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Bollettino U. M. 1.
(8) 3-B (2000), 485-503

Partial Discretization of Topologies.

M. BONANZINGA - F. CAMMAROTO - M. V. MATVEEV

Sunto. — In questo lavoro daremo una construzione che auwmenta il numero di sottospazi
chiust e discreti dello spazio e daremo alcune applicazioni di tale construzione.

1. — Introduction.

Many interesting examples of topological spaces were constructed by
means of refining the topology of some well-known space. For example, in the
construction of the Michael line (see [10], 5.1.32) one declares all irrational
points of the real line isolated and thus obtains a stronger topology in which
there are more open discrete subsets than in the original topology of R.

In this paper we follow the opposite approach: we encrease the number of
closed discrete subsets. The new topology add to the old one new closed dis-
crete subspaces; for this reason we will speak about the «discretization» of the
original topology. This approach is not new; let us recall two well-known ex-
amples. The first one is the simplest example of a Hausdorff, nonregular
space, the second one provides the simplest construction of a Hausdorff
L-space.

ExampLE 1.1 ([10], 1.5.7). — The «usual» Hausdorff, nonregular space.

Consider the unit interval [0,1] with the topology inherated from the usual
topology of the real line. Refine this topology on [0,1] declaring that basic
neighbourhoods at points different from 0 are the same that in the original
topology, while a basic neighbourhood of the point 0 takes the following form:
[0, )\{1/n:n=1,2, ...}, where &£ > 0. The new space is a Hausdorff non-
regular space. Note that with respect to the original topology, a new closed
discrete subspace has been added.

ExampLE 1.2 [22]. — A Hausdorff L-space.
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Consider the space X = R with the topology generated by the base consist-
ing of all sets of the form (a, b)\A, where A is arbitrary countable set. This
space X is hereditarily Lindel6f but not separable. That it is not separable fol-
lows directly from the definition, that it is (hereditarily) Lindeldf either can be
easily seen directly, or it follows from Corollary 3.7 below.

Now we give the general definition.

DEFINITION 1.3. — Let (X, B) be a topological space, B be a base for X, Yc X
and t be a cardinal. Denote By, = {U\A: Ue B, AcY, |A| <t}; this family
1s a base for a new topology Gy, on X that we will call the partial 7-discretiza-
tion of G. For Y = X we write just G, and we will say that G, is the t-discretiza-
tion of G.

Further we will often call G and Gy, (resp., G,) the old and the new topolo-
gy, respectively. First of all, we note that the topology Gy, does not depend on
the base $. In this sense the choise of B is not important, and we will often ad-
dress to the elements of By, at to basic open sets without indicating which par-
ticular base & is considered.

In the topology Ty, all the sets AcY with |A| <t are closed in X and dis-
crete. In Example 1.1 we have that Y= {1/n:n=1,2, ...} and 1=w,; in
Example 1.2, Y=X and 7= w;.

Also note that if 7 > | X|, then (X, T,) is a discrete space. To avoid this triv-
ial case, henceforward we usually assume that 7 < A(X), where

AX) =min{|U|: U is a nonempty open set in X}

is usually called the dispersion character of X. Note that for every infinite car-
dinal T we have that A(X, B) = 7 iff A(X, G,) = r; for this reason we simply
write A(X) =t without indicating which topology, G or G,, is considered.

Being refinements of the original topology, partial z-discretization and -
discretization of course preserve the Hausdorff axiom of separation. However,
the regularity of a space typically is not preserved; from a regular or even a
normal space (X, G) we «nearly always» obtain a nonregular space (X, Gy,),
where Yc X, or (X, G,); why this happens can be easily seen from Examples
1.1 and 1.2. So, partial 7-discretization and 7-discretization are ways to obtain
Hausdorff examples in the cases when constructing regular ones is impossible
or difficult.

The paper is organized in the following way: we start with some basic facts
about 7-discretizations, then we consider the behavior of various topological
properties under the operation of z-discretization, further we find out how the
operation of 7-discretization interlaps with other operations on topological
spaces, and we finish with a selection of applications.
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2. — How much different is the new topology from the old one?

It turns out that it is different, but not very much different. This gives hope
that preserving some properties of the old topology and destroying other
properties one can obtain spaces with interesting sets of properties.

First, let us compare the closed sets in the old and in the new topology. Of
course, in general, new closed sets do appear after a (partial) 7-discretization,
but the following result shows that (under some assumptions) regular closed
(and hence reqular open) sets in the old and in the mew topologies are the
same.

PROPOSITION 2.1. — Let T be a cardinal, (X, G) be a space and V be an ele-
ment of G,. We have that

Q) if AX) =1, then clg V=-clsV=clzU, for some UeT;

(B) if Y is a subset of X such that X\Y is dense in (X, G), then clg, V=
cleV=rclgU, for some UeT.

