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A Geometric Description of Hazama’s Exceptional Classes

FEDERICA GALLUZZI

Sunto. - Sia X una varieta abeliana complessa di tipo Mwmford. In queste note dare-
mo una descrizione esplicita delle classi eccezionali in B*(X X X) trovate da Haza-
ma 1 [Ha] e le descriveremo geometricamente usando la grassmaniana delle rette
di P".

Introduction.

In this paper we will give an explicit description of the exceptional classes
found by Hazama (see [Ha, 5.1]) in the product of two varieties of Mumford-
type.

Varieties of Mumford-type occur as general fibers of the 1-dimensional
families of 4-dimensional polarized abelian varieties introduced by Mumford
in [Mu2].

The main interest in studying these varieties comes from the fact that the
Mumford-Tate group is strictly contained in Sp(8), while the Mumford-Tate
group of the general abelian variety is the whole symplectic group. Moreover,
varieties of Mumford-type gave the first example of abelian varieties not char-
acterized by their endomorphism algebra and having a «small» Mumford-Tate
group, in the sense just explained.

Let X be such a variety. In[Ha, 5.1.], Hazama found that B'(X) = Q,

2

i=0,1, 2 and he also proved that B2(X x X) # /\ B'(X x X).

We investigate the Hodge structure of X and, using some of the results
contained in [Ga], we are able to describe explicitly the exceptional classes in
B?(X x X). Then, using the grassmanian G#(1, 7), we give a geometric de-
scription for these classes.

The paper is organized as follows.

In Section 1 we first recall some general definitions and properties of
Mumford-Tate groups to introduce the techniques we use to find the excep-
tional classes of a variety of Mumford-type. If X is such a variety, we write
V=HYX, Q). The Mumford-Tate group MT(X) of X is defined as a subgroup
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of GL(V), so it acts in a natural way on V and we can also consider the exterior

powers of this representation on /\ V. A classical result of [DMOS] tells us

that the link between such representations and Hodge classes of X is that the

(p, p)-Hodge classes BP(X) are precisely the invariants under the action of
2p

MT(X) in /\V (see Prop. 1.2).

In Section 2 we recall briefly some properties of varieties of Mumford-type
and we focus on the fact that they have complex Mumford-Tate group isoge-
neous to SL(2)3.

In Section 3 we introduce the techniques we use to study the Hodge struec-
ture of X. These techniques involve the study of the representations (over C)
of SL(2)® and Sp(8). Using these methods one sees that Bi(X)=Q,
i = 0, 1, 2 . 2 2

We find the exceptional classes in B%(X x X) ¢ ANV /A\V looking at the
Killing form of the Lie algebra 3((2)?. In Section 5 we give also an explicit de-
scription of such classes and thus we are also able to explain their geometry in
terms of lines geometry in P’ in Section 6.

Acknowledgements. — I would like to thank Prof. Bert van Geemen for dis-
cussions and valuable suggestions.

1. — Mumford-Tate groups of abelian varieties.

The Mumford-Tate group (or Hodge group) was introduced by Mumford
in [Mul] for abelian varieties but in general it is associated to rational Hodge
structures. Since we are interested in polarized abelian varieties, we introduce
the definition for this case only. Good references are [DMOS], [G] and [vG].
This group has proved to be a powerful tool for studying the Hodge structure
of an abelian variety. Here we recall its construction for the convenience of the
reader.

Let X be a complex abelian variety, we write

V=H(X,Q), Vyx=H'(X,R).
A complex structure on Vi is a R-linear map
J: HY(X,R)—>H'(X,R) such that J?= —1.

A polarization for X is a cycle EeBY(X)cH?*(X,Q), ie. a map
E': A2 H{(X, Q) —Q that satisfies Riemann’s Relations:

EJ e, Jy)=E'(x,y), E'(x J2)=0,
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where J' is the dual of J. We introduce the representation of real algebraic
groups

h: S'—>GL(Vy),

a+1b—al +bJ ,
where S'={zeC*: |z| =1}. For all n there are representations

AN'h: S'—>GL(N"HY (X, R)) =GLH"(X, R)).

DEeFINITION 1.1. — The special Mumford-Tate group (also called Hodge
group) MT(X) of the abelian variety X is the smallest algebraic subgroup
G cGL(V) which is defined over Q, such that

mSY) cG(R).

Let Sp(E) be the algebraic subgroup of SL(V) which fixes a polarization £ of
X. It can be easily proved that

MTX)(R) cSp(E)R),

indeed Sp(E) is defined over Q and i(S!) cSp(E)(R). Thus MT(X) c Sp(E).
It can be proved that for the general abelian variety the isomorphism
holds.

