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Good and Very Good Magnifiers.

MARIN GUTAN

Sunto. — Un elemento a di un semigruppo S é un elemento accrescitivo sinistro se la
traslazione 1, di S, associata all’elemento a, & surgettiva e non é iniettiva (E. S.
Ljapin, [13], § 5). Cosi, per ogni elemento accrescitivo sinistro a, esiste un sottoin-
sieme proprio M di S tale che la restrizione a M di 4, e biunivoca. Se M é un sotto-
semigruppo (risp. un ideale destro) di S, lelemento accrescitivo sinistro a viene
detto buono (risp. molto buono) (F. Migliorini [15], [16], [17]). Utilizzando il mo-
noide biciclico, 1 semigruppi con elementi accrescitivi sinistri e identita sinistre
sono stati ben caratterizzati da E. S. Ljapin [13] e da R. Desq [3], [4]. In questo arti-
colo, mediante i risultati dimostrati in [T], st caratterizzano © semigruppi i cui ele-
menti accrescitivi sinistri sono tutti molto buoni. Come applicazione, si costrui-
scono semigruppt nei quali ogni elemento accrescitivo sinistro € buono ma non
molto buono.

1. — Introduction.

An element a of a semigroup S is a left (resp. right) magnifier if the inner
left translation 4, (resp. the inner right translation ¢ ,) of S associated with a
is surjective and is not injective. The notion of magnifying element in a semi-
group has been introduced by E. S. Ljapin [13], § 5.

Denote by ¥U(S) the set of all left magnifiers of S and by :Pi(S) the set
of all right magnifiers of S.

An element a of a semigroup S is called right (resp. left) invertible if aS = S
(resp. Sa = S). Magnifying elements are strongly connected with invertible
elements.

Denote by MI(S) (resp. LI(S)) the set of all right (resp. left) invertible
elements of S. It is known that if S is a semigroup without left identity then
LPUS) = RI(S) ([5], Lemma 1).

An important example of semigroup with magnifiers is the bicyclic monoid
B =B(p, q) = {(p, q|pq = 1) for which LD(B) = (p) and RM(B) = (g). An in-
teresting generalization of the bicyclic monoid, the polycyclic monoids, has
been given in [18]. These monoids also contain magnifiers.

An other example is the semigroup > = 3(a, p, q), the disjoint union of the
free monogenic semigroup generated by a with the bicyclic monoid B =
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B(p, q). The semigroup operation on X is given by:

k=mpl i m<k

m—k+1

a"(qg"ph=1"
a otherwise

m ko l+m

(¢"pHa™=q*p'*m,
for every m e N* and every k, [ in N, where ¢°=p°=1, the identity of &.
Then D) = (a) and RM(Z) = (g) ([11], Theorem 10. 2 and [17], Theorem
II. 2. 3).

Other semigroups with magnifiers are the idempotent free right simple
(left simple) semigroups, for which all the elements are left (right) magni-
fiers.

Remarkable classes of semigroups without magnifiers are : finite semi-
groups, periodic semigroups, cancellative semigroups, commutative semi-
groups, groups, compact semigroups.

If @ is a left magnifier in a semigoup S then there exists a proper subset M
of S such that, for every seS, the set M NA,(s) is a singleton (whence the
restriction to M of the map 4, is bijective). When this happens M is said to be a
manimal subset for the left magnifier a. If such a set M is a subsemigroup (re-
sp. right ideal) of S the element a is said to be a good (resp. very good) magni-
fier and M is called a minimal subsemigroup (resp. right ideal) associated
with a.

The semigroups admitting good left magnifiers have been characterised in
[7], where it has been proved that every such semigroup is an extension of a
semigroup M, with left identities and left magnifiers, by an endomorphism of
M satisfying some conditions. However, it is rather difficult to construct intri-
cate semigroups with good magnifiers because, in that case, M is also intricate,
therefore it is not easy to find its endomorphisms.

It is known that if a semigroup contains a very good left magnifier then all
its left magnifiers are of this kind ([7], Proposition 3.7; [11], Theorem 10.15;
[19]) but no example of semigroup having good left magnifiers such that none
of them be very good has been given yet. The main motivation of this paper is
to give methods for obtaining such semigroups.