PRrROOF. — (A): For every yeV, fix U,eT and A,cX, |A,| <7 so that
UN\A,cV. Put U= U{U,:yeV}. Then UeG and UDV. It is clear that
clg Vcelg Vel U. It remains to check that cls Ucelg V. Let x e clg U and let
W be a basic neighbourhood of x in G,, ie. x e W= Oy \Ay where OyeT
and |Aw| <7. Since xeclzU, there is ze UN Oy. By the definition of U,
ze U, N Oy for some y € V. So, U, N Oy is a nonempty open (in the topology ©)
set. Since 4(X) =7 and |A,UAy| <7, there is te (U, N Oy)\(4,UAy)C
(U,\A,) N (Ow\Ay) cV N W. So, every neighbourhood of x in G, intersects V,
ie. xeclg V.

(B): The proof of this fact repeats the proof of case (4) almost wordwise.
Now the hypothesis that X\Y is dense in (X, B) is used instead of the condi-
tion that X has dispersion character greater or equal to 7 and the set U is de-
fined as follows: for every x eV, we can fix the sets U,e G and A,cY, with
|A.| <7, such that xe U,\A,cV; then U= U{U,: xeV}. =

Recall that a space is almost regular if every point can be separated by
open sets from every regular closed set not containing this point [26]; a space
is semiregqular if regular open sets form a base [10]; a T space is regular if and
only if it is both almost regular and semiregular [26]. Since (under our usual
assumptions) regular closed sets in the old topology remain regular closed in
the new topology, we have the following proposition:

PROPOSITION 2.2. — Let t be a cardinal, (X, G) be a space and V be an ele-
ment of G,. We have that
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Q) if AX) =t and (X, B) is almost reqular, then (X, G,) is almost
reqular;

(B) if Y is a subset of X such that X\Y is dense in (X, B) and (X, G) is
almost regular, then (X, Gy,) is almost regular.

So we see that even though in general regularity is not preserved by 7-dis-
cretization and partial t-discretization, a «part» of regularity, namely almost
regularity, is preserved by these operations. In fact, regularity is destroyed by
means of the loss of semiregularity: the regular open sets are (again under our
usual assumptions) the same in the old and in the new topology, and since they
formed a base for the old topology, they can not form a base for the new topol-
ogy, because the new topology is, tipically, finer. In other words, in the case of
the 7-discretization we have the following simple proposition (say that a space
is t-discrete if all its subsets of cardinality less than t are closed and
discrete):

ProposITION 2.3. — Let A(X) =1. Then either (X, G) 1s t-discrete (i.e.
G =0,), or (X, G,) is not semiregular.

We conclude the consideration of regular open sets and almost regularity
with the example demonstrating that the assumptions «4(X) = t» and «X\Y is
dense in (X, G)» in Proposition 2.2 are essential.

ExXAMPLE 2.4. — An almost regular space (X, G) such that the w ;-discretiza-
tion (X, G,,) is not almost regular.

By transfinite induction, it is easy to construct three disjoint dense sub-
spaces Q;, Qy, Q3 of the real line R with the usual topology S such that
R=0Q;UQ,UQzand A(Q;) =¢, fort =1, 2, 3. Since (R, ) is hereditarily se-
parable, there exist countable and dense sets C;, C,, C; such that C;cQ;, for
1=1, 2, 3. Define S=C;UC,UC; with the topology inhereted from (R, S)
and let {a,: new}cR be a sequence of pairwise distinct points converging
to 0 in the topology S. Also consider R with the topology $* generated by S U
{Q;} U {Qy}. Consider the set X=(Rx {0}) U (S X {a,: new}) with the
following topology G: Y =S X {a,: n e w} with the product topology R is open
in X; a basic neighbourhood of the point (¢;, 0) e Q; X {0} takes the form
(=0, 1 +)NQO)x{0H)U((gs =0, 1 +)NS) X {a,,: m>n}), where
0 >0 and n e w; a basic neighbourhood of the point (g, 0) € Qy, x {0} takes
the form ((ga—0, ga+0)N Q) X {01 U(((g2— 0, gs+ 0) N S) X {a,:
m>n}), where 6 >0 and 7 € w; a basic neighbourhood of the point (g3, 0) €
Qs x {0} takes the form ((gs— 9, gs+ ) x {0})U(((gs— 98, g3+ )N S) x
{a,;: m>mn}), where 6 >0 and n e w. Note that 4(X) = w.

Now we prove that (X, B) is almost regular. Since Y is an open subset of
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(X, B) and a dense subspace of the almost regular space R x {a,: new}, we
have that (X, ©) is almost regular at all points of the form (x, a,). Then we
have to prove that X is almost regular at the point (x, 0). Let Uc X be a regu-
lar open subset such that (x, 0) € U; we want to find an open set 7c X such
that (x, 0) e T'cely(T) cU. Assume that (x, 0) € Qs. Then there exists 6 >0
and new such that (v,0)e((x—0,x+8)x {0})U(((x—09,x+0)NS)x
{a,: m>n})cU.

Define T=((m—g, x+g)x{0})u(((9¢—g, x+g)ﬁS)><

{a: m>n}) Then (x,0)eTcely(T) = ([m— g, x+ g] X {0}) U
(([x— g,er g]ﬁS) X {am:man})cU.

