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Bollettino U. M. 1.
(8) 3-B (2000), 431-460

Convergence and Uniqueness Problems
for Dirichlet Forms on Fractals (¥)

ROBERTO PEIRONE

Sunto. — M, é un particolare operatore di minimizzazione per forme di Dirichlet defi-
nite su un sottoinsieme finito di un frattale K che é, in un certo senso, una sorta di
frontiera di K. Viene talvolta chiamato mappa di rinormalizzazione ed é stato usa-
to per definire su K un analogo del funzionale u+— f |grad w|? e un moto Brownia-

no. In questo lavoro si provano alcunt risultati sull'unicita dell’autoforma (rispet-
to a M), e sulla convergenza dell’iterata di M, rinormalizzata. Questi risultati so-
no collegati con lunicita del moto Browniano e con lomogeneizzazione sui
frattali.

1. — Introduction.

In the last two decades, fractals have been extensively studied, as they
appear to have a good likeness to many physical objects. A problem which
has been investigated by many authors is that of the construction on a fractal
of Dirichlet forms, i.e., functionals analogous to the integral functional

u> f |gradu|® on an open set in R’. Information on the general theory of
Dirichlet forms can be found in [3]. The construction of Dirichlet forms can be
also seen as a starting point to construct a «Laplacian» and a «Brownian mo-
tion» on the given fractal. Note that since, usually, a fractal has no interior, it
is impossible to define the gradient (in the usual sense) on it. So, the usual way
of constructing a Dirichlet form is based on a finite-difference scheme that I
will now illustrate.

In particular, I treat this construction for the nested fractals, a class of
highly symmetric fractals introduced by T. Lindstrgm in [10]. In order to
make this notion clear I will now describe two typical examples of nested frac-
tals, the Gasket and the Viesek set (in R?). Gasket and Vicsek set in R” for v>2
can be defined similarly, and are sometimes studied (see for example [7] for
the Gasket), but, as noted in [1], the Vicsek set is nested only for v = 2. Anoth-
er usual example of nested fractal is the snowflake described in [10]. In section
2 I recall the exact definition of nested fractal. To construct the Gasket, start
with an equilateral triangle T, whose vertices are denoted by P;, P,, P3, and

(*) AMS Subject Classification: 31C25, 28A80.
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consider the three similitudes v,, i =1, 2, 3, in R?, that are contractions with
factor % and have P; as fixed points, in formula vy ;(x) = P, + %(ac — P;). Then
the (Sierpinski) Gasket is the set K defined by

where

3
K():T’ Kn+1:iylwi(Kn)~

The Viesek set can be constructed analogously, by putting K, to be a square,
P,, P,, P;, P, its vertices, and P; its centre, and v ;(x) = P; + %(ac — P;), and
4

K, 1= il:lei(Kn). More generally, every nested fractal is constructed start-

ing from a finite set {y, ..., ¥} of contracting similitudes in R". Here, a
special role is played by the so-called essential fixed points of the similitudes
(see section 2), which are the vertices of the triangle for the Gasket and of the
square for the Vicsek set.

Given any nested fractal, I denote by V® the set of all essential fixed
points, by V;, . ; theset v, ; (V) where y;  ; is an abbreviation for

k
Yoot ,andput VW= UV, . ThesetsV, ., are called n-

Uy ooy Iy =1
cells and are, in some sense, small copies of V*). To construct a Dirichlet form
on the nested fractal K one has first to consider a Dirichlet form E on V),
that is a functional E: RV'"” >R so that, for some ¢;, ;,(E)(=¢;, ;,) =0 (j; #J2)
with ¢; C; we have

j1odz = s g1
E(w) = 2 ¢ @(P)) = u(Py))?
J1# ]2

for all u: V' —RR. It is easily seen that the coefficients ¢; ;, of E are unique.
As a notation for the following, let (0 be the set of all functionals £ defined as
above, and let D be the set of those £ e M that are irreducible, in the sense
that E(u) = 0 if and only if % is constant. Once E € D is given, a Dirichlet form
S, (E) on V™ and a Dirichlet form M, (E) on V© can be defined in the follow-
ing way.
Sy(E)=FE
k