In § 2, some remarkable subsemigroups of semigroups with good magni-
fiers are studied. The main result of this paper (Theorem 3.1) concerns the
characterization of semigroups for which all the left magnifiers are very good.
We establish that in order to obtain semigroups with good but not very good
magnifiers we must consider, from the start, semigroups M with left identities
and left magnifiers for which the set of idempotents is not a subsemigroup of
M (whence semigroups which are not orthodox). The aim of § 4 is to present
some classes of semigroups with very good magnifiers which have analogous
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properties to the semigroups B and 2. In § 5, using Theorem 3.1 and infinite
matrices, semigroups for which all their left magnifiers are good but not very
good are constructed (5. 3, 5. 4, 5. 5).

2. — Remarkable subsemigroups in semigroups with good magnifiers.

Let S be a semigroup and a be a good left magnifier of S. Consider M a
minimal subsemigroup associated with a. Hence M is a proper subsemigroup
of S such that 4,,,: M — S, the restriction to M of 4, is a bijection, that is, for
every seS, there exists a unique m e M for which s = am. As it has been
shown in [16] (Theorem 1) and [17] (Theorem 1.1), M contains three unique
elements e, u, v such that a = ae, e =av and a®= au. Hence the following
conditions are satisfied:

[uv=e and vu Z e
1 em=m, for every meM
ue =1u and ve=v.

Also, for every m e M there exists a unique element v (m) e M such that
ma = ay(m). In this way we get a map v : M — M satisfying the properties
given in the next.

Lemma. 2.1 ([7], 2.7). — Let m and m’' be elements of M. Then:

(@) ylmm') =ypm)yim')

B pim) = up(vm) e
(y) wim)v = vme

0)  upluy(m)) = uyp(m)u
(&) u =uy(e). [ |

We also have:

LEMMA 2.2, — Let p be an endomorphism of M. Then vy fulfils conditions
(B)-(¢e) if and only if it fulfils (B'), (), (0") and (&), where:

B ) =uyp@w) and pM)cMe
0" wuyp(u) =u? and wp@pm))=ypm)w, for every meM .

ProoF. — Obviously () and (') are equivalent and (6') implies (9). It re-
mains to prove that the conditions (a)-(¢) imply (6'). This results as follows:
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2 (@ ©)

w2 upe)u = uplup(e) © wp () and up(y () € upp(e) ym)

L upup ) p(m)) L upCuyp (om)) € upom)u € pom)w.

@ ®

In [7] we have established that the semigroup S is completely determined
by M, u, v and .

Conversely, let M be a semigroup which contains three elements e, u, v
such that conditions (1) hold. Consider vy : M —M a map satisfying condi-
tions (a)-(¢) and 7: M\vM — A a bijection, where A is a set which is disjoint
from M.

Denote t(e) =a and S=A U M. Define ¢ : M —S by

S(m) [ um if mevM
m =
1 w(m) if meM\vM .

Using ¢ we endow S with an operation «-» as follows:
2) o(m)-¢p(m') = puy(m) m'),  for every m, m’' in M.

Then (S, -) is a semigroup (denoted S = SM, u, v, ¥)) for which a is a
good left magnifier and M is a minimal subsemigroup associated with a.
In fact, in [7] we have proved:

THEOREM 2.3 ([7], Theorem 5.1). — Every semigroup with good left magnai-
fiers is a semigroup of type S(M, u, v, y). ™|

In the rest of this section we suppose that M is a semigroup containing
three elements e, %, v such that conditions (1) hold and  is an endomorphism
of M which fulfils (5)-(¢). We also consider that S=S(M, u, v, ) and
a = ¢(e).

LEMMA 24. — Let P=P(M, u, v, y) = {meM|uyp(m) =mu}. Then:
@) P is a subsemigroup of M,
(i) w(M)cP;
(i) u*e P, for every ke\.

Proor. — (i) If m,m’ are in P then uy(mm')=uyp(m)y(m') =
muy (m') =mm' u, whence mm ' eP.

(i) Let m'=1(m) ew(M). We have uyp(m’) =up(yp(m)) ‘= y(m) u=
=m'u, so m'eP.

(i) As m/)(e)(é)ug)eu, it follows that eeP. On the other hand,

mp(u)(’yuz, thus ueP. Therefore, by (i), we get u"eP, for every

keN. =m
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LEMMA 2.5. — Suppose that a is a very good left magnifier for the semi-
group S. Let N be a right ideal of S, which is minimal for a, and e’ be the
unique element of N such that a = ae'. Then N =e¢'S and there exists me M,
a right inverse for u with respect to e, such that e’ = am.

