BOLLETTINO
UNIONE MATEMATICA ITALIANA

ERNESTO BUZANO

Some remarks on the Weyl asymptotics by the
approximate spectral projection method

Bollettino dell’Unione Matematica Italiana, Serie 8, Vol. 3-B (2000),
n.3, p. 775-792.

Unione Matematica Italiana

<http://www.bdim.eu/item?id=BUMI_2000_8_3B_3_775_0>

L’utilizzo e la stampa di questo documento digitale ¢ consentito liberamente per
motivi di ricerca e studio. Non é consentito 'utilizzo dello stesso per motivi com-
merciali. Tutte le copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=BUMI_2000_8_3B_3_775_0
http://www.bdim.eu/

Bollettino dell’Unione Matematica Italiana, Unione Matematica Italiana, 2000.



Bollettino U. M. 1.
(8) 3-B (2000), 775-792

Some Remarks on the Weyl Asymptotics
by the Approximate Spectral Projection Method.

ERNESTO BuzaNo

Sunto. — I'n questo lavoro studiamo il resto relativo della formula asintotica per gli au-
tovalori di un operatore differenziale in R", ottenuta mediante il metodo delle
proiezioni spettrali approssimate ([3], Theorem 6.2). In un primo tempo diamo un
controesempio di un operatore di Schrodinger con potenziale a crescita algebrica,
per il quale il resto non ¢ limitato. Quindi specifichiamo alcune condizioni addi-
zionali da 1mporre all’'operatore in modo da avere un resto infinitesimo.

1. — Introduction.

The study of the asymptotic behavior of the eigenvalues of a differential
operator in R" with compact resolvent has been the subject of several papers,
starting from the fifties. Among the various techniques employed to evaluate
the remainder in the asymptotic formula, there is the so-called approximate
spectral projection method. While this technique yields a weaker remainder
estimate than the hyperbolic operator method, it can be applied to a broader
number of cases.

The approximate spectral projection method was introduced by Tulovskil
and Shubin in [9] (see also [8]) and improved and extended by several authors.
Concerning systems of differential operators in R" a rather general result is
due to Feigin [4,5]. In the scalar case, i.e. for a single differential operator, the
result has been improved by Dencker [3]. Let us describe the Feigin’s result
in the scalar case, with the Dencker’s improvement.

We employ the following notation: given two functions f, g: X—R, and a
subset AcX, we write

flw) <g(x), Vwed,
if there exists a constant C = C(f, g, A) such that
flx) <Cg(x), VxeA.

We say that 4 e C'(R", R) is a weight function if there exists

0<0d,<1,
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such that
1) 1 <Ax),
2) |VA(x) | < A(x)t 00,

for all xe R".
Consider a differential operator of order m in R":

Au(x) = 2 a,(x) Dfulx)

la] <m
with smooth coefficients. Assume that there exists
0p<o<l1
such that for each e N"(}) we have
| B a, ()| < ACx)y™ eI +o1B1 0 YreR™,

then A is a properly supported pseudo-differential operator:
_ o 1
Au(x) = (27) ”’fe(’” "a ( E(ac +y), 5) u(y) dy dé

with Weyl symbol:

-\ 18]
3) a(x, &) = i) (;) Fa,(x)E P,

s 3
la| <smp<a 2

If a is real valued, and a(x, §) — o as |x| + || — o, then A is a closed,
self-adjoint operator in LZ(R"), with discrete spectrum diverging to + «. Let
(4;)j=1 be the sequence of the eigenvalues of A, repeated according to their
multiplicity, and define the counting function:

No)= 2 1.

/Ijﬁ‘[

N(7) is the number of eigenvaues less or equal to 7. The Feigin’s result with
the Dencker’s improvement (see [3], Theorem 6.2 and Example 3.5), is the
following.