S,(EYv)= X Ewow, ;) forveR", n=1,
LA ,

Uy ooy 1=

M, (E)(w) = inf {S,(E)(v): ve £n, )} VYueR""
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where £(n, u) = {ve R™" : v=uon VV}. Thus S, (E) can be seen as the sum
of all «copies» of E on the n-cells, and M, (E) is, according to the usual termi-
nology, the restriction of S, (E) to V. Note that M, can be expressed in
terms of M, namely M, = (M,)". Now if £ e D is an eigenform in the sense
that there exists ¢ > 0 such that M, (&) = oF, a Dirichlet form S on the fractal
can be constructed by S(v) = nli_r)rgc S, (E)(w) Jo" (see for example [6]).

Problems concerning the operator M, were discussed in [10] by a proba-
bilistic formulation; in fact, an eigenform, or more precisely the set of all posi-
tive multiples of an eigenform, corresponds to a Brownian motion (from anoth-
er point of view the eigenforms are related to the possibility of defining «har-
monic functions» on the fractal, see [6]). The equivalence of the two formula-
tions was pointed out by M. Barlow in [1]. In [10] it was proved that on every
nested fractal an eigenform £ € (0 does exist, and in fact £ € (0; where @ de-
notes the set of those E e M that are «distance invariant». A question dis-
cussed in [10] concerns the uniqueness (up to a multiplicative constant) of the
eigenform in (g, which, of course, corresponds to the uniqueness of the Brow-
nian motion.

After some partial results, the uniqueness was proved by C. Sabot in [17],
Théoréme V.1 and Théoréme V.2, where in fact a rather general criterion for
existence and uniqueness for eigenforms in a more general combinatorial set-
ting was given. Another proof of the uniqueness was given by V. Metz in [14]
(Theorem 4.2), where a stability result (Corollary 5.2) was also proved, in the
sense that ]@Z(E)(=Mn(E) /o") converges to a multiple of the given eigen-
form if E'e (D;. As shown by V. Metz in [11] for the Vicgek set, in general
the uniqueness result does not hold for eigenforms in . The uniqueness
proofs of Sabot and Metz are both based on the behaviour of M; «near the
boundary» of (Dg.

In this paper I propose a different approach to handle the uniqueness and
the stability. With regard to the uniqueness, this approach has the advantage
that it leads to a shorter proof of uniqueness on nested fractals, and to some
results that appear to be not easily obtainable by the approaches of Sabot and
Metz. With regard to the stability, using this approach I prove that M, (E)
converges (in which case I say that £ is homogenizable because of the relation-
ship between this property and the homogenization result given by S.Kozlov in
[8]), in a context which is much more general than that of nested fractals, pos-
sibly without uniqueness.

I will now illustrate my approach in a simple example. Namely, I sketch out
how it works to obtain the following statement: In the Sierpinski Gasket, for
every F e CD M,L(E’) —= ak for some o > 0. Here, E denotes that form in D)

whose coefficients are all equal to 1. In this way, we obtain both uniqueness
and stability. Roughly speaking, I prove that M, (E) approaches E (with re-
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spect to Hilbert’s projective metric, see Def. 3.1), noting that, if this is not the
case then every maximum (resp. minimum) point % of M W(E)/ Mn (E) produces,
mapping it by certain positive linear operators, many maximum (resp. mini-
mum) points of E/E, namely the «restrictions» to the n-cells of the harmonic
continuation of % on V™. Then, using a Perron-Frobenius argument, we see
that the existence of «so many» minimum and maximum points of £/ E implies
that some «eigenvector» is at the same time a maximum and a minimum point
of E/E. Hence E is a multiple of E, and so we conclude immediately.
Note, however, that this argument implies uniqueness, thus it is not appli-
cable in the general case. For this and other reasons, in the actual proofs pre-
sented in this paper, I use a modification of it. In sections 2 and 3 I deal with
nested fractals, namely in section 2 I present my uniqueness proof and in sec-
tion 3 my stability proof. It is noteworthy that the arguments of sections 2 and
3 use only the combinatorial structure and not the geometry of the fractal. Ac-
cordingly, in section 4 I introduce the notion of combinatorial fractal struc-
ture, and then, in this setting, I generalize the stability result of section 3
(Theorem 4.22). This approach of defining combinatorial fractal structures is
based on that of [15]. However it is essentially the same approach as that of [4]
(cf. also [6], Appendix A), and is similar to that of [17]. The structures defined
here can be seen as p.c.f. self-similar sets in the sense of [6] and include the
structures of the nested fractals. Theorem 4.22 can be schematized as follows:
Existence implies Stability. More precisely, if there exists an eigenform in (),
then every E e D is homogenizable. Instead, the argument of [14] shows that
existence and uniqueness, with some additional assumptions, imply stability.
Hence, for example, unlike the argument of Theorem 4.22, it does not work for
E e @ even in nested fractals. Note that Theorem 4.22 is in some sense sharp,
for, if E e (D is homogenizable it easily follows that nlm M,(E) is an eigen-