Now assume that x e Q;; for x € Q, the proof is similar. There exist 6 >0
and new such that (x, 0)e((x—09, x+0)NQ;) X {0H)U((x—0, x+5)NS) x
{a,: m>n})cU. Define A=(((x—09,x+)NQ;)x{0})U(((x—3, xz+6)N
S) x {a,: m>n}). We have clx(A) =cly(cly(ANY))=cly([x—35,x+5]IN
S) x {a,: m=n}) = (x—0, +0]x{0PHU{([x—05, x+51NS) X {a,:
m=n}). Inty(cly(A)) =z -6, x+0)x {0} U(((x—06, x+0)NIS) x {a,:
m>n})cU. Define the open set 7=(x-0/2,2+5/2)x{0})U
(((ac—é/Z, r+0/2)NS) x {ay,: m>n}) Then (x, 0)eTcely(T)=([x—9/2,
v+0/2]x {0Hu(([e—0/2,2+06/21N8) x {a,: m=n})cU.

Now consider the space (X, G,,,), and we show that this space is not almost
regular. R X {0} is clopen in (X, G,,); indeed it was closed in (X, G) and
X\(R x {0}) is countable. Since almost regularity is preserved by clopen sub-
spaces, it remains to show that R x {0} is not an almost regular subspace of
(X, G,,). Let a, beQ;, with a <b. Put H = ([a, b]\Qy) x {0}. Then H is a
regular closed subset of (R X {0}, G,,|xx ;). Then consider a point xe
(a0, b) N Q, and define p = (x, 0). We have that p can not be separated by open
sets from H. Indeed, since A4(Q;) =c¢, the interesection of every neighbour-
hood of p with every neighbourhood of H in (R X {0}, G|« j9}) has cardinali-
ty greater or equal to ¢. Then the interesection of every neighbourhood of p
with every neighbourhood of H in (R x {0}, B, |r« {o}) is greater or equal to
¢ and then nonempty.

Note that X\Y is closed in (X, G) and (X, Gy,,,) is not almost regular. To
prove this last fact it is enough to note that X\Y is a clopen subspace of
(X, By,,) which is not almost regular.

To finish the discussion of the axioms of separation, we note that (X, G,) is
a T, space for every topology G and every cardinal 7 = 2.

Now we will show that the old and the new topologies are similar yet from
one more viewpoint: we will prove that, under our usual assumptions, the
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spaces (X, 6) and (X, G,), respectively (X, ©) and (X, Gy,), have the same set
of real valued continuous functions. Of course, the functions which were con-
tinuous in the old topology remain continuous in the new one. It is necessary to
check that new continuous functions do not appear.

ProposITION 2.5. — Let (X, B) be a space and t be a cardinal. We have
that

Q) if AX) =t and f: (X, G,) =R is a continuous function, then fis a
continuos function with respect to the old topology T,

(B) if Y is a subset of X such that X\Y is dense in (X, G) and
(X, By,) =R is a continuous function, then f is a continuos function with
respect to the old topology G.

PRrOOF. — (4): Let f:(X, G,) —R be a continuous function and {a,: ceX}
be a sequence converging to the point @ € X in the sense of the old topology.
We have to prove that lirr% fla,) =f(a). By contradiction, assume that there

exists ¢ > 0 and a cofinal subnet A of {a,: 0 €X'} such that |f(a,) — f(a)| > ¢,
for every a,e A. Let W, be a neighbourhood of a in G,. Now we show that
there exists a,e A such that for every neighbourhood V, of it in G, we have
that |W, NV, | = 1. Consider the set W,=0,\H,, where O, and H,cX,
|H,| <t. Then there exists a,€A such that a,€0,. Let V, be a neighbour-
hood of a, in the new topology; we assume that V, = U, \H, where U, € G
and H,cX, with |H, |<7. Then W,NV, =(0,\H,)NU,\H,)=(0,N
U, )\(H,UH, ). Since 4(X) =7 and O, and U, belong to G, we have that O, N
U,, is a nonempty open set of (X, ©) and then it has cardinality = 7; then, as
both H, and H, have cardinality <, we conclude that |W, NV, | = 7. Since
f:(X, G,) =R is a continuous function, there exists a neighbourhood W, of a,
in (X, G,) such that |f(y) — f(a,) | <e&/2, for every y € W, . Then there exists a
point ze W, N W, such that |f(z) — f(a)| > e/2. By arbitrarity of W,, we ob-
tain a contradiction.

(B): The proof of this fact repeats proof for the case (4) almost wordwise.
Now the hypothesis that X\Y is dense in (X, G) is used instead of the condi-
tion that X has dispersion character greater or equal to 7 to prove that for
every neighbourhood W, of @ in Gy, there exists a point a,€ A such that for
every neighbourhood V, of a, in Gy, one has W, NV, #9. =

Below C, (X, ©), C.,(X, B) and C, (X, T) denote the space of all real contin-
uous functions on (X, ) with the topology of pointwise convergence, the com-
pact-open topology and the topology of uniform convergence, respectively.
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COROLLARY 2.6. — Let (X, G) be a space and t a cardinal. We have
that

A if AX)=zz,  then C,((X,T,))=C((X,T) CollX, T,))=
C,((X, ©)) and C, (X, G,)) = C, (X, B)).

