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Bollettino U. M. 1.
(8) 3-B (2000), 739-750

Blow-up and Global Existence of a Weak Solution
for a sine-Gordon Type Quasilinear Wave Equation.

JoAo-PAuLo DiAs - MARIO FIGUEIRA

Sunto. — St considera il problema di Cauchy per Uequazione (cf. [1]):
¢tt_¢xm_¢§c¢mw+51n¢=0? (x7t)ER><R+'

Nella prima parte di questo articolo si dimostra, per dati iniziali particolari, un
risultato di «blow-up» della soluzione classica locale (in tempo), seguendo le idee
mtrodotte in [8], [2] ed [4]. Nella seconda parte, viene utilizzato il metodo di com-
pattezza per compensazione (cf- [13], [10] ed [5]) ed una estensione del principio
delle regiont invarianti (cf. [12]) per dimostrare Uesistenza di una soluzione debole
globale entropica.

1. — A blow-up result.

We consider the equation (cf. [1] for a physical motivation)
(1.1) Q1= P~ PhPutsing=0, (z,t)eRXR,
with the initial data
(1.2) P, 0)=¢o®), ¢, 0)=¢(x), zeR.

Since F(¢) = — sin ¢ verifies F''(0) = —1 it is possible to find 7> 0 and ¢, > 0
such that for £€]0, o[ there exists ¢, cC*(R)NW?%* “(R) and ¢, e
CY(R) N W' *(R), nonconstant periodic initial data with period T, such that
& ocllwz = + 1@ 1ellwr. = —0>0 and such that the corresponding solution ¢, of

the Cauchy problem for equation (1.1) has the form ¢, (x,t) = ¢.(x — w 1)
for a suitable w,e R, with {w,} bounded, and so ¢, is defined globally (cf.[4],
Theo. 1.1).

But in general, for ¢ e C2(R)NW? *(R) and ¢, € C}(R) N W' *(R) we
only can prove the existence (and uniqueness) of a local (in time) solution ¢ e
C%(R x [0, T']) of the Cauchy problem, for a certain 7' > 0. Furthermore,
peL=(0,T'], W*R)NW"=([0,T'], W-=R)NW=*([0,7"'], L*R)).
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To see that let us put u=¢,, v=¢,;. The equation (1.1) reduces to the
system

=9
(1-3) /M/t_Q)xZO
v— (1+u?)u,= —sing .

If we introduce the Riemann invariants
l=v+ [\V1+etde
0

fr=v—f\/r§2d§
0

(1.4

we can write the system (1.3) as follows

1
{(bt:g(l—l—r)

1.5
(1.5 L,—V1+u?l,= —sing

r,+V1+ulr,= —sing

with the initial conditions

Px, 0)=¢o(x), Ux,0)=1l), r(x, 0)=ry(x)

(1.6)
$o, by, oe CLR)N W “(R).

By the results in [6] and [7] (see also [9]) the Cauchy problem (1.5), (1.6) has a
local (in time) unique solution (¢, I, ) e(C*(R x [0, T']))? for a certain 7' >0
such that (¢, [, ) e(L*([0, T'], Wb =(R)) N W = ([0, T'], L*(R)))’.

Now we look for a blow-up result for the solution ¢ of our Cauchy problem.
Let T* =sup T' be such that [0, 7] is an interval of (local) existence of ¢.
For each o € R we define the left (resp. right) characteristic curve starting in
a by

d d
(1.7 % =-\V1+u?, 20)=a (respect. % =V1+u? x2(0)=a).

From (1.5), (1.7) we easily deduce,

(., Ol =@ < lroll =@ +t
1.8) tel0, T*[
2, Ol =gy < lollz =y +
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t t
Hence, from ¢(x, t) = ¢o(x) + fv(ac, 7) dt = ¢ o(x) + l f(l +7r)(x, 1) dr, we
obtain, 0 24

1 1
(1.9) loC, 1) = oll=w < Ecot"‘ Etz, tel0, T*[,

where ¢y =7/l =& + | loll = &)- From (1.4) we deduce

l—rzf(u)=2f\/1+§2d§=u\/1 +u2+ arcsinhu
0

and so
(1.10) ul, Olln=m < (UG, DllL=@ +17C, DllL=@)? <
(CO+2t)1/2, tel0, T*[.