PROOF. — Let ', v’ be the unique elements of N for which a?=au’' and
e'=av'.Ase’aeN and ale'a) =a’=au’, we get e’ a =u'. Also according
to 2.2 and 2.6 of [7], e’ is a left identity and « ' is a left magnifier for N. Hence
N=u'N=e'aN =e'S. Suppose ¢’ = am, where m belongs to M. Then a =
ae' = aam = aum, thus um = e, that is m is a right inverse for u, with respect
toe. =

If o is a binary relation on S, seS and meM denote

sQ = {(sx, sy) |(x, y) €0}
Ker(d,) = {(x, y) eS x S|sx=sy}
ker(4,,) = Ker(1,,) N (M x M) = {(m;, my) e M X M |mm; = mmy} .

The next lemma allows us to reduce the calculation of kernels for inner left
translations of S to the one of kernels for inner left translations of M.

LEMMA 2.6. — If me M then Ker (4,,) = a ker (4 ,,qm))-

ProoF. — This is immediate because (am,;, am,) € Ker (1,,,) if and only if
auyp (m) m; = auy (m) my.

In the following we denote u°=1Idy, and, for every kelN*, p*=
Yotpo...o.
N S

Je times
COROLLARY 2.7.
@) NRIWS) = a{meM|uyp(m) e RI(M)};
(i) {VS) = a{me M|uy(m) e LNU(M)};
(iii) am is a left identity for S if and only if uy(m) = e;

(iv) If mm' = e, where m and m' are in M, then am is a good left mag-
nifier for S and m'M is a minimal subsemigroup of S associated with
am. N

In the next, we also consider others subsemigroups of S, namely @ =
QUM, u, v, ) =uPM, u, v, ), Q" =Q" (M, u, v, ) = aQM, u, v, y) and
P'=P' (M, u,v,y)=aP(M, u, v, ). Here are some of their properties:
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LEMMA 2.8.
() u*eQ, for every keIN*;
(i) p(M)cQ;
(i) Q=QP=PQ=uQ =uyp(P)P and Q' =P'P’;
(iv) @' and P’ are left ideals of S;
V) SacqQ’.

ProoF. — (i) uyp ({e, u, u®, ...}) = {u, u?, ...}, whence, from Lemma 2.4.
(i), u*eN, for every ke IN*,

i) M) Cuy wM) cuP = Q.

(iii) QP =uPP=uP =@ and since QcPQ = PuP =wuyp(P) Pcu@QP =
uQc @, it results Q=PR=uQ=uyp(P)P. Also Q' =aQ =auyp(P)P =
aay(P) P=aPaP=P'P’.

(iv) SP' =aMaP = aaypy (M) P = auyp (M) PcP', whence P' is a left
ideal of S. The fact that Q' is a left ideal of S yields from (iii).

W) Sa=aMa=aaypy(M) =auypy(M)caQ =Q'. =

3. — The main result.

The purpose of this section is to establish a characterization of semigroups
for which all the left magnifiers are very good.

If a semigroup contains a very good left magnifier then all its left magni-
fiers are very good (Proposition 3.7 of [7], Theorem 10.15 of [11], [19]). It fol-
lows that it suffices to find the conditions satisfied by M, ¢, u, v, ¥ (when (1)
and (a) — (¢) hold) in order that the element a = ¢(e) be a very good left mag-
nifier in S = &(M, u, v, ). These conditions will be obtained using the semi-
groups P(M, u, v, y) and Q(M, u, v, ¥), which have been studied in the pre-
vious section.

Denote by R(M, e, w) = {v' e M|uv' = e} the set of all right inverses of u
with respect to e in M.

THEOREM 3.1. — Let M be a semigroup, e, u, v be elements of M satisfying
(1) and let v be an endomorphism of M such that conditions (B)-(¢) hold.
Then all the left magnifiers of the semigroup S(M, u, v, ¥) are very good if
and only if P(M, w, v, ) NR(M, e, u) # 0.

PrOoOF. — Suppose that there exists m e M such that um = e and uy (m) =
mu. Denote e’ =am and N =¢'S. Then ae’' =a, aN =S and N = amalM =
auy(m) M = amM. As u is not left invertible it follows that mM = M, whence
N is a proper right ideal in S. We prove that 1,,,: N—S is injective.

a,|N
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Consider m,;, my in M and n, = amm,, ny, = amm, in N such that an, = an,.
As an; = a®>mm; = aumm; = am; (i e {1, 2}) we deduce that an, = an, implies
My = Mg, S0 N = Ny. It follows that a is a very good left magnifier of S, whence,
according to Proposition 3.7 of [7], in S all the left magnifiers are very
good.