THEOREM 1. — Assume that a is real valued and that there exist
>0, 0pS0<p<1,
and R =0, such that
a(x, &) > (1+|x| +|&]), for all |x|+|&| =R

O N={0,1,...}.
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and for each a, feN"
“) |62 alx, &) | < alw, &)(|&] + Alw))elel Il
for all ||+ |&| = R. Then

(5) N@) =W {1+0R, ()}, as 1>,

where

W(r) = (2m)™ f dad§,

a(x, &) <7

W+t 5) - Wt —1'"%)

6 R = ]
(6) (7) W)
and
@) O<e< M .
3m

Observe that 2(¢p — 0)/3m < 1, since m = 1, because a(x, &) is a polynomial
in &.

Under suitable non-degeneracy conditions, the asymptotic evaluation of
W(z) has been carried out by Boggiatto and Buzano in [1].

It is clear that the asymptotic formula (5) makes sense only when the rela-
tive remainder R,(t) vanishes as T—> o. This is far from being true: in the
next Section we give an example of a Schrodinger operator satisfying the hy-
potheses of Theorem 1, so that the asymptotic formula (5) is true, but

lim sup R,(7) = o,
T—> ©
for every e <1.

In the third Section we specify some additional conditions to be imposed on

the symbol @ in order to obtain that R,(7) —0 as 7— .

2. — A counterexample.

Consider two sequences of real numbers (f;),=¢ and (¥;).= Which are
strictly increasing and diverging to + o« as k— «. Assume moreover that
there exists # > 0, such that

tk+1_tk>27]’ VE=0.
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Set
‘uk:M’ for k?o
lev1— U
and
u-1=0.

Choose a function ¢ € C* (R, R) such that

Ppt) =0, for t<0,
0<¢)<l, for0<t<l1,
o) =1, for t=1,
¢'(t)>0, for 0<t<1.

For each k=0 set

( t_tk .
1- , i u  <ug,
(1) = ) ¢( " ) U1 Uk

L0, if w1 2w,

( ter1—t
1_¢(L)’ if;uk>;uk+l5
Pi(t) = S n

L 0, i wp<upyq-
Define fe C*(R, R) as
f(t) =y0$
for ¢t <t, and
SO =yt up@ =)+ por — )& —4) @p@) + (Upsr—up)E — 1) Y@,
fO]f' tkSt<tk+1 and kBO
It is elementary to prove the following
LEMMA 1. — We have
1) f(t.) =y, for all k=0,
2) f'(t) >0, for t >t,,
3) for each leN, there exists C;> 0 such that
|f<l)(t) | SCmax{uy, 1, iy i1}y

for t,<t<t,.,and k=0. =
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Now we choose the sequences (f;).=¢ and (¥;).=o in the following way.
Fix

(€)] 0<p<gq, r>1,
and let by induction

t, = (8/2 )pq/nﬁ‘q -p) ,

tZk = thI/cpfla
bok+1 = bag,
yO = ]- )

Yor—1=b3i" 1,
— +n/q 1 n/kq
Yor = taj? + EtZk .

We have
o1 >ty Yre1> Yno
for all k=0, and
>0, Y™ ®, by o,

as k— . Let f be the function associated to (¢;).=¢ and (¥;);.=( and consider
the potential

WV(w) = f(|x]).
By using Lemma 1 it is elementary to prove the following
ProposITION 1. — We have
1) Ve C*(R", R),

2) (1+ || < V(x) < (1+ |z|)"", VxeR",
3) for each ae N" we have

|04 V()| < V(x)! Toulel ) VreR™,

SERER.

From this Proposition it follows in a standard way

with
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PROPOSITION 2. — Assume that

) (3—1)ﬂ<
p n

)

Do | oo

then

1) A(x) =V(@)"? is a weight function, i.e. it satisfies (1) and (2)
with

60:261<1,

2) The Schrédinger operator A= —A + V(x) is a differential operator
of second order with Weyl symbol a(x, &) = |&|* + V(x) which satifies the hy-
potheses of Theorem 1 with

1=min{1,i}, 0o=1, 0=0,=20,<1. m
27rq

From this Proposition and Theorem 1 we obtain that

N@) =WD{1+O0R, ()}, as 1>,

with
10) W(r)=Q2n)™ f dxd& = w”n f(T _ V(x))ri/zdm ,
[&]%2+ Vi) <7 (27)
R, given by (6), and
O<e< 1-29, .