Now, assume

T 3m
1.11 — < inf x), S xr) < —.
(1.11) 5 xER‘Po( ) xlelllgfpo( ) P

Let ¢, = to(in£ @ o(x), sup ¢, (x), co) €10, T*[ be such that (cf. (1.9))
rTeE reR
3
(1.12) T <inf gz, £), supp(m, ) < L, tel0, ]
2 veR reR 2

Hence, with F(¢) = —sin¢, we have F'(¢)(x,t)= —cos¢p(x,t)=0 for
(x,t)eR X [0, t,].
The following lemma has the same proof of lemma 1 in [2]:

LemmA 1.1. — Let us assume (1.11) and fix aeR. Let
ty = to(inf ¢ o(x), sup ¢ (), Co) >0
xeR reR

be such that (1.12) holds. Assume that ly(x) < —0 <0 and ry(x) =0 for xe
[Bo, aol where Bo= —2(1 + ¢y + 2ty) %ty + a and oy > a. Then ulx;(t), t) < —
e=f"1(—0) along the left characteristic defined by (1.7), for te[0, t,].

Now, let us denote by - the derivative along the left characteristic curve
21 (t) defined in (1.7) with x;(0) = a fixed in lemma 1.1. Following the proof of
theorem 2 in [2], if we put

g=1+u®"l, b=(—cosp)(1+u?)"u
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we obtain, along the characteristic curve,

u

(1.13) | ——————q%=
I 2(1 +u?y" 4

b, tel0,1].

Since by lemma 1.1 u(x; (%), t) < —e, we derive

1 U
K(t) == E (1 +’M2)5/4 26(8) |’M|3/2 ’
where c(e) = (1/2)(1/¢2+1)7**, and so, by (1.10),
(1.14) K(t) = c(e) tel0, t,]

(co+ 2t
Since b<0, if ¢(0) =1 +u2(a))"l,(a) <0 we derive, by a comparison

result,

t -1
(1.15) q(t) < 0(t) = q(0) l1 + q(O)fK(r) dr] .
0

But, by (1.14),

! ¢
1+ q(0) [ K@) dr <1+ (e (o) [ (e + 20 ¥4dr .
0 0

Hence, if we take [y,(a) such that
to -1

(1.16) loo(a) < — 0(8)f(00 +27) ¥ dr
0

there exists ¢; <t, such that

lim ¢(¢) < lim 6(t) = — o

t—t; t—ty

and so the solution blows up. We can state the following

THEOREM 1.2. — Under the hypothesis of lemma 1.1, assume that 1y, (a) =

Voo (@) + V1 + ud (@) ug,(a) verifies (1.16). Then there exists t, <t, such
that

tliT?, lloC, Ollwe =@y + @, Ollwr =y + @, Oll=my) = + = .
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2. — Global existence of an entropy weak solution.

We will write (1.3) in the form

u—v,=0
2.1)
vw— (1+u?)u,=—sing,

13

where ¢(x, t) = fv(x, 7) dt + ¢ o(x), with the initial data
0

2.2)  ulx, 0) =ug(®) = po(x), v(x,0)=vy(x)=¢ (), xeR.
We will assume that (cf. [1] for a physical motivation)
23) ¢eCRNL*R), pocL'R.), ¢po—2wecL (R,) and uyvocH'(R).