(B) if Y is a subset of X such that X\Y is dense in (X, B), then
C,((X, By)) =C,((X, B)) and C,((X, By)) =C,((X, B)).

ProoF. — The proofs are obvious in the cases of the topology of pointwise
convergence and of the topology of uniform convergence. In the case of com-
pact-open topology it is enough to note that all compact sets in the z-dis-
cretization are finite. =

3. — Partial r-discretization (r-discretization) and...

3.1. — ..weak compactness-type properties.

Note that, if 7 > w, then all countable subsets of (X, G,) are closed and dis-
crete and hence (X, G,) is not countably compact; further, if 7> w and |Y| =
w, then all countable subsets of (X, Gy,) contained in Y are closed and discrete
and hence (X, Gy,) is not countably compact. Then it is natural to ask which
compactness-type properties weaker than countable compactness, such as
pseudocompactness, feeble compactness, and H-closedness, are preserved by
operations G— G, and G— Gy,. Recall that a space X is pseudocompact provid-
ed all continuous real-valued functions are bounded; a space X is feebly com-
pact (see, for example [25]) provided every locally finite family of nonempty
open sets in X is finite. Feeble compactness, being, in general, a stronger
property, is equivalent to pseudocompactness for Tychonoff spaces (see [10]).
Further, recall that a Hausdorff space X is H-closed [20] iff for every open cov-
er of X there is a finite subfamily whose union is dense in X.

That (under our usual assumptions) pseudocompactness is preserved by
7-discretizations and partial 7-discretizations is a direct corollary of Proposi-
tion 2.5:

ProPOSITION 3.1. — Let (X, G) be a space and t be a cardinal. We have
that

Q) if AX) =1 and (X, B) is pseudocompact, then (X, G,) is pseudo-
compact;

(B) if' Y is a subset of X such that X\Y is dense in (X, G) and (X, G) is
pseudocompact, then (X, Gy,) is pseudocompact.
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However, since (X, G,) and (X, Gy,) usually are not regular, for non-Ty-
chonoff spaces it is more natural to speak about feeble compactness than about
pseudocompactness.

ProOPOSITION 3.2. — Let (X, G) be a space and Tt a cardinal. We have
that

Q) if AX) =1 and (X, BG) is feebly compact, then (X, G,) is feebly
compact;

(B) if Y is a subset of X such that X\Y is dense in (X, G) and (X, B) is
feebly compact, then (X, Gy,) is feebly compact.

PrOOF. — (A): Let £ = {V,: new} be a sequence of nonempty open sets in
(X, G,). We assume that all the sets V,, are elements of 3., i.e. there are U, € G
and A,cX, |A,| <t such that V,,=U,\A,. Then the sequence = {U,:
new} consists of nonempty open sets in (X, B). Since (X, ) is feebly compact,
there exists a point p € X each neighbourhood of which in (X, B) intersects in-
finitely many elements of #. We claim that every neighbourhood O of p in
(X, B,) intersects infinitely many elements of &. Without loss of generality we
assume that O € B, is a basic neighbourhood of p in (X, G,), i.e. O = W, \ B, for
some Wy e G and some Byc X, |By| < 1. We know that W, intersects infinitely
many elements of #. Let U, - be one of them. We claim that O intersects corre-
sponding V.= U,«\A,; this will finish the proof. We have that V,.N 0O =
(U,s\A,«) N (Wp\Bp) = (U, N Wy)\(A,, U By). Since A(X) =t and WyN
U, + is a nonempty open set of (X, ©) we have that |W, N U, «| = t; further, as
both the sets A,- and B, have cardinality <7, we have that |4,-UBy| <rt.
Then we conclude that V,-N O = @.

(B): The proof of this fact repeats the proof of case (4) almost wordwise.
Now the hypothesis that X\Y is dense in (X, B) is used instead of the condi-
tion that X has dispersion character greater or equal to 7 to prove that every
neighbourhood O of p in (X, Gy,) intersects every V, = U, \A,~ where in
this case A,-CY.

ProrosiTION 3.3. — Let (X, G) be a space and t a cardinal. We have
that
A) if AX) =7 and (X, G) is H-closed, then (X, G,) is H-closed;
(B) if' Y is a subset of X such that X\Y is dense in (X, G) and (X, G) is
H-closed, then (X, Gy,) is H-closed.

PROOF. — (A): Let V= {V, },. be an open cover of (X, G,). For every 1 e A
assume V; = U; \A;, where U; e Gand 4, cX, |A4;| <. The family {U;: 1e A}
is an open cover of the H-closed space (X, B); then there exists a finite subset
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Ayc A such that els(U{U;: AeA,}) = X. By Proposition 2.1 (4), we have that
cg(U{U;: AeAy}) =clg (U{V;: 2eA,}) and hence (X, G,) is H-closed.

(B): The proof of this fact repeats the proof of case (4) almost wordwise,
using case (B) of Proposition 2.1 instead of case (A).

3.2. — ..Lindelof-type properties.