form. Note also that the same proof shows that the same result holds if, in the
definition of S,, the n-cells are «weighted», as considered for example in [2]
and [17], i.e.,

k

S, (E)(v) = E 1 v Booy, )

Wy eeey =

where 7; are given positive numbers. The existence, uniqueness and stability
problems discussed in this paper, can be seen as typical problems for nonex-
pansive maps with respect to Hilbert’s projective metric (see [16]).

In section 5 I return to the uniqueness problem but in this case for combi-
natorial structures, and I obtain a generalization of the result for nested frac-
tals. I also show some cases in which the uniqueness in @ (not only in U)G)
takes place. In particular this uniqueness result holds for strongly symmetrie
fractal structures (for example for the Gasket in R”) (Corollary 5.7). The state-
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ment of Corollary 5.7, as well as the homogenizability for strongly symmetric
structures, has been stated without proof in [15] by S. Mortola and the present
author. For the Gasket (considering only forms having two coefficients equal)
the same result has been previously obtained by Kozlov in [8]. He used the ho-
mogenizability to prove the I'-convergence, with respect to a suitable topology,
of the functionals S, (&) /0", defined for functions on all of the fractal, even if
E is not an eigenform. So, in some sense, a Dirichlet form can be defined on
the fractal starting from any E e (0. The uniqueness in ( and homogenizabili-
ty for the Gasket were also proved by other authors (see [12], Example 8.8,
and references therein), and also the homogenizability in @ for the Vicsek set
(see [11]).

Acknowledgment. 1 thank S. Mortola for useful discussions, and V. Metz
for suggesting improvements in the style of my paper, and a simplification of
the argument used in Lemma 3.5 and Prop. 4.7.

2. — Uniqueness of eigenforms on nested fractals.

In this section first I recall the definition and the standard properties of
nested fractals, then, namely from Lemma 2.4 on, I present my uniqueness
proof for the eigenform in (D¢. In the following I do not prove these standard
properties (apart from Prop. 2.3 which is less trivial) because they are either
explicitly formulated in other papers (see in particular [10] and [14]), or easily
proved. Regarding the strong minimum principle (Prop. 2.1), a precise proof of
it does not appear to be explicit in other papers. It is used in [14], deduced
from Lemma IV.10 and Prop. IV.11 of [10]. However, it seems to me that this
deduction is only correct in some cases like those considered in [10], i.e., when
¢j,.;,> 0 for P;, P;, such that [|P; — P, is the minimum among the distance
between different points of V?. This is the case of the eigenform E given by
the Theorem of Lindstrgm, thus it is not difficult to see that this is sufficient
for my proof of uniqueness (it suffices to put £; = £ in Theorem 2.6). I prefer
to omit for the moment the proof of the strong minimum principle and to give
it in a more general setting in Lemma 5.1. Note that the argument of Lemma
5.1 is purely combinatorial and does not use the geometry of nested
fractals.