This implies
1—cos¢pyeL(R) and f(l—cosgbo)dacSf|¢0|dx+f|¢0—2n|dac.
R R. R,

As usual, we will say that a pair of smooth functions 7, ¢ : R*— R is a pair en-
tropy/entropy flux for the system (2.1) if 5 is convex and Vn(y). Vf(y) = Vq(y),
Vy € R*, where

1
= R, [, y) =y, fly, y)=— (y1+ gyf)-

We will say that U = (u, v) € (g (R X [0, + o[))?is an entropy weak solution
for the Cauchy problem (2.1), (2.2) in R x [0, + oo if

(2.4) f (up; —ve,) dedt + fuocp(. , 0) doe +
R

Rx[0, + o
1 .
f (vz/;t—m/)x— —u31/)x—sm¢1/)) dxdtJrfvol/)(. ,0)dr=0
Rx[0, + ol 3 R

for each pair ¢, e C,” (R x [0, 4+ [) and
3 0
2.5) a—tn(U) + a—q(U) + Vp(U).(0,sing) <0 in D' (R x]0, + =)
iy

for each pair entropy/entropy flux (n, q) for the system (2.1).

By applying the compensated compactness method of Murat and Tartar
and following the ideas of DiPerna [5] and Dias-Figueira [3] we will prove the
following result:
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THEOREM 2.1. — Let us assume (2.3). Then, there exists a function U =
(u, v) measurable in R x [0, + o[ such that Ue (L *(Sy))? for each strip
Sp=R X [0, T[, T >0, which is an entropy weak solution for the Cauchy
problem (2.1), 2.2) in R X [0, + o[. Moreover

=5y <L+ DY, (ollp=sp<a+T), T>0,

where c¢; >0 depends only on uy and v,.

To prove the theorem 2.1 we consider first the regularised parabolic sys-
temin R X [0, + o[ for U, = (4, v,),e>0,withp, e D(R),0<p.<1,0,=1
in [—(1/e), 1/e]l, 0, =0 in R\]— (1/e) —1,(1/e) + 1[:

Ugp — Vg = €AU,
(2.6)
Vet — (1 + uéz) WU = 8Ave - QsSin(Qe¢s)7

t

where ¢ .(x, t) = fvé.(ac, 7) dt + ¢ . () With ¢, = 0, = ¢ for the «mollifiers»

0
0., e>0. We have ¢, eC*(R)NL*(R), po.c L' (R_), ¢o.— 2L (R.)
with

e + o
[1oo1de< [ 1oode, [ 1p0—2alde< [ |¢0-27|de,
R ~ R, e
¢08ﬁ¢0 in Ll(joc(R))

uOs:(pOsx:@s*uOEHg(R)y uw:))uo in HI(R)

We can also put vy, =60, *v,e H*(R), vy, —>v, in H!(R).
Now we study the problem in U, = (u,, v,) for the system (2.6) with initial
data U,, given by

2.7 u (0, 0) = u9. () = P o), v.(x,0)=29p(x), wveR.

Let X = (H*R)%, E = {UeC(0, T'; X): |U = GC) Ul =0, 7, x < M} for
a certain T’ and M > 0 to be determined, where G(t) is the semi-group associ-
ated to the heat system U, — e AU =0. For U = (u, v) e £ let us put (for fixed
e>0):

¢
(2.8) FU) (@) =G®) Uy, + fG(t -5)J(U(s))ds,
0
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where

v, 0 3
J(U)=(')+( ) ] ), (p(.,s):fv(.,r)dr—k(pog(.).
Uy ux_QsSHl(Qsd)) 0

By the L? estimates for the semi-group G(t) (cf.[11]) we have

< c(g)f i (U )| 2y dis -

H3R)

t
2.9) fG(t —8)J(U(s))ds
0

With the help of this kind of estimate and since, for example,

loesin (o)) 12w < 0 o)l L2 + 8 sup ||W(T)||L2<R>y

0<7t<s

we easily find 7’ > 0 and M > 0 such that F is a strict contraction in E and so
there is a unique fixed point U, which is a local solution of the Cauchy problem
(2.6), (2.7) such that U,eC([0, T']; X)NC* ([0, T']; (H*(R))?).

To prove the global existence for U, we multiply the first equation by (u, +
u?/3) and the second by v, and we integrate over R. We get

o 1 1 1
— [—uf+—vf+—uf+(1—cos(gg¢£))]dac+ef[um+v Auluilde=0.
aple 2 12 .