For proving the converse, suppose that in S =S(M, u, v, ) every left
magnifier, particularly a, is very good. Therefore S contains a right ideal N
which is a minimal subset for a. Then, by Lemma 2.5 there exists me
R(M, e, n) such that a =ae’ and N =¢'S, where ¢’ = am.

We have that Ker(1,)c Ker(4,,). Indeed, (s, s3) € Ker(1,) if and only if
as; = asy, that is ae’ s; = ae’s,. On the other hand n; =¢’s; and ny =e’s, are
in N and 4, is injective. Thus e’ s; = ¢'s,, whence (si, s;) € Ker (1,). The in-
clusion Ker(i,)cKer(i,) results immediately from a=ae’. Hence
Ker(1,) = Ker(1,).

Now using Lemma 2.6 we get that @ ker (1,) = a ker (4 () 50 ker (1,,) =
ker (A .y im))-

As (e, vu)eker(d,) it follows that wuy(m)=wuy(m)e=wuyp(m)vu=
uvmen = mu, whence me PIM, u, v, y) NR(M,e, ). N

Using Lemma 2.8 we get:

REMARK 3.2. — The following three statements are equivalent:
i) PM,u,v,p) NRM, e, u) #0;
(i) eeQM, u, v, v);
(i) ae@' (M, u, v, ¥).
LEMMA 3.3. — Let M be a semigroup which contains the elements e, u, v
satisfying (1) and v be an endomorphism of M such that the conditions (B)-

(&) hold.
Then only the following three cases can occur:

D ye) =vu;
(ID y(e) =e;
(III) y(e) ¢ B, where B is the subsemigroup of M generated by u and v.

PrOOF. — It results from the fact that the equation ux = x has only two sol-
utions in B, namely x =vu and x=¢. =

We next deal with each case separately.

I. Case y(e) =vu. Then ve PIM, u, v, ) NR(M, e, u) and, using the
previous theorem, it follows that every left magnifier of the semigroup
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S=GWM, u, v, y) is very good. Moreover in this case M is a right ideal
of S.

It worth mentioning that in Theorem 3.1 of [7] a characterization of this
kind of semigroups have been established: they are extensions of a semigroup
M, which contains left identities and left magnifiers, by a right translation of
M fulfilling conditions that are analogous to (5)-(¢).

For instance, the semigroups $ and X, presented in Section 1, are such
semigroups.

REMARK 3.4. — The following three statements are equivalent:
@ y(e) =vu;
(i) yw(e) evM;
(i) y(M)coM.

II. Case w(e)=e. Then yw()eP(M,u,v, ) NRWM,e,u). As ea=
ay(e) = a¢ M, it follows that M is not a right ideal in S. Also, e is a left identi-
ty for S=&(WM, u,, v, y) whence all the left magnifiers of S are very
good.

An example of such an endomorphism ¥ has been given in [7]. For that v,
the corresponding semigroup S = S(M, u, v, y) has an identity, whence all
the magnifiers of S are very good.

II1. Case y(e) ¢ B. Then M is not a right ideal of S.
In this case, the sets y*(B), ke N, are disjoint. Indeed, notice first that, by
), v Ite? the restriction to Me of v, is injective. As kU\ka(L(B) c Me, it results

that it suffices to show that B Ny"*(B) =@, for every ke N*.

Let b=v"u"e B, where m, n are in N. From (3'), we deduce that
umPd) =yp@w"). As ypu)e¢ B\v®B, for every keN* and (M) =
Yyu™)wM), it follows that y(b)¢ B. Hence BNy(RB)=¢. Also,
uypT1(b) v=1y"*v), therefore, by recurrence, BNy*(B) =0, for every
ke IN*,

In Section 5 we will give examples of endomorphisms v of this kind.

Finally, we prove that for obtaining semigroups with good but not very
good left magnifiers we must take as M semigroups which are not orthodox
(for the definition and properties of orthodox semigroups, see 6.2 [9]).

PROPOSITION 3.5. — Let S be a semigroup which contains a good left magni-
fier admitting a minimal subsemigroup M. If Idemp (M) is a subsemigroup
of M then every left magnifier of S is very good.