Before introducing the nested fractals I recall some facts on graphs. A
graph is a pair (V, W) where V is a nonempty set and W is a subset of the set of
the subsets of V having precisely two elements. (V, W) is said to be connected
if for all P, Q € Vthere exist n=1,2..., P, ..., P,eVsuchthat P, =P, P, =
Q, and {P;, P, }eWfori=1, ..., n—1. When V is clear from the context
we can identify the graph with W, and say for example that W is connected.
Also, if = V'cV, I denote by (V'; W) the graph (V',{SeW:ScV'}).
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Consider now a finite set ¥ = {y 1, ..., ¥} of similarities of R” with the
property that we have |y ;(x) — v ; ()| = (1/R)|lx — y|| for some R > 1 and for
every ¢, ye R"and 1 =1, ..., k. Then, by a theorem of Hutchinson ([5]), there
exists a uknique nonempty compact set K in R” such that K = @(K), where I set

D(A) = 91%@4) for every A ¢ R”. Now, letting P; be the fixed point of ¢ ;, we
see that the set @"({P;}) is increasing on n, and K = QOGD”({P,L-}). However,

in the previous formula we can replace the set of all P; with the set of the so-
called essential fixed points. Namely, P; is said to be essential if there exist
j'yi,i'=1,...,k with j' #j, such that y;(P) =y (P;). Put V=
{Pi, ..., Py} to be the set of all essential fixed points (of course N < k), and
Vi, =y, .., (V®) where y; _ ,; is an abbreviation for v; o ... o9,
(V V(O)) every Vi i, will be “called an n-cell. Finally, put V™=

U Vi, .., i,- In this situation, according to [10], K is said to be a nested

My ooy iy =1
fractal if V“’) has at least two elements, and

i) There exists UcCR”, U bounded open and nonempty such that
'Ulwi(U)gU , and the sets y;(U) are mutually disjoint (open set condi-
tion).

ii) The graph ( Ul/) VO, P, v @} :i=1,....,k P,QeV?, P#Q})

is connected.

iii) If 51,72 =1, ..., N, j; #J», then the symmetry ¢, ; with respect to
Wi, .= {z: lle — Pj1|| =|lz — Pj2||}, maps n-cells to n-cells for » =0 and any n-
cell containing elements on both sides of W; ;, is mapped to itself (symmetry
axiom).

iV) If (ily ceey in) Z (i1’5 L) Zn’)v then wil, ..4,1‘,”(V(0)) = wil’, .,.,i,,’L(V(O))5
and v, o (K)Nyy, oK) =y, VO Ny, . (VO) (nesting ax-
iom).

I define O, 5), S,, M,, E, eigenforms, according to the introduction. I will
also sometimes use the term eigenform for £ € @, but, unless specified other-
wise, an eigenform is meant to be an element of ®. 1 define EI:)G to be the set of
those E € D satisfying E(u - 0) = E(u) for all 0 e G, G denoting the group of
the permutations of V© generated by all the reflections ¢ i1, 7, With respect to
W, ;,, when P; and P;, are different points in V.

We can easily prove that M, maps @ into itself when @ is @, G) @)G From
the nesting axiom it easily follows that M, ,, =M, - M, thus M, = (M,)" for
all nelN.

Given K e 5), I denote by H,.gz(u) or simply H,(u) that (unique) ve
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£(n, w) such that M, (E)(u) = S, (E£)(v). I also write H, ,,. g(u) or H,, ,,(u) for
H, .y, &) (u). Note that H, cannot be defined in this way for £ e 0, because
«v» in definition of H, is no longer unique (cf. [14], p. 163). Note also that
H,. .z =H, gwhen a>0. When E is an eigenform, ,,. 5 is called the harmon-
ic continuation of % on V™. The above-discussed definitions and statements
will be used without mention in the following. Another useful fact is (cf. for
example [6], Theorem 2.9):

PROPOSITION 2.1. — If Ee @, we R"", then for every PeV®
min » < H;(u)(P) < max u

(weak minimum principle). If K e 5)0 then the two inequalities are strict for
Pe VIV ynless u is constant (strong minimum principle). ®

Let now E e 0, J=1, ..., N. Then put T}, 5 (or simply 7)) to be that map
from R"" into itself defined by T;(u) = Hy, g(u) oy ;. Moreover, put 7; ,,. g (or
T;,,) for T}, y, . Obviously the same definitions could be given also when N <
J <k, but I will use them only for j < N. Regarding T; we have the following
two propositions. Note that the positivity of the matrix in Prop. 2.2 is a simple
consequence of the minimum principle.