Moreover, for ¢ <1, we deduce
f(l —¢08 (00 ¢p) dx= f(cos 0—cos (0.9 .) d+ f(cos 21— o8 (0 P .) dr <
R R_ R,

1/e 1/e +1

f|@ ¢08|d90+f((30827[ @o.) do + f (cos2m — cos(o,Po.)) dr <

1/e

1 + o0
[ oo+ [ |¢o—2n|de+2.
J J

Hence, we derive

1 1 1
(2.10) Rf[guf + Evf + Eu;‘ +(1 - COS(QS(PS))] de +

eff[ufx + 02 +uiulldedr <c,

0 R

where ¢, does not depend on & <1 (energy inequality for the system (2.6)).
Now, for each & <1, and by applying to the integral formula (2.8) the L? esti-
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mates for G(t) (cf. [11], namely

o2,

ts—MHuH@Hu%H 12 |, we derive, from Gronwall inequality,

Ul gy < e (t).

With the same technique we deduce
T @Ol zr3 ) < ()
and so, for each € <1, this proves the global existence of the solution
U.= (u,,v,)eC0, +o[; X)NC ([0, +o[; (H'(R))?)

for the Cauchy problem (2.6), (2.7).
Now let us introduce, for a fixed 6 >0,

lig=v£+f\/1+§2d§1(1+é)t
0

ri8=v£—f\/1+.§2d§i(l+6)t.
0

The functions (7., r,,) and (I_,, r_,) verify, respectively, the system

(2.11)

e,

V1+u?

e,
V1+u?

Let be, for (y;, ys, t) e RZ X [0, + oo,

liw—V1+ull,,,=eAl., — ul —o0.sin(o,¢,) F(1+9)

Tewt+ V1+tulr, . =edAr., + ufw—ggsin(gsgzbg)t(l—i—é).

Y
Gi(yl,yz,t)=y2+f\/1+§2d§¢(1+5)t,
0

”n
Fi(yl,yz,t)=y2—f\/1+§2d§i(1+a)t.
0

Wlth O, = ”lté( ’ O)HL“(R)’ bé = ||Tre(- ’ O)HL”(R)’ df = max(as, be)y we have
|Gi (MOE(x)r /U()e(gc), 0) | S ds’ |Fi (uﬂs(m)5 vOe(x)y 0)| S de7 VeeR .

By an adaptation of the proof of the theorem 14.7 in [12] (invariant regions) we
will prove the following
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ProposITION 2.2. — We have for t =0, xe R,
—d, <G_(u.(x, ), v.(x,t),t), G, ulx,1t),v(x,t),t)<d,

—d, <F, (u.(x, t), v.(x, t), 1), F_(ux,?t),v(x,1t),t)<d,.

ProoF. — Let us fix e€]0, 1] and put
2@ ={(y1, y2) eR*: G, (y1, y2, 1) —d. <0, F_(yy, 92, 1) — d, <0,
_Gf(yla Y2, t)_dssoy —F+(?/1, Y2, t)_deso}'a tE[O, + OO[

We have for U = (u, v) = (u,, v,) = U,, (uy(), v(x)) € 2:(0), xe R. It is easy
to see that if (w(x, t), v(x, t)) e 2(t), VeeR, Vte[0, t,] and, for example,
G (ulxg, ty), v(x, ), ty) — d, = 0 implies (8/8t) G, (u(x, t), v(x, t), t) <0 for
(x, t) = (w9, ty), then (u(x, t), v(x, t), ) e 2(t), VeeR, Vt=0. Let

9@, t) =G (ux, 1), v(x, 1), t) —d, (geC([0, + =[;CAR)NC ([0, + =[; CR))).
We have, with VG, = (\/1+u?, 1) and by (2.6),

3g 32U oU ,
< =eVG, —— + V1 +u?VG, - — —o,sin(0,¢,) — (1+9).
ot o w gy eenleg) =l
Hence
2 oUu
(2.12) @<3VG+-8 U+ 1+u%VG, — .
ot Ou? on