Recall that the Lindel6f number I(X) of a space X is the smallest cardinal ¢
such that every open cover of X has a subcover of cardinality < r. It is conve-
nient to consider also the following cardinal function:

DEFINITION 3.4. — Let X be a topological space.
[*(X) =min {z: every open cover of X has a subcover of cardinality <t}.

Of course ((X))* = 1*(X) = I(X); further, {*(X) =UX)™", if {(X) is a non-
limit cardinal, and [*(X) can equal either I(X) or I(X)" if I(X) is a limit
cardinal.

ProrosiTION 3.5. — Let © be a regular cardinal. If 1*((X, G)) <71, then
1*((X, By;)) <t for every YcX.

ProoF. — Let 9 be an open cover of (X, Gy,). Without loss of generality we
can assume that Vc B,. For each VeV we fix the sets Uye T and AycY,
|Ay| <t such that V=Uy\Ay. Then U= {Uy: Ve ¥} is an open cover of
(X, B). Since [*((X, B)) <1, U contains a subcover U, of cardinality < 7. De-
note A = U{Ay: Uye Uy}. Since |Ay| <7 forevery VeV, |Uy| <randrisa
regular cardinal, we have that |A| <7. Denote V)= {VeV: UyeUp}; then
| V| <7. Put H=X\U %, Then we have HcA and then |H| < 7. For each
x e H we choose W, e Vso that x € W,. Then ©, U {W,: x € H} is a subfamily of
V of cardinality <t that covers X. So [*((X, G,))<7. =

COROLLARY 3.6. — If (X, G) is Lindeldf, then (X, Gy,,,) is Lindeldf for every
subset YcX.

COROLLARY 3.7. — If (X, ©) is Lindeldf, then (X, G, ) is Lindeldf.

Motivated by previous results, it is natural to ask which Lindel6f-type
properties weaker than Lindeléfness — say, near-Lindeléfness, almost-Lin-
deléfness and weak-Lindelofness, are preserved by operations 9— G, and
G — Ty,. Recall the definitions: a space X is said to be nearly-Lindeldf [1] pro-
vided every cover of X by regular open sets admits a countable subcover; X is
said to be almost-Lindeldf [28] provided for every open cover {U,},., there
exists a countable subset A of A such that X = U{clU;: 1eA,}; X is said to
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be weakly-Lindelof [9] provided for every open cover {U,},., there exists a
countable subset A1, of A such that X =cl(U{U;: AeA4,}). The following im-
plications are true (see [7]): nearly-Lindeléf = almost-Lindelof = weakly-
Lindelof.

Under our usual assumptions, near-Lindel6fness, almost-Lindeléfness and
weak-Lindeléfness are preserved by operations G— G, and G— Gy, as the fol-
lowing propositions shows.

ProPOSITION 3.8. — Let (X, G) be a space and Tt a cardinal. We have
that

Q) if AX) =t and (X, B) is nearly-Lindeldf (almost-Lindeldf, weakly
Lindeldf), then (X, G,) is nearly-Lindeldf (almost-Lindeldf, weakly Linde-
lof);

(B) if Y is a subset of X such that X\Y s dense in (X, B) and (X, B) is
nearly-Lindeldf (almost-Lindeldf, weakly Lindeldf), then (X, Gy,) is nearly-
Lindeldf (almost-Lindeldf, weakly Lindeldf).

ProOF. — In case of near-Lindelofness, the proof follows by definition be-
cause (X, B) and (X, B,) (respectively, (X, G) and (X, By,)) have the same
regular open sets. In cases of almost- and weak Lindeléfness, the proofs are
similar to the proof of Proposition 3.3. =

So we see that, in some sense, near-, almost- and weak-Lindelofness are
better preserved by partial z-discretization and by z-discretization than Lin-
delofness. Indeed, Lindeldfness is preserved only by partial w ;-discretization:
if we take a space (X, G) such that |X| > w and 7 > w, then after 7-discretiza-
tion (and hence after partial 7-discretization) we obtain a space containing un-
countable, closed and discrete subspaces which is impossible for Lindelof
spaces. On the other hand, Proposition 3.8 confirms that near-, almost- and
weak-Lindeléfness are preserved by arbitrary r-discretizations and partial z-
discretizations, the only condition is the restriction on the dispersion charac-
ter and on the complement of the subspace Y, respectively. By means of a dis-
cretization, from a Lindelof space one can easly construct a nearly-Lindelof
space with arbitrarily big extent. For example, consider the space (X, G),
where X = D" and G is the usual Tychonoff product topology on X. Let Y be a
closed, nowhere dense subspace of (X, B) of cardinality 2°. By Proposition 3.8
we have that the space (X, Gyr+) is nearly-Lindeldf; while this space has the
extent equal to 27

However, in another sense, Lindeléfness behaves better: in Proposition 3.5
we did not use the assumption about the dispersion character, while in Propo-
sitions 3.8 this assumption was essential as the following example demon-
strates.



PARTIAL DISCRETIZATION OF TOPOLOGIES 495

ExamPLE 3.9. — A nearly-Lindel6f space the w -discretization of which is
not weakly-Lindelof.