In (10), we denote by w, the volume of the unit ball in R".
ProPOSITION 3. — Let
T=t = Ya_1, fork=1.
Then, if
1y q9—p> 7,
we have that
Jim R.(t) =,

for any 0 <e<l1.
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Proor. — Set
M(t) = f dx
Viz) <7t
o
=nw, f tmldt
0
=w,(f D))"
Hence
1 1/n
Fo = (—M(r))
a)%
and

=M Yw,t").

Thus we have

(% n
Wi(r) = B f(r— Vi)' du
VARG
nw? f
_ n (T _f(t))n/ztnfldt
(2m)" 0
'@
2
_ nw:y, (T_M—l(wnth))n/Ztnfldt
(27m)"
M(7)
w, f _
- (t— M Y(w)?du .
2a)"
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It follows that

B Wi+t 8 - W —1'79)

R, (7)
Wi(r)
Mr+7179) M—117%)
f (4775 =M ()" du— f (r—1'" =M ~(w))"*du
_ 0 0
- M@
f (‘L'—M —l(u))n/Qdu
0
M(z+117%)
f T+t =M Y(w)”?du
M(z—117¢)
=
‘L’”/ZM(I’)
M@+ (1/2) 1 7%)
f (t+7' 7 =M Y(w)"?du
- M(7)

Tn/Z M(T)

_ GO MG+ ) - M(D)
- ‘L'WZM(‘L')

_ M@+ 3179 — M(7)
- 271,/2 _L,ns/2 M( ‘L’)

Now observe that
1 1
T+ E'['k/k = tg’n]ép_l + Etgnjék?l
n/q 1 n/k
=tgi’ + Et% !

=Y2r-
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It follows that
M(rk+ lrkg) BM(t + lr”k)
2 gtk

=Wy (f_l(ka))n

=,y
=w,t39%,, for k=
1-¢
and
M(zy) = o, (f ' (Yo -1))"
=w,ta 1.
Therefore

M(Tk + %Tk/k) - M(Tk)

R.(1,) =
¢ 2%/2 .L.gin/Z)(l - l/k)M(Tk)

/
_ wntZﬂﬂlgfl_wntﬁcfl
a 2(%/2) tz(;ct/g){n/Z)(l —1/k)

wnt2nk71
— té;g/g)l(qu— (n/2)(1 71/k))27n/2(1 _ tél;gl_iq/p)) — o,
ask— . =

It is easy to ascertain that the inequalities (8), (9), and (11) are consistent.
In this way we have shown that there are operators satisfying the hypotheses
of Theorem 1, for which the relative remainder R, (7) in the asymptotic formu-
la (5) is unbounded as 7— .

3. — Some operators with vanishing remainder in the asymptotic formula.

Throughout this section we consider a differential operator A with Weyl
symbol a(x, &) satisfying all the hypotheses of Theorem 1, so that the asymp-
totic formula (5) is true. We employ the following notation: given ve R" (®), te
R ., and £eR", we set

t"gz (thgl’ ey tVn,Sn)_

A R,={xeR:2>0}.
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PROPOSITION 4. — Let

Vix) = ax, 0),
M) = f dx ,
V)<t

and
a(x, &) = alx, &) —alx, 0).
Assume there exist
v,veR%, c=1, 1>t,>0, 70>0,
and a measurable function
[fR"—R,
such that
(12) ag(x, t"E) = C tag(x, &), for te(0,ty), v, EeR",

(13) aO(x5(1+t)§‘§)2(1+Cilt) (10(90, g)’ fOT te(07t0)79€7 EERn7

(14) Vx)=0, for xeR",

(15) 0<f(& <ayx, &), forax,EeR",

(16) ao(w, &) + Vix) < C(f(§) + V(x)),  for x,EeR",
17 M2 <CM(z),  for t=1,.