PrOOF. — Suppose S=&S(M, u, v, ¥). Then vu and y(vu) belong to
Idemp (M), so vuy (vu) € Idemp (M). Now, from (3), we get vuy (vu) = vy (u).
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We also have vy () vy () Lv2uyp (u) S v2u2 It follows that vy (u) = v2u?,
whence y(u) =vu? Then y(e) =y u) yp @) =vuy®) =vuy(e) =vu and
thus (M) =y (e) y(M)cvM. Hence M is a right ideal of S, so every left
magnifier of S is a very good one. =

Using the previous proposition, we deduce that if M is an orthodox semi-
group which contains three elements e, u, v satisfying (1), then, for every en-
domorphism v of M which fulfils (8)-(¢), the left magnifiers of the semigroup
SWM, u, v, ) are all very good.

4. — Analogs of semigroups B3 and 2.

Let G be a commutative totally ordered group. For every xeG let us
put:

- {ac ifx=0

0 otherwise .

Notice that ¥ — (—x)" =xand (x +y )" =2+ +(y — (—x)*)". The set
H =G X G endowed with an operation defined by:

(a, b)c,d)=(a+(c—b)",d+{b—c)")
is a semigroup.
In the following we will study some subsemigroups of H having very good

magnifiers and which coincide with B or X when we choose as a totally or-
dered group the group (Z, +).

4.1. The left principal ideals of H are:
w,=[a; + o[ xXG=(a, b) H, where a and b are in G.
The right principal ideals of H are:
0, =G X [b; +o[=H(a, b), where a and b are in G.
The lattice of left ideals and that of right ideals of H are totally ordered
and H has no two-sided proper ideal.

For every (a, b)eH, P(a, b) =m,N o, is a subsemigroup of H.
Denote 7, =]a; + [ xG and g, =G X ]b; + ool.
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4.2. Idemp (H) = {(a, a) |aeG}.

4.3. The centralizers of the elements of H are:
Cla, a) ={(x,x)|xeG and x<a} U P(a, a)
Cla,a+b)={(x+b,x)|reG and x<a}UP(a+b, a)
Cla+b,a)={(x,x+b)|xreG and x<a}UP(a, a+b)

where a and b belong to G and b > 0.
4.4. The kernels of inner left translations of H are:
ker (44, 1) = ker (A9, ) ={{(c, D)} |c, deG, c>b} U {A;|deG}

where A; = {(c, c+d)|ceG, c<b}.
Hence the restriction of 4, ;) to m, is injective.

4.5. Notice that if we designate by H° the opposite semigroup of H then the
map 7: H°—H, ©(a, b) = (b, a), for every a, b in G, is a semigroup isomor-
phism. Therefore in H there exists a left-right symmetry.

4.6. Let eeG. Then {(a, b) e H|(e, e)a, b) = (a, b)} = 7,. Thus (a, a) is
the identity of P(a, a). If @ <b then:
® (b, b) is a right identity for P(a, b) and P(a, b) does not contain left
identities;
® P(b,a) admits (b, b) as left identity and P(b, ) has no right
identity.

4.7. If a, b, c are elements of G then the semigroups P(a, b) and P(a + c,
b + ¢) are isomorphic. For instance, the map v : P(a, b) = P(a + ¢, b+ ¢) de-
fined by v (x, y) = (x + ¢, y + ¢), for every (x, y) € P(a, b), is an isomorphism
between these two semigroups.

4.8. We establish below some properties of the subsemigroup P(0, 0) of H.
(i) If x and y belong to P(0, 0) then (x, ) P(0, 0) = (x, 0).
(i) RI(P(0,0))={(0,a)|acG,a=0}
LM(P(0, 0)) = {(0,a)|aeG,a>0}

(iii) If e e G and a >0 then (0, a)P(a, 0) = P(0, 0). Hence, by 4.4, we
deduce that P(a, 0) is a minimal right ideal of P(0, 0) associated with the left
magnifier (0, a).

It follows that every left magnifier of P(0, 0) is very good.

(iv) We prove now that P(a, 0) is the unique minimal subsemigroup of
P(0, 0) associated with the left magnifier (0, a).

To see that, consider that M is a subsemigroup of P(O0, 0)~ such that
(0, @) M=P(0, 0) and (g, 4, is a bijection. From 4.4, {(a, 0)}UP(a, 0)cM,
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where P(a, b) = 7,No,. Consider (a, y) e M, with y=0 and 0 <z <a.