Let T be the usual topology on the real line R and P the set of irrationals.
By Proposition 3.8, the space (R, Gp.+) is nearly-Lindeléf. The space
(R, (Bpe+)y,) is discrete and hence not weakly-Lindelof.

3.3. — ..inverse compactness.

Recall that a space X is said to be inversely compact [14] provided for
every open cover U= {U,: aeA} of X there exist a finite subset B of A and a
family V= {V,: a € B} such that for every a € B, either V, = U, or V, = X\U,
and © covers X.

The space of the Example 5.1 in [14] was the w-modification of the space
(X, B6), where X =w;and T= {0} U {[0, @): a < w,}. It is trivial that (X, ©)
is inversely compact and non-compact. It is proved in [14] that (X, G,) is also
inversely compact. Then it is natural to ask the following question

QUESTION 3.10. — Let (X, G) be an tnwversely compact space. Is (X, G,) -
versely compact?

3.4. — ...other cardinal functions.

Let f be a cardinal function. It is easy to prove that if fis the cellularity or
the density, then

AX, B,) # max { f(X, B)), t}.

Indeed, consider the usual Isbell Mréwka WY-space (X, G) where X =
wUR, R is a maximal almost disjoint family of infinite subsets of w with
| R| =c. We have that d((X, ©)) = ¢((X, ©)) = w; however, the space (X, G,,)
is discrete and so d((X, B)) =c((X, ©)) = |X| =ec.

However, under our usual assumptions cellularity is preserved by (partial)
7-discretization:

ProrosiTIiON 3.11. — Let (X, G) be a space, Y be a subspace of X and 7 be a
cardinal.
Q) If AX) =1, then c((X, G,)) = c((X, B)).
(B) If X\Y s dense in (X, G), then c(X, Gy,)) = c((X, B)).



496 M. BONANZINGA - F. CAMMAROTO - M. V. MATVEEV

ProOOF. — (A): We only have to prove that c((X, G,)) <c((X, G)). Put
c((X, B)) = 4. By contraposition, suppose there exists a family {4, },, with
Kk > A, of pairwise disjoint open sets in (X, G,). We can assume that for every
aek, A,=U,\C, where U, e G and C,cX, with |C,| < 7. Now we prove that
for every a, a’ € k such that a # a’, we have that U, N U, = @; this will imply
that c((X, BG)) > A, a contradiction. Suppose, by contradiction, that there exists
a,a’ ek such that U, N U, #@. Since U,NU, €T and A(X) =, we have
that |U,NU, | Z7. So, as C, and C, have cardinality less than 7, we have
that |(U,NU)\C,| =7 and |(U,NU,)\Cy | =7; then A,NA, =0, a
contradiction.

(B): Since cellularity is hereditary with respect to dense subspaces and
X\Y is dense in both topologies G and Gy,, we have the following equalities:
(X, B) =c((X\Y, B|x\v) =c((X\Y, By |x\y) = c((X, Ty)). ™

Also we have the following

PrOPOSITION 3.12. — Let (X, B) be a topological space and Y be a subset of
X. If every point of clgY is a complete accumulation point of some set of car-
dinality v in (X, G), then d((X, By,)) < max{d((X, ©)), t}.

ProoF. — Let A be a dense subset of (X, T) such that |A| = d((X, G)). For
each xe A NclY, fix a set B,c X such that |B,| =7 and « is a complete accu-
mulation point of B, in (X, B); for each xe A N (X\clsY), put B, = {«}. Con-
sider the set B= U{B,: xeA}. Then |B| <t|A|. B is dense in (X, Gy,). In-
deed, let Ve By, be a nonempty set. Then there exist Uy e 6 and Ay cY such
that |Ay| <7 and V= Uy\Ay. Since A is dense in (X, G), there exists a point
xeUyNA. Then, if x e Uy N (A NeclgY), we have that x is a complete accumu-
lation point of the set B, in (X, G) and then |UyNB,| = |B,| =1; so, since
| Uy \V| <7, there exists a point z e (Uy N B,)\(Uy\V) =V N B,cVN B, that
isVNB=0. If teUyN (AN (X\clzY)), we have that x € B N Uy and, since
xeX\clgY, we have that x¢Ay,. So te BNV, that is BNV=0. =

In particular

COROLLARY 3.13. — Let (X, G) be a topological space. If every point of
(X, B) is a complete accumulation point of some set of cardinality T, then
d((X, G,)) = max {d((X, B)), 7}.

COROLLARY 3.14. — Let (X, B) be a topological space and Y a subset of X. If
AX)=zt and y(x,(X,B)) <71, for every wxeclgY, then d((X, Gy,)) <
max {d((X, B)), t}.
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ProoOF. — It is enough to check that every point « e clz Y is a complete accu-
mulation point of some set of cardinality 7 in (X, G). Fix a local base &, of
(X, B) at « such that |8, | <. For each U e 8,, fix a subset A;;c U such that
|Ay| =7. Put A= U{Ay: Ue B,}. Then |A| =7 and « is a complete accumu-
lation point of A in (X, G).