Then

(18) R.(v) = O M=y qs 7— oo,

and therefore

N(‘L’)=W(‘L'){1+(‘)(‘L’7|V|€/(|V|+l))}, as T— .

REMARK. — Condition (17) is the Tauberian condition of Rozenbljum, see [7].

ProOF. — The estimate (18) is a consequence of the following Lemma which
is a reworking of a Lemma of Rozenbljum ([7], Lemma 1.1).

LEMMA 2. — There exist

K>0, 0<00$1, T1=27Ty,
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such that
(19) W({(1+60) 7)< (1+ K" II+DyWi(r),
(20) W({(1-0)7)=(1-KoI"I+DyWi(r),

for 0<0<6,and t=1;.

PrOOF. — Set
W1+60)1)=W,+W,
with
W,=Q@2m)™" f dxdg,
ap+Vs(1+0)7
V<(1-6%7
Wo=2m)™" f dxdg,
a@+Vs(1+0)7
1-0%7<V
where
1
s = .
|[v| +1

Let us estimate W;. On the domain of integration we have:

0°r<t-V.
Hence
Q<T-V+0r<(1+6')-V).
Therefore
Wi<sQ@m)™ f da d§ .
ap<(1+01"5-V)
Let

E=(1+00" )y,
where C is the constant which appears in (12) and (13). We have

ag(x, &) = (1+ 0 %) ag(x, 1)
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and

Wi < (2) (1 + CO' %) f dx dy

ap(x, ) <7 - V(x)

=(1+CO )" W(z).
Now we estimate W,. On the domain of integration we have

Vs1+0)t—ay<2r7,

< (1+0)7-V<(0+6°)1<20°T.

Therefore
Wos (2a)™" f dxd& .
ap<260°t
V<2t
Let

E=(4C%0%)"1,
then, from (12) we have
aO(x7 “;:) B46’080/0(%, 77)7
and
Wy < (21) "(4C2 61" f dadn

ag(x, n) <72C
V(x) <271

<@macer [ dedy
fOp) <72C
Vie) <271

_emarieier [ a [ oa

V) <2t f(p) <7/2C

< (2m) "4l CEIMgsl I oV f dw f dn
Vix) <1/2C fGp) <7/2C

s(zﬂ,)—n4|v|cz|v|+N08|v| f d%d??
C(f+V) <t

< (2n)77z4|v|02|v|+N05|1/| f dacdn

ay+Vsrt

=4l 2+ NgslVl Wiz),  for t=2V1,,
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where N is such that
2V=2C,
ie.
M@27) <CM(t) < ...<CV¥M(1/2V) < CY M(7/20C).

Now observe that

s|v| = =1-s,
|v] +1

and that, for 0, sufficiently small, we have
(1+0' )Pl <1+ (9| + )OMVIIFD - for 0 <0< 6,.

This proves the estimate (19) with K = K’, where K' is large enough. In order
to prove (20), we observe that we can choose 6, so small that

0

ek g \IIv+D .
< " —— y
[+ (1 9) ]W« V7))

for 0 <@<6,and r=7,=(1-0,) '2"7,. But this implies

[v|/(|v] +1)\ —1
W((I—G)T)Z(I-FK/(W) ) W(r)

> (1—K"o "1+ 0y W),
for a suitable K" = K'. Thus (20) is proven with K=K". =
Now we can prove estimate (18). It suffices to put
O0=1"°
into (19) and (20). We obtain
W(r+1'%) < (1+ Ko M0y W),
W(r— 717 = (1 — Kr "Dy W(e),
and therefore

R.(v) <2K¢ MM+ for t=7,. =
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Now we show two classes of potentials which meet the Tauberian condition

am.
PROPOSITION 5. — If there exixt 0 >0 and R =0 such that
Ve 'x)=(1+6)V(x), V|z|=R,
then M(t) satisfies (17).