Mumford-Tate groups are useful tools to study the space

BP(X):=H* (X, Q) NnH""(X)H?*(X, C))

of the Hodge classes of a complex abelian variety. Indeed we have the follow-
ing results

k

THEOREM 1.2. — Let 0 ,: GL(V) — GL(/\ V) be the k"-exterior power of the
standard representation o, of GL(V). For all p the space of Hodge classes of X
is the subspace of MT(X)-invariants in H?(X, Q), i.e.

B(X) = H? (X, QYT

Proor. — See [DMOS] and also [G, 2.4].

PropoSITION 1.3. — There is a bijection (see [DMOS] and also [G, 2.4.])

[ MT(X) ]

. Hodge substructures
1Q—subrepresentatlonsf - .

of V&
of V®n
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REMARK 14. — As MT(X)(C) is a connected reductive group (see [G, 2.3,
2.5]), its representations (or the representations of its Lie algebra) are well
known. So one can study the representations of MT(X)(C) over V®" and, if
these representations are defined over QQ, one gets rational Hodge substruc-
tures in V®". Moreover, one has

BY(X)®,C = (H* (X, €)1,
2p
So, to find the Hodge classes in H*(X, Q) = /\ VcV®" one first studies
2p
the invariants on /\ V. and then one tries to find the invariants defined
over Q.

2. — Varieties of Mumford-type.

In [Mu2] Mumford defines a family of 4-dimensional polarized abelian vari-
eties where the Mumford-Tate group of any fiber is not Sp(8) but the general
fiber does have no nontrivial endomorphisms. Over C the Mumford-Tate
group of these fibers is isogenous to SL(2, C)?, we call these fibers variety of
Mumford-type.

If X is such a variety, the Mumford-Tate group is defined using a quater-
nion algebra A that is, a central simple algebra of dimension four over its
center.

Mumford chooses the algebra A so that its cener is a totally real cubic num-
ber field K. We can write an element a € A as

a=0y+a €1+ UEg+ 383, CLZ'EK,

with €3, e3e K and e,65,= —e56; = £5. The Mumford-Tate group of X is de-
fined as

MT(X) :={xeA*:xx =1},
where the «—» stands for the canonical involution in A: if a=ay+ a6, +
€y +ageseA,thena =ay—a, e, — ase5 — agez. Over C, this group is isoge-
neous to SL(2).

The complex structure for an abelian variety of Mumford-type is given by
the real representation

h: S*—SU(2) x SU(2) x SL(2, R) ~SO(4, R) x SL(2, R) = GL(8, R),

) ( ( cos 6 sin@))
e (1,1, .
—sinf cos@

In this case, the multiplication by i on R® is given by J = k(7).
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3. — Representations of 3((2)° and 3p(8).

It is possible to study the Hodge structure of a variety of Mumford-type
following the strategy explained in Remark 1.4. In our case this means that we
have to study representations of SL(2)? as a subgroup of Sp(8). To do this, we
look at the Lie algebras 3((2)* and 3p(8). We recall here some of the results
of [Ga] that allow us to find the exceptional classes we are looking for.

Let W, be the irreducible (n + 1)-dimensional representation of 3[(2), the
Lie algebra of SL(2), so W, =S8"W,. If V;, Vs, V; are irreducible representa-
tions of 3[(2), then we denote by V; X V, X V5 the representation of 3((2)® on
Vi ®V, ® Vs where (91, 9, 93) € 3(2)? acts by g; on the i-th tensor component.
We write

Wa,b,c = WaEWb&WC with a, b, CEZ’BO

and any irreducible 3((2)*-representation is of this type. We write W:=W,
with standard basis {e¢’, ¢ "'} and we denote the products e¢'Xe’ Ke” with
e, Let {,) be the alternating form on W which is invariant for SL(2) and
which is represented by the matrix

0 1
(—1 0)'
On the eight dimensional space V=WXWKX W we have an alternating
form defined as follows
E(e, """y =(e' e'' e, e/ ek, e*y i,..., k' e{-1,1}.
One has
if i=i¢" orj=35"or k=k’',
B=, _):{(Ll if z;«ﬁZ’, Jj;j’, k=k'.
Let now 3((2)? := g, ® g2 D g5 where g; := 3((2). Let §; be the standard Car-

tan algebra of g; and § = b, @ b, ® §; a Cartan algebra of 3((2)*. For i, j, ke Z
we define a weight (¢, 7, k) € b* by