COROLLARY 3.15. — Let (X, G) be a topological space. If A(X) =1t and
(X, B)) <1, then d((X, G,)) = max {d((X, B)), t}.

4. - t-discretization and other operations.

In this section we consider how the operation of the (partial) z-discretiza-
tion commutates with other operations on topological spaces.

4.1. — Subspaces.

Let Y and Z be subspaces of a space X, and let G be a topology on X.
Then

(Zy(tG|Z)r) = (Z7 (GrlZ)y
and more general,
(Za(ﬁlZ)YﬁZr) = (Z7 TnglZ)-

This means that the result of the two consequent operations, (partial) 7-dis-
cretization and taking a subspace, does not depend on the order in which we
do this operations. With operations other than taking a subspace, in general, it
is not so.

4.2. — Products.

Let X and Y be two sets, G and S topologies on X and Y, respectively, and
let T® S denote the Tychonoff product topology. Is it true that

X XY, (BQ9),)= (X, T)x (Y, §)?

Typically, it is not. The reason can be seen from the following simple example:
let X =Y =R, G = Sis the usual topology of the real line, and 7 = w ;. Then the
set (X\Q) x Y is open in the space (X, G,) X (Y, S,), but it is not open in the
space (X X Y,(B®S),).

4.3. — Hyperspace.

Now it is reasonable to ask the question similar to the one we have just an-
swered for products about the hyperspace. Which topology is stronger: the Vi-
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etoris topology on the hyperspace of the space to which the 7-discretization
has been applied, or the 7-discretization of the Vietoris topology? However,
stated like this, the question is formally non correct because after the 7-dis-
cretization we, in general, obtain new closed sets, so the two topologies are de-
fined on two different groundsets (recall that the Vietoris topology is defined
on the set of all closed subsets of the space). However, if the consideration is
restricted to the set of all finite subsets (let us assume that the space is Ty, so
that finite subsets are closed), then the question becomes reasonable.

Let (X, B) be a space, J(X) denote the set of all nonempty finite subsets of
X, and §(G) be the Vietoris topology on J(X), i.e. the topology generated by the
base consisting of all sets of the following form (as usual we use «F'» or «(F)»
to denote a subset of X or a point of the corresponding set J(X), respect-
ively)

Uy, ..., U)y={FeJX): FcU,U...UU,, FNU,#0,...,.FNU,=0}

where U, ...U, €G. Similary, §(6,) also is the Vietoris topology, but now
Ul’ ceey UHECGT.

PRrOPOSITION 4.1. — (8(8)),C &(B,) whenever G is a Hausdorff topology.

ProoF. — It is enough to show that every basic open set in the topology
(8(B)), is open in the topology &(G,). Let U= (U, ...U,)\A €(8(8)), and let
(F) € U. We have to find a basic §(,)-neighbourhood, ¥, of (') contained in U.
We have F' = {«,, ..., «,, } for some m. There are pairwise disjoint neighbour-
hoods G3V;3w; for i =1, ...m such that each V; is contained in some Uj;. Put
B=U{H\F:(H)eA}, then |B| <rt. Further, put ©=(V;\B, ..., V,,\B).
© is a basic open set of &(6,) and (F) eV since x, € V;\B, ..., %, €V, \B.
Further, ©c (U, ..., U,) since each V; is in some Uy, and for each U; there
is a point x;;, € Vy;, contained in U;. It remains to check that VN A = ¢. Let
(H) e A. Since (F') e U, we have F # H, and so there are only two possibilities:

Case 1. H\F # ¢. Then H N B # @, and hence (H) ¢ V.

Case 2. H is a proper subset of F. Then (H) ¢ V¥ since V consists of the
points corresponding to = m-point subsets of X. m

ExAMPLE 4.2. — The two topologies are different.

Let t=w;, X=R and let G be the usual topology of R. Then the
set of the irrationals, P, is open in the topology G, so (P)e &(G,). Note
that (P)= {(F): 0= FcP}. Now we show that (P)¢ (8(5)),. Pick xeP,
then ({«}) e (P). We check that no (§(G)),-neighbourhood of ({x}) is contined
in P. It is enough to consider a basic neighbourhood of the form (U)\A
where xeUeT and |A| <t. Note that |(U)\(P)| =c¢ since U contains
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¢ many points (K) with KN Q= @. So (U)\(IP) ¢ A and thus (U)\A ¢ (P).
By a slight modification of this argument, one can show even some more:
Int ), ((P)) = 0.

5. — Some applications.

In this section we observe that several constructions known in the litera-
ture are in fact special cases of z-discretizations. Also we give some new
applications.

5.1. — The extent of Hausdorff separable spaces.

By means of the t-discretization, one can show that the extent of a Haus-
dorff, separable space can be as big as 2° (clearly it can not be bigger, because
the cardinality can not be bigger). Let G be the usual Tychonoff product topol-
ogy of X =D¢and Y a dense, countable subspace of D°. Then (X, Gx\y)+) is a
Hausdorff, separable space (Y remains dense), and X\Y is a closed discrete
subspace of cardinality 2°.