PROPOSITION 2.2. — T} is linear and (T;(u) )(P;) = uw(P;). Also, if we consider
T; as a map from {ue RV |u(P;) =0} into itself, it is linear and its matrix
has non-negative entries, and positive entries if Ee Dg. Finally, we have
T;u) =,;T;(w), where if u: VO —R, I denote by ;u the function from V© to R
defined by ;u(P) =u(P) —w(P;). m

ProrosITION 2.3. — We have

7’) Hn+m(u) Owil, e am H’IL(Hm, n(u) o 1/)1'1, . im) ° 1/)1:m+1, U

1) Hyp o i—n(U) oy i i 0=

Tj,l—no"' o j,l—l(Hm,l(%) Owil,“.,im)» when mZO, lzn=0.

Proor. — It follows from the nesting axiom that there exists veRV""

such that v o Wiy i — Hn (Hm, n(u) oYy, .., im) Wity o imn? and ClearIY5
ve Lm+n, u). We easily get

Sm+17,(E)(Hm+1z(u)) = Mm+n(E)(u) = Mm (Mn(E’))(u) = Sern(E)(/U) .

Thus, we obtain i), and ii) follows from i). =
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As a notation for the following, given a nonempty set A (clear from the con-

text), for every aeA I denote by e, the function from A to R defined by
1 ifa=b

%(b) = { 0 otherwise

Now, I will investigate the eigenforms. By a theorem of Lindstrem (see
[10], Theorem V.5) we know that an eigenform in (D, does exist. ¢ in the defini-
tion of eigenform is called the eigenvalue of the eigenform, and in the follow-
ing o will denote the eigenvalue of this, thus of any, eigenform, for, it is easy to
see that different eigenforms have the same eigenvalue (see for example [1],
this could be also deduced from Remark 3.2). Also, clearly, every positive mul-
tiple of an eigenform is an eigenform as well. I will now prove that the eigen-
form in g is unique up to a multiplicative constant. If £, E,e @, let 1, (=
A (Ey, Ey)) = max (Ey(w)/Ey(w)), A _ (=21 _(Ey, Ey))=min (Ey(u) /Ey(u)),
where the maximum and the minimum are taken over all nonconstant u. Note
that 1. (£, Ey) =1 = (&, Ey). Also, put

, and when A=V T put ¢; for ep,.

A*(=A*(E, Ey) = {ueR"": By(u) =2 . (B, E)) E,(w)},

A*(=A*(E,, E,)) = {ueA*: u nonconstant} .

LEMMA 2.4. - If ', E, are eigenforms and we A~ (Ey, Ey) then Tj, g, (u) =
T g,(u) e A= (Ey, Ep) forall j=1, ..., N.

Proor. — (Cf. [17], Lemme V.8) I show only the proof for A ~, that for A *
being analogous. We have

k
2.1) oEy(u) = M, (Ey)(u) = Z:lEz (Hy, g,(u) o9 ;) =
k
(2.2) '21/17E1 Hy, g,(w) op;) =

k
glll ,E’l (Hl;El(u) ol/)i) =

A_M(E)(u) =A_0oE(u) = oEs(u).

Thus the inequalities in (2.1) and (2.2) are in fact equalities. By the equality
in (2.1) we have Ey(Hy, 5,(w) o ;) =4 _E\(Hy. g,(u) oyp;) foralli=1, ..., k
for, = holds for all <. By the equality in (2.2), and the uniqueness of the har-
monic continuation, we have H,. g (u) =H, p(u) and this concludes the
proof. =
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PrOPOSITION 2.5. — Let E,, Es e @. Then
1) A~ s closed.
W ueA *=cu+ceA” Ve, ek
iii) Ey is a multiple of E; < AT NA™ #0.
w) If K, Ezeg.)(; and 0eG, then ue A~ uooceA*.

Proor. — The proof is a simple verification. ™

THEOREM 2.6. — If £ and E;, are eigenforms in 5)(;, then Ja > 0 such that
E’z = aE1 .