(ivj5 k) b_)C7

(H,, Hy, H3) —>is; + jsy + ksg ,

0

S; ; . .
where H; = (0 )ef)i. We choose a symplectic basis {f;, ..., fzs} for

—s; )
(V, E) and consider Sp(8) := Sp(V, E). By definition, SL(2)?cSp(8). Let §) be
the Cartan algebra of $p(8). It has basis {Hy, ..., H,} with H;=E; ;-

Eii;4s;and By ; 4., is an elementary matrix. Let {L;, ..., Ly} C B* be the
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dual basis. Given H e f) one has

Hfiyy= —Li(H) fi 14, i1=1,...,4.

In this way we can restrict the weigths to 3((2)® and we get

ProposITION 3.1 [Ga, 3.1.]. — The C-linear restriction map IN)* — H* acts on
the roots in the following way

LIH(ly 17 1)9
LZH(lr _17 _1)’
LSH(_l’la _1))

Ly—~(-1, —-1,1).
Proor. - If X, Ye 3((2), v, we W, one has

X, Y vXRw) =Xv) Kw+vX(Yw).

For example, Hf; = L, (H) f, gives H(e''!) = L;(H)e', and in general from
the above formulas we get

(Hy, Hy, Hs)(e") = (as, + bsy + cs3)(e 7).

Hence, the weights of the representation WX WX W under the action of §) are
(1, =1, 1). =

COROLLARY 3.2 [Ga, 3.2.]. — The standard representation V=WXR WX W
is wrreducible under the action of 3((2)® with highest weight (1,1, 1).

Using this result one can understand how tensor powers of the representa-
tion V decompose under the action of SL(2)3.

4. — Exceptional classes.

2
We recall that the Hodge classes in H?*(X, Q) = /\ V are precisely the in-
variants under the action of the Mumford-Tate group. Thus, in our case, we
are looking for invariants for SL(2)® which are not invariants for Sp(8).
We can prove the following (see [Ga, 3.4])
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PropPoSITION 4.1 [Ga,3.4.-3.6.]. — There is an isomorphism of $p(8)-repre-
sentations
2
AVEP2®WO,O,07
where Py is the irreducible representation of 3p(8) containing the highest
2
weight vector of /\ V. Moreover, Py decomposes as $l(2)*-representation:
P25W2,2,0@W2,0,2@W0,2,2~
2
Thus, from this Proposition follows that in /\ V there is an invariant repre-

2
sented by W ¢ o and we know that it has to be the polarization £ /\ V which
is invariant also for Sp(8).
Using similar results, in [Ga, 3.7] we showed that B2(X) = Q for i =0, 1, 2
so, there are not exceptional classes in B*(X) and this was also proved by

2 2
Hazama in [Ha, 5.1.]. Now, if we look at /\ V® /\ V, we note that there are
some special elements in it . More precisely, consider

2 2
P,®P,c NV A\V.
We have

1 W2’2y0®W2,2105(W2®W2) |Z|(W2®W2)|Z|W0

In W, @ W, =S2WQS2W there is the invariant coming from the Killing form
of 3[(2):

v=(e'0e H® ('O ™) -12[(e'Ce")®( 'Oe )+
(e '0e H®(e'©eh]
(the ©® denotes the symmetric product in W, = S2W;). Thus the vector

¢1:'UIZ|'UIZ|1 with IEC:WO

)SL(2)3

is an element of (P, ® P, . In the same way we obtain the invariants

P2=vR1IKveW; ( @Ws 2,

ps=1RvRveW; QW 2.

We have the following
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PRroPOSITION 4.2 [Ga, 3.8.]

D) @1, ¢2, ¢35 are a basis of (P, @ Py)S 2’
i) (P, @ P, = C,

iii) if G is a connected Lie group with SL(2)*c Gc Sp(8) such that ¢+,
@9, Q5 are invariant for G, then G = SL(2).

Thus, the ¢ ;s represent exceptional classes in B#(X X X). The fact that
2

B2(X xX)# /\ BY(X x X) for X a variety of Mumford-type was also proved
by Hazama in [Ha, 5.1.].

5. — Explicit description of classes ¢, ¢, ¢s.

We give now an explicit formula for the invariants ¢, ¢., ¢3 in

2 2

/A V® /\ V. In this section we write W = (x, v) and we use polynomial nota-
tions for symmetric products in W,. We want to give an explicit isomor-
phism

2 ~
/\VT:)WZ,Z,0@W2,0,2@W0,2,2@W0,o,o
using bases. By symmetry we work with ¢ =vXvX1 only. In this basis
v=xy@uy —12[2°Qy* +y* ®@x*].

