1,1;a;R1sc'||f”1,1;a+ﬁ;Rm
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Jor all feLy y,q+p(Ry), for some constant c¢' independent of f, a and P.

+ o
PROOF. — Let jy=2. Fix fe Ly 1, 4. p(Ro) and f= 3 f;, with

J=Jo

+ o
(67) 2 ot s(DIfill ry < + 0.

J=Jo

+ ©
We remark that Z_ Af; converges u; —a.e. on Ry, because by Holder’s in-
J=J
equality and (65) we goet

+ oo + o .
3 [1ag1duse S otepDl5l
=Jo

]:JORI

and the rest it follows from (67) and from Theorem 1.38 in [15, p. 29].
Now, by (64), (65) and Theorem 4.2, we have

+ oo

a1 < | 5 25

=Jo

+ o
<a 2 oy (DALl x,
1 J=Jo

1,1;0; R

+ o ) ) 1
<6 2 wi()) wﬁl(j,—_l) £, &,

J=Jo
+ .
s 02_2 wZL+ﬁ(])||]§‘||j',RO-
J=Jo
Taking the infimum over all the decompositions of f we get (66). =

REMARK 5.1. — In the Theorem above we only need the condition (65) be
satisfied for all p such that 1 < p < p,, for some p,e (1, + =), because in that
case we can consider j, large enough. We could also replace (65) by the
condition

m p
IAfl; 2, < coff | —— ) 1flly; o
p—1

for all pe (1, + o) (or pe (1, pyl) and for all fe L,(R,), where c is a positive
constant independent of f, p and .

Since the Hardy-Littlewood maximal operator satisfies part (i) of the pre-
vious Theorem trivially and condition (65) with m =1 and =1, we recover
the result already known for the maximal operator, 1i.e.

M: L'(log L)**1(Q)— L'(log L)(Q),
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and
IMf1L " Qog LY (@) < exlf| L Qog Ly (@)

for all fe L'*(logL)*"1(2), where a > 0; see the literature mentioned in the
Introduction.
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