PROOF. — By the transitivity of G and Prop. 2.5 iv), there exist u. e A*,
which take minimum at the same point, for example min %. = u. (P;), and we
can assume, in view of Prop. 2.5 ii) that such a minimum is 0. By Prop 2.5 ii) and
Lemma 2.4, by putting

Ut n= DZ(Tln, El(ui))

(here and in the following I denote by 9U(v) the vector v/|[v| when v is a nonze-
ro element of a normed linear space), we have u. , e A*. On the other hand,
by Prop. 2.2, using the Perron-Frobenius Theorem (see for example [18]), we
see that w, ,, u_ , converge to the same limit %. By Prop. 2.5 i), we have u
A*NA-, and by Prop 2.5 iii) we conclude. m

REMARK 2.7. — If K is the Gasket in R”, by symmetry we easily see that
E, = E is an eigenform. Also, every eigenform in @ (not only in (D¢) is a positi-
ve multiple of E. Indeed, given E, eigenform, we can imitate the proof of Theo-
rem 2.6. Now, even though here we can have P;,,# P, Pj., denoting any
minimum point of % . ; nevertheless, by a symmetry argument, ». , > Uy,

where u;, RY"” is defined by u, = IU1 — e;,), and u;+ € A*, but, since Uj(+) at-
tains its maximum at any j # j( ), by the same argument as before, u;e A* for
all j(#j(=)). Therefore, ATNA-=9. =

3. — Homogenization on nested fractals.

_ In this segtion I prove that, given £ e 5)0, E is homogenizable, i.e., we have
M, (E) mE‘ for some K € (O, where I put M, (E) = M,(E) /o" and the con-

vergence is meant to be pointwise. However, we can make the linear space
generated by (@ a Banach space, by introducing the norm || || defined by ||E| =

sup |E(u)|. It is easy to see that in (D, the pointwise convergence
Jlull = 1, u(Py) =0
amounts to the convergence in norm and to the convergence of the coeffi-
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cients, for, when E'e ® we have c; ;,(E) = (1/4)(Eu_y ; ;) —E(u ; 3)),
where 1 put

Ua, jy, jo = A€, + €js -
It is not difficult to verify that M, is continuous from (D into itself, and that the
map from @ x R to R"" defined by (E, u) —H,. z(u), is continuous. It easi-

ly follows that if E e ® and M, (E) —= E, then E is an eigenform. These facts

will be used in the following without explicit mention.

In addition to the convergence of M, (E) for E € )z, we could prove simi-
larly an analogous result for £ € (D provided some stronger assumptions on
the connectedness of the graph are satisfied. This kind of assumption permits
us to conclude that for every E e @, M, (E) satisfies the strong minimum prin-
ciple, which is essential in our argument. However, the result is valid also
without this assumption, but we have to modify the proof substantially. Thus, I
do not discuss this assumption deeply, and in the next section I shall prove
that result in a more general setting which includes every nested fractal. I will
now introduce two particular cases of a certain semimetric, called Hilbert’s
projective metric (see for example [16] for information on this topic). The case
on 5), in some sense, has been tacitly used in section 2, and has been used in
the uniqueness proofs of [14] and [17]. As there is no possibility of confusion I
use the same letter A in the two cases.

DEFINITION 8.1. — Given Ey, Exe @ let A(E,, Es) =ln(% . (Ey, Ey)) —
(A _(E, Ey)). If A is a finite nonempty set and vy, v, R, and (1); =0,
(v2); 2 0 for all j € A, and the set of those j for which (vy); = 0 is the same as the
set of those j for which (vy);=0, and 1is nonempty, put A, (vy, vy) =
(11)37_350 ((vz)j/(vl )j), A_(vy, vp) = <1flrl)7_i£10 ((Uz)j/(vl )j), and Moy, vp) =

QA (v, v) = (A _ (v, v,)).

Note that in this section A denotes a finite nonempty set, and usually A =
VON{P;}, and (v,);>0, (v2);>0 for all j, in previous definition. As known
from the general theory of Hilbert’s projective metric, 1 is a semimetric in the
sense that it is symmetric and satisfies the triangular inequality, but A(x, ¥) =
0 if and only if % is a multiple of x. Also, A(ax, by) = A(«x, y) for all a >0, b > 0.
In particular, in the argument of 1 ., M, (&) can be replaced by M, (E). More-
over, note that A, and A _ (thus also 1) are continuous.