If y = a then chosing (u, v) e 13(@, 0), with u >y, we get (x, y)(u, v) =
(x+u—y,v)eM. Hence P(x, 0)cM. Thus, by 4.4, x =a. It follows that
(a,y)eM, for every ye G, y = a.

Also, from 4.4, it results that it remains to study the case 0 <y < x. In this
situation, (a, a)(x, ¥) = (a, a +y —x) e M. Then, by 4.4, as (0, a)x, y) =
(0, a)a, a +y —x), we get once again x = a. Hence M = P(a, 0).

(v) If we chose G = Z and denote 1 = (0, 0), p=(0, 1), ¢ = (1, 0), then
P(0, 0) is the bicyclic monoid. Thus, by (iv), it follows that in the bicyclic
monoid every magnifier admits one and only one minimal subsemigroup.

(vi) P(0, 0) is a (D-simple inverse semigroup with identity and its endo-
morphisms can be determined by using a method given by R. J. Warne in The-
orem 1.1 of [22].

Thus, the endomorphisms of P(0, 0) are defined by v, 1 (x, ¥) = (k +
(), k+ @(y)), for every x, y in G * = [0, + o[, where ¢ is an endomorphism
of G* and keG.

For instance, for G =7, as the endomorphisms of Z* are of the form ¢,
(where ¢ ;(n) = nl, for every n e Z"), it follows that, in this case, the endomor-
phisms of P(0, 0) are v ;, with k, [ in Z*, where vy ;(m, n) = (k +ml, k +
nl), for every m, n in Z*.

(vii) Consider M =P(0, 0), e=(0,0), u=(0, a), v=(a, 0), where aeG,
a > 0. Then there exists a unique endomorphism 1 of M such that the condi-
tions (f)-(¢) are fulfilled, namely y (x, y) = (a + 2, a + y), for every x, y in
G ™. Therefore y =1,00,.-

4.9. We now deal with semigroups of the form P(a, 0), with a e G and
a<0.
() If (x, y)eP(a, 0) then (x, y) P(a, 0) = (x, 0) P(a, 0) = P(x, 0).
(i) RI(P(a, 0)) = LM(P(a, 0)) = {(a, b) |beG " }.
(iii) If be G ™ then (a, b) P(b, 0) = P(a, 0). Hence, by 4.4, P(b, 0) is a

minimal right ideal associated with the left magnifier (a, b). Therefore, every
left magnifier of P(a, 0) is very good.

(iv) With similar arguments like in 4.8.(iv) it follows that P(a, 0) is the
unique minimal subsemigroup associated with the magnifier (a, b).

(v) If G=7 then P(—1, 0) is isomorphic to the semigroup >(a, p, q),
presented in Section 1. For P(—1,0) one has a=(—-1,0), p=(0,1) and
q=(1,0).

Remark that 4.8 and 4.9 contain as special cases some results established
by F. Migliorini (Theorem 10.2 of [11] and Section II of [17]).
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The two foregoing cases 4.8.(iv) and 4.9.(iv) suggest us to consider
the following:

PROBLEM. — Characterize the semigroups having the property that every of
their left magnifiers admits a unique associated minimal subsemigroup.

We think that these semigroups can be characterized via an embedding of
a semigroup of type P(a, b).

5. — Semigroups with good but not very good magnifiers.

Throughout this section M is a subsemigroup of the underlying multiplica-
tive semigroup of a ring (R, +, -).

Suppose that there exist e, u, v, elements in M, such that conditions (1)
are fulfilled. Let v : M—M be a map and define ¢ : M—R by ¢(m) =
W (m) — vmu, for every me M.

LeEMMA 5.1. — The map  satisfies conditions (a)-(¢) if and only if p(m) +
vmue M and @ fulfils the following five conditions:

(a”)  @mm') = vmup(m') + e(m) p(m');
B gle) = up(v) and ¢(m) e= qp(m);
(") em)v =0;

(6" wup(uw) =0 and ugvmu + @(m))=0;
(") uple) =0

for every m, m' of M.

The map ¢ = 0 fulfils (a")-(¢"), whence y = 1, - 0, satisfies (a)-(¢). Thus, it
remains to study the case ¢ #0. Remark that P(M, u,v, y)={me
Mugp(m) =0}.