The same result can be obtained in another way: let G be the usual topolo-
gy of fw, then ko = (Bw, Bp,\w2)+) is nothing else but the Katetov extension
of w (see [10], 3.12.6), the set Sw\w has cardinality 2° and is closed in xw and
discrete.

5.2. — A pseudocompact (a)-space which is not countably compact.

A space X is absolutely countably compact [15] — briefly acc — if for every
open cover U of X and every dense subspace Y of X there exists a finite subset
A cY such that St(A, U) = X. Recall (see [8]) that a Hausdorff space is count-
ably compact iff it is starcompact i.e. for every open cover U of X, there exists
a finite subset A c X such that St(A, U) = X. Clearly, a T, space X is acc iff it is
countably compact and satisfies the following property (a) ([18], see also
[23])

(a) for every open cover U of X and every dense subspace Yc X there
exists a closed in X and discrete subset AcY such that St(4, U) =X.
A space with property (a) is said to be an (a) space.

Note that a property which from the first glance is just a little bit weaker
than (a) — for every open cover U of X there exists a discrete subset AcX
such that St(A, U) =X — is, in fact, a property of almost every topological
space! (see [18]).

Since (a) together with countable compactness gives a property consider-
ably stronger than countable compactness (see [15], [16], [19], [27], [3], [4]) it is
natural to ask what is (a) taken together with compactness-type properties
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weaker than countable compactness — say, pseudocompactness or feebly com-
pactness for non-Tychonoff spaces.

QUESTION 5.1. — When s a pseudocompact, (&) space countably compact
(and hence acc)?

First of all: are there pseudocompact (feebly compact) non-countably com-
pact (a) spaces at all? The answer is «yes» as demonstrates the following
proposition and the example below (a space X is absolutely star-Lindeldf —
briefly a-star-Lindeldf — [5] if for every open cover U and every dense sub-
space Y there is a countable subset AcY such that St(4, U) =X).

PROPOSITION 5.2. — A space X is a counterexample (i.e. pseudocompact or
feebly compact, (a) and mot countably compact) if it has the following
properties:

(1) X 1is pseudocompact (or feebly compact),
(2) every countable subset of X is closed and discrete, and

3) X 1is absolutely-star-Lindeldf.

ProoF. — Let X be a space with properties (1), (2), (3). By (2) it is not count-
ably compact, and it remains to check that it is an (@) space. Let U be an open
cover of X and Y be a dense subspace of X. By (3) there exists a countable
subset AcY such that St(A, U)=X. By (2) A is closed and discrete in
X n

A Hausdorff counterexample can be constructed quite easy by means of
the t-discretization:

ExamMPLE 5.3. — A Hausdorff, feebly compact (@) space which is not count-
ably compact.

We take the unite interval / with its usual topology © and consider the
space (I, G,,). We have to verify that (I, G,,) has the properties (1), (2), (3).
Property (2) holds by the definition of topology G,,.

Since (I, ©) is Lindeldf, by Corollary 3.7 we have that (I, G,,) is Lindeldf;
then (1, G,,) is a-star-Lindelof and (3) is checked.

To verify property (1) we note that (I, G) is a feebly compact space with
dispersion character w,. Then, by Proposition 3.2 (I, G,,) is feebly com-
pact. =
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The next proposition is a partial answer to Question 5.1. Recall that a sub-
space Y c X is relatively countably compact in X if every infinite subset of Y has
a cluster point in X.

PrOPOSITION 5.4. — If a Hausdorff (a) space X has a dense, relatively
countably compact subspace, then X 1is countably compact (and hence
acce).

ProoF. — Let Y be a dense relatively countably compact subspace of X and
let U be an open cover of X. By (a), there exists a closed in X, discrete subspace
A cY such that St(A, U) = X. Since Y is relatively countably compact in X, the
set A is finite and thus X is starcompact. Since X is Hausdorff, it is countably
compact. =

Every space having a dense, relatively countably compact subspace is fee-
bly compact, and it was an open problem whether every feebly compact space
has such a subspace until a counterexample was constructed in [2]. Later,
there appeared a series of examples [11], [24], [17], [21] of pseudocompact Ty-
chonoff spaces with property (2) (and different sets of other nice properties in-
cluding property (2) from Proposition 5.2). May be, a Tychonoff counterexam-
ple can be found among these spaces.

5.3. — A centered-Lindel6f space which is not star-Lindelof.

A space is centered-Lindel6f provided every open cover has a o-centered
subcover. It is easy to see that every star-Lindeldf space is centered-Lindeldsf.
The converse implication is not true [5], [6]. One of the ways to construct a
counterexample is to apply partial e-discretization to a «fat ¥» space obtained
by «swelling» the isolated points of the Isbell-Mrowka Y-space into the seg-
ments of the real line [5].

5.4. — A space without a dense zero-dimensional subspace

The construction of a Tychonoff space without a dense zero-dimensional
subspace has proved to be quite a difficult problem [12]. However, a Hausdorff
example can be obtained quite easy by means of t-discretizations [13]: one can
just take the c-discretization of the usual real line.
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