Now let us put #&(x)=g(x,t). We have h(xy)) =0, h'(x)=VG,-
(QU/x)(x, ty). As in the proof of theorem 14.7 in [12] we can prove that
h'(xy) =0 and h"(x;) <0. Now we have

92U
0=h"(xy) = (U VG, U)o, ty) + VG, - e (@9, ty),
%

where

Y 0

V2G+ = \/1 + 2

0 0

Moreover
uun?
(UIVEG, U,)(xy, ty) = ——— (29, t,) =0, since u(x,, ty) =0
2

1+u
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because (u(xy, ty), v(%y, ty)) € 2(ty) and g(wxy, t,) = 0. We derive

32 a
VG+-—U(900, t,) <0 and so, by (2.12), —g(aco, t) <0.
S ot

This concludes the proof of proposition 2.2. =

Now we easily derive (see § 1) from (2.11) and proposition 2.2, that there
exists a constant ¢; > 0 depending only on %, and v,, such that

(213) ”us( ’ t)”Lm(R)SCl(l +t)1/27 ||'l)€(. ’ t)||L°°(R)SCI(1 +t)7 t=0

Therefore, if we choose 7> 0 and put Sy = {(x, t): xeR, te[0, T[}, there is
Uy = (up, v7) € (L *(Sy))? such that, for a sub-sequence still denoted by U,,
we have

(2.14) U, — Uy in (L*(Sy))* weak®

Let be (7, q) a pair entropy / entropy flux for the system (2.1). We derive from
(2.6),

215) U+ U, =en(U) .~ eULV*NU) U, + V(U - (0, — 0 sin (0,9 )

From (2.10) and (2.13) we deduce that the first term in the right hand side of
(2.15) lies in a compact set of H ~'(R x 10, T]) and the second and third terms
lie in bounded sets of L (R x 10, T[) and L (R x 10, T]), respectively. We con-
clude that for each bounded open set 22 ¢ Sy the second member of (2.15) lies in
a compact set of H ~1(2). We continue as in [5] to get, from the div-curl lemma
of Murat [10], the Tartar’s relation concerning all the pairs (17, ¢1), (1732, ¢2),
where 77; is a convex entropy (g; the corresponding flux) and the Young mea-
sures v, associated to the sequence U, which converges in (L *(S;))* weak *
(cf. [13], [5]). It follows, as in [5], that there exists a sub-sequence U, (e, —0)
from U, such that

(2.16) U, —U; ae. in Sy;.

k k—
Hence, by (2.13),
2.17) lwrllz= s < e (L+ DY, gl =@p < e (1+T).

Now, by a standard diagonalisation procedure, we can extract a sub-sequence
from U,, say U,,, €,—0, and U = (u, v), measurable in R X [0, o[, such that
Ue(L>(Sy))? for each strip Sy and Uskk—> U ae. in Rx[0, of.

¢ — ©
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Now let be K=1[a, b]1x[0,T],a,beR,0<T < + . We have
t

6., ) = [0, ) dr+ ou(@)

0

14
and from (2.13), (2.6) we deduce f(f |ve, — v|dr) da dt — 0. Hence,
0 —

K

f|QekSin(Qek¢sk)_Sin(Pld%dtﬁO,
K — 0

t

where ¢(x, t) = fv(x, 7) dt + ¢ o(a). This implies, with (2.13) and (2.16), that
0
we can deduce from (2.6) that U = (u, v) satisfies (2.4) and verify an inequality

of type (2.17) for each T > 0. Moreover, from (2.15) (for ¢ = ¢,) we derive
77(Usk)t + q(USk)ﬁ S €k77(U8k).‘C:U + V”](Uék)(o’ _stSin (Q sk(psk)) *

Passing to the limit £, — 0 we easily derive (2.5) and this achieves the proof of
theorem 2.1. =

REMARK. — After the submission of this paper, Prof. P. Marcati has pointed
out to us that in his joint paper with R. Natalini, Global weak ..., J. Math. Soc.
Japan, 50 (1998), 433-449, a similar result to Theorem 2.1 has been proved by a
different method.
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