Let now consider the ring CFMy(R) of column finite matrices over R,
where R is a commutative ring with 1 (see 1.14 of [1]). Properties of magnifiers
of the underlying multiplicative semigroup of this ring have been established
by N. Jacobson ([10], Theorem 4).

5.2. Consider as M the subsemigroup of the underlying multiplicative
semigroup of the ring CIFM (R) containing the matrices X = (x;;);;, ;<2 such
that xg =1 and xy; = 0, for every j e N*. For every matrix X of M and every
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ke NN let us designate

L1k L1 P2
Cr(X) = | @2 and BX) =[xy I

Notice that if X and X' are two matrices of M and ke \N* then

Co(XX") = Cy(X) + B(X) C,(X")
3) Cr(XX") = B(X) C,(X")
B(XX') =B(X)B(X').

The matI‘iX E Of M Such that Co(E) = 0 and B(E) = (617)(L,7)E(N*)2 iS the
identity of M.
Consider the matrices U and V of M such that

0 A
CU)=0, BWU)= 0
1 0 0 ...
1 1
0 1 0 0 ..
Co(V) = o | BWV)=10 1 0
0 0 1

Then UV = E and VU # E, whence the elements E, U, V of M satisfy condi-
tions (1). Notice that

14y 0 wy X @

Cy VXU = | and  B(VXU) =

L20 Xo1  La2 Ko

We want to find a map ¢ : M — R such that conditions (a”)-(¢") hold. By



806 MARIN GUTAN

(y™"), it follows that ¢(X) has the form

0 0 0 0 0
-p;X) ¢, X) —¢;X) 0 0

pX) =
—@X) @2(X) —g@(X) 0 0

It remains to find ¢;(X), for i e N*.
The condition (a”) is equivalent to:

[0:XX) = 9Mlg:X) =~ gX)]+angX) + 21 05,X) + ...

4
1 @ 11XX) = @1 1K@ 1(X) = @ 2(X)] + 2@ 2(X') + 22 @ 3(X7) + ..

where ke IN*,
From (¢"), it follows that ¢, (E) =0, for every ke IN*,
The first two equations of (4) give:

1 XX") —p(XX") = [0 (X) — (X)) [¢:(X") —p(X")],

for every X, X' in M.
This equality holds if

@1 X) —@po(X) =weldemp(R), for every XeM .

If we put
@o(X)
DX) = [ ¢3(X)
then equations (4) become
4" DXX')=wDX)+BX)DX').

Remark that Up(X) =0 if and only if D(X) =0.
Using (3), we obtain that D(X) = wCy(X) satisfies (4'). Hence if:

( 0 0 0 0 )
—w(l+2xy) od+xy) —o(l+x, O
pX) = — Wy W10 — Wy 0
— W%y Wxag — W%y 0
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and
( 1 0 0 0 .. W
(l_a))(1+x10) (U(l‘f'xl()) 9011_6()(1+9010) L12
yX)= (1—-w)ay Wy L1 — WXy L2

(1—w) ay W0 L1 — WA Lao

L J

the application ¢ satisfies the conditions (a”)-(¢"), whence the application
fulfils the conditions (a)-(¢). For this ¢ we have that:

0 0 0

l-0o o 1-w 0

pE)=| 0 0 0

0 1

Then

e y(E)=F if and only if o =1
® y(E)=VU if and only if w =0.

Hence, if we take w € Idemp (R), w # 0, w # 1, we obtain an endomorphism
1 of M which is of type (III) (see Section 3).

Also, for this y we have that P(M, U, V, y) = {Xe M|wCy(X) =0}.

As

(1 0 0 0 ..) A
Yo %11 X2 X3 ...
EM,E,U)=]]|0 1 0 0 ...||xyeR, for every jeN|

0 0 1 0

“\ J J

it results that P(M, U, V, ) NRWM, E, U) # 0.
Therefore, using Theorem 3.1, it follows that all the left magnifiers of the
semigroup &(M, U, V, ) are very good.

5.3. Now, using the example from 5.2, we construct a semigroup for which
all the left magnifiers are good but none is very good.
Thus, in the construction done in 5.2, with the idempotent w different from
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0 and 1, let us consider: B the semigroup of M generated by U and V, I'=
kU\Tlpk((B) and M ' the subsemigroup of M generated by I". As ¢ (I') c I’ we get

that ' =1v ., the restriction of  to M’, is an endomorphism of M and 3’
fulfils the conditions (a)-(¢) from Lemma 2.1. We prove below that
PM,U,V,y )NRWM',E, U) =0.