2
The standard basis for /\ Vis {f; :=f; A f;, i <j}. First we choose a basis
for P,

B={fj:j=1+4}U{fi5— fo, fis —far, f1s —fas} -

We consider the vector

@Rr*XK1)Q YRy K1)

which is a summand of ¢ ;. We have
v*RaiX1eW, ,, of weight (2,2,0),

Yy’ Xy R1eW, 5, of weight (-2, —2,0).
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There are fig, fis only which have the same weigths in the basis of P,,
thus

a '@’ReiR1) e(fis), o ' Y’RYy*R1)e(fs).

Analogously

a 'Ry’ R e(fn), o "(YPR2*R1)e(f).

We have to proceed in a different way for the other summands of ¢, since we
have many vectors of the same weight in B. We denote x;, «, the vectors in the
basis of 3, which are represented by

(0 1) (0 0)

o o/ \1 o)

We consider the vector x2X xy K1 of weight (2, 0, 0). There are f e fi» which
have the same weight in P,. Now let the Lie algebra s[3 acts. We see

(07 Orxl)(f78 +f12):0a (0, 0’ x2)(,f78 +.le) =0.

Thus a((fzs + fi2)) C W2 2 9. We proceed in the same way with the other vec-
tors and we construct the isomorphism up to constants. We choose this con-
stants in such a way that ¢, is invariant in the new basis too. Put

A=fi5—for + fis— fos >

B=(fs+fi2) ® (fau+fss), B=(fautfss)® (fs+f12),
C=(fis +fox) ® (fsr +fa),  C= (fig + /o) ® (f13 +fis),
D=fs®fs, D =f5®fs
E=fn®fs, E = f3s®for -

2 2
Now we have the invariant as a vector of AV® /\V
$p1=ARA+2[B+B+C+C)+4[D+D+E +E].

6. — Some geometry.

We want to give an interpretation in terms of projective geometry of the
invariants ¢, ¢», ¢ 3. Let G(C?, V) be the grassmanian of 2-planes in V, i.e.
straight lines in P(V), with the Pliicker map

2
GT(LP(V))C%P(/\V), <?)1,U2>'_>U1/\U2~
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We take now the symplectic vector space (V, E) with the symplectic basis of
Section 3 and the Segre-like map

X=P!'x P! x P'-5 P = p(V),
((y: 202), (Y12 Y2)y (211 22)) > (o s 05257 -.0).
PROPOSITION 6.1. — For any {x}, {y} e P' the rational curve given by

p({a} x {y} x PY) is an isotropic straight line in P7 w.r.t. the symplectic
form E and this is also true for the curves yp({x} X P' x {z}) and p(P' x

{yy < {z}).

Proor. — We write a generic point of the first family in a suitable
way

((1: 29), (Y1, Ya), (81 1))>8(.: Xoto: 0.2 0) +2(...0 00 2y gz ...)

and we make computations using the bilinearity of E. The second assertion
follows by symmetry. =

Each of the above families can be considered as a P! x P! in Gr(1, P7), we
denote them with @, @, Q5.

Now we use the Pliicker map to see the relations between the @),;’s and the
irreducible representations W, , . in Py. As usual, we work with @;. From the
results above follows

PROPOSITION 6.2. — The image of Q< Gv(1, P") under the Pliicker map is
2

contained in P(Wg,g,o)nggP(/\ ).

We use now the Veronese and the Segre map to clarify the geometric
situation

Q=P xP'->Px P -P=P(W2,2,0)cP( /Z\V) ,
(@12 @), (Y12 y2)) = ((@f: ), (i )= o waypye -,
(Corvr )Gt )= vwye ).
Consider now the induced restrictions
HO(PS, O(1))— H(P% x P2, (2, 2))— H* (P! x P, O(4, 4))
and the subvariety of P? x P?

(CIXPZ)U(P2><CZ) = (Ule_Ug)(w1w3_wz2):0-
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Note that v, v3 — v e S*(Ws, 5 () corresponds to the Killing form. Then

¢ = (1117)3_1)22)(7/017/03_7/022) =0€S2(Wz,2,o)

is the equation for a variety in P® which cuts P?Xx P? in (C; X P?) U
(Pz X Cg)

[DMOS]

[F-H]
[Haz]
[Ga]

[(G]
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[vG]
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