Proor. — Let

1+
2

0
lemax{ V(x): || $R},

then we have

Men=-o [ a

V6~ lw) <21

<6 f dx + f dax

|| <R Vo~ lw) <2t
|| >R
SE f dx + f da
|z| <E Vix) < (2/(1+0) 7
|| >R

=0 " f dx
Vie)<(2/(1+0)t

—0M(
1+6

‘L’), for t=1;.
Now we can iterate:
M2t)<o0 ™ M| ———-1],
(1+ 0V

for

T2 Ty = max

[(1+9)N ]
——WV(2): |x| <R;.

Then, if we choose N such that (1+6)V/2<1, we obtain the result.
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PROPOSITION 6. — Assume there exists a real valued polynomial g(x), three
constants L=1, R=0, 7, >0 and a strictly increasing function ¢: R, —
R ., such that
IILH‘}O ¢(T) =%,
@21 ¢(21) < Lg¢(t), for t=1,,
(22) L 'g(x) <¢p(V(x)) < Lg(x), for |x|=R.

Then M(t) meets (17).
ProoF. — Recall the following estimate due to Nilsson [6], Theorem 1:

THEOREM 2. — Given a real valued polynomial g(x) such that g(x) — «, as
|| — o, there exist C=1, ' >0, s>0 and ke N such that

(23) C 'r*(log ) < f de<Ct*(logt)*, forr=7v'. ®m

g@) <t
Because ¢(1) — © as 7— o, there exists t(=1’, 7, such that
L '¢(r)=1
for 7 =1,. Moreover we can take 7, so large that
Vo)<t and g(x) <L '¢(1),
for
x| <R and 7=7,.

Because ¢ is strictly increasing we have

(24) MQ27) = fdx= f dx .

V(x) <27 o(V(2)) < ¢(27)

For = 1,, we have

(25) f de = f dx + f dx .

o(V) < ¢(27) || <R o(V) < ¢(27)
|| >R
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By (21) and (22) we have

(26) f de < f dx
o(V) < ¢(217) ¢(V) < Lop(7)
|o| >R |e| >R
< f dx , for T =1,.
g<LEp(x)
|| >R

By (24), (25), and (26) we have

@7 M(27) < f dx , VT =r1,.
g<L%¢(1)

Now g(x) — « as |x| — o, hence by (23) we have

f de < (L' ¢(1)) (log (L ' (1))

g<LEp(r)

g<L ler)

Therefore, from (27) we have

M@271) < f dx

g<L lg)
< f dx + f dx
|| <E L'e(M) <L p(v)
|z] >R
=M(t). ]

We end the paper with a simple example in R? Consider
A=D;+D!Dj+D/+ (1+a?+y*+ay?)"
The Weyl symbol is a = ay+ V with
ag(&, m) =&+ &M%+t
and

Ve, y) = (1+a%+y2+ay?)2
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a, is multi-quasi-elliptic, (see [2], page 62), so

|02 a0(8) | < ag(§)t~ W®lel]
moreover

axV(z) | <V(z),

with

=&, z2=@,.
It follows that

a(z, O < (|¢] + 4())°,
|02 alz, )| < alz, )(|&] + A(z))~ M2l
where
Alx, y) = (1 +x2+y?+a2y?)2,

Moreover, if we set

then we have

a(t" ) = t*E8 +1E 1 n* + tn!

= tay(5),
and
a1+ =1 +)E+ (1 +t)&4 2+ (1+t) 5t
= (1+1) ag(8),
for 0 <t <1.

791

Finally, it is obvious to see that V satisfies the hypotheses of Proposition
6 with g(z) = (1+x2)(1+y?), ¢(xr)=Vr, L=V2, and 7, =1. Therefore,

by Propositions 4 and 6 we have

N@) =W@{1+ 63}, as 1>,
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where

1
O<e< —.
18
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