For every keN, denote ¢(V*)=A,,;. Then, for every k, [, » in N,
r=3:

w(kal):Vk+1Ul+1+Ak+l’ ,(/)2(ka1):Vk+2Ul+2+VAk+1U+A1

and generally,
r—2
w’r(kal) — Vk+1~Ul+r+ V’rflAk_FlU'rfl + ‘E_:OVSAI Us.

Using the previous relations (3) we deduce that I={XeM|C;(X)e
My 113 (Rw)} is a left ideal of M. Moreover, y(M)cI and Ut el, for every
keN*. Also I'\I = {V¥|keN}.

Consider X = ()i, eree RWM', E, U). Then xy =1, whence X does not
belong to I. Let s be the minimum positive integer such that X =X, ... X,
where X;e T, for every ie {1, ..., s}.

If s=1 it follows that X =V.

Suppose s =2. Since X ¢/ it results that X, = V¥, where ke N*. On the
other hand, because v ' satisfies (v) from Lemma 2.1, we obtain a contradiction
with the minimality of s.

Hence RWM ', E,U)={V}, therefore PM', U, V,yv" )NRWM', E, U)=4.

Thus, applying Theorem 3.1 to the semigroup S=SM ', U, V, v') we get
that ¢(F) is a good left magnifier for S but S contains no very good left magni-
fier. Notice also that M'\I= {V* |keN}.

According to Corollary 2.7, the semigroup S has no left identity and if X e
M’ then ¢(X) is a left magnifier of S if and only if there exists X' e M’ such
that Uy (X) X' = E. Thus v (X) X' =V. As VeI it follows that X' ¢ I, whence
X' =V*, where ke N*. We get that XV*~1 = E. Then, using Corollary 2.7.(iv),
it follows that ¢(X) is a good magnifier of S. Hence all the left magnifiers of S
are good.

5.4. The same construction as in 5.3 can be done with a bigger I', namely
I'= 8Uy(M). If we denote by M " the subsemigroup of M generated by this I”
and consider y"=v . then R(M", E, U)={V}, M"\I={V*|keN} and
PM", E,V,y" YNRWM", E,U) = 0. Also, all the left magnifiers of the semi-
group ©SM", U, V, ") are good but none is very good.

Others examples of semigroups for which all the left magnifiers are good
but none is very good can be obtained using Examples 5.3 and 5.4 and the fol-
lowing result.
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PRrOPOSITION 5.5. — Let S and T be semigroups without left identity and a
be a good left magnifier for S and b be a good left magnifier for T.
Then:

@) LPWUS x T) = IUS) x LW(T);
(ii) (@, b) is a good left magnifier for the semigroup S X T;

(i) (a, b) is a very good left magnifier for S X T if and only if a is a
very good left magnifier for S and b is a very good left magnifier for T.

ProOF. — (i) is proved in [5].

(i) If M is a minimal subsemigroup of S associated with a, and N a mini-
mal subsemigroup of T associated with b, then M X N is a minimal subsemi-
group of S x T associated with (a, b).

(iii) Let R be a minimal right ideal of S x T associated with (a, b) and let
(e, f) e R such that (a, b) = (a, b)(e, f). Then, by Lemma 2.5, R =eS X fT.
Hence eS (resp. fT) is a minimal right ideal of S (resp. T) associated with a (re-
sp. b). =

Using  Proposition 55 we obtain that in the semigroups
e, U,V,yp'")xZa,p,q), SM', U, V,p")xSM", U, V,y") all the
left magnifiers are good but none is very good.

Finally we mention some open:

PROBLEMS.

1) Find a characterisation of semigroups for which all the magnifiers
are good.

2) Does there exist semigroups which contain good and bad (i.e. not
good) magnifiers ([11], p. 74)?

3) If a is a good magnifier for a semigroup S, what are the connections
between the minimal subsemigroups associated to a in S?

4) If M, e, u, v, y, respectively M',e',u', v', v' satisfy (1) and (a)-
(&) find necessary and sufficient conditions in order that S(M, u, v, y) and
SWM',u',v',y') be isomorphic.

Acknowledgements. 1 would like to thank to an anonymous referee who
read the paper thoroughly from end to end and spotted a number of misprints
and omissions.
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