REMARK 3.2. — If Ee® is an eigenform with eigenvalue o, then, for
every Fe® we can easily see that A (K, E)E<M,(E)<l1,t, E)E.
It follows that every subsequence of M, (E) has a subsequence convergent
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to some E' e @. In fact, it suffices to take a subsequence which is convergent,
if evaluated at any u., j, ;,. ®

PROPOSITION 3.3. — Given E,, Eye @, put Ao n=4o M, (E), M,(E5)).

Then for every nelN, if a is one of the symbols +, —, we have
3.1) Uy, S Ahy 0,
3.2) 3,”1%/%,”6]0, + oof.

Also, if in (3.1) the equality holds, then for every m such that 0 <m <n we
have 2 =24, 0, and for every we A*(M,(E,), M, (Ey)) we have
anm, m;El(u) oy iy = anm, m;Ez(u) oY e yinem €A a(Mm(E’l)y Mm(E’Z)) .

s lp—m

Proor. — (3.1) is easily proved (see for example [14]) and (3.2) is a simple
consequence of (3.1). In order to prove the last statement, note that if ue
Aa(Mn(El)y Mn(Ez))7 then

A oM, (Ey)(w) =M, (Ey)(w) =M, _,,(M,,(Ey))(u) =
Snfm (Mm(EZ))(anm, m; E‘Z(u)) =

2 ka(EZ)(Hn—m, m;Eg(u) © wil, c in,m) =

iy ey bp—m =1, ..

)>

s ly—m

E k/l—,OMm(El)(Hn—m,m;Eg(u) 01/}1'1,”

iy s dpem =1, ..oy
A oMy (M, (B (w) = 4 - oM, (Ey)(u)

and we can proceed like in Lemma 2.4. =

In the proof of Theorem 2.6 I used the fact that, by the Perron-Frobenius
Theorem, the iterated of a positive linear operator contracts the cone of non-
negative vectors to a half-line. Here we need an improvement in this result,
that is, under certain conditions, we can replace the iterated of a single positi-
ve linear operator by the composition of possibly different positive linear oper-
ators (Prop. 3.5), and in Lemma 3.6 this result will be applied to the operators
T;, v

LEMMA 3.4. — Let T: R*— R4 be a linear operator. Suppose T is positive
in the sense that its matric has entries >0, and vy, vs are in R* and have
components > 0. Then A(T(vy), T(v,)) < A(vy, v5), and the equality holds only
when A(vy, vy) = 0.
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PrOOF. — The proof is a simple verification (see [18], Ch. 3, Lemma
32). =

ProrosiTION 3.5. — Suppose T4, ..., T,, ..., T are positive linear opera-
tors from R into itself, and there exists o: N—N strictly increasing such
that Toqy —>T=. Let C= {ueR*: u,=0 VYaeA, u=0}. Then there exists

v e C such that supA(T;o...oT,(v),7) —>0.
veC n—>

Proor. - Clearly T, (C) c (OJ for all n. Put diam (£) = sup A(v;, vy) for EC

6‘, E =9, diam@ = 0. Put 5, = sup (T, (e;); /T, (e;);) W}Ulléfﬂz(;ﬁhe sup is taken
over all i,7,j"'€A. A simple calculation yields: diamT7,(C) <2Iny,, thus
there exists # > 0 such that diam 7, (C) <9 Vn. Put now 7, , =T, 0... 0T,
(for 1 =m < n). By Lemma 3.4, we have

diam T, ,(C) <7 if 3h: m<o(h) <n,

diam 7, ,(C) < diamT,,,, ,(C) if m+1<mn,

and using a standard result in Hilbert’s projective metric (see [16], Theorem
23, and references therein) we get diam T, (&) < tanh(yn/4) diam (&) for
every E ¢ C, thus

(33) diam 7y o ... o T, (C) —> 0

(it is not difficult, in fact, to prove (3.3) without using the results of [16]). Also,
letting F,, = 9U(T; o ... o T, (9UC))), we see that F, is a decreasing sequence of

nonempty compact sets. Thus, if we take v e ﬂan, we easily get ve

OlTl o...oT,(C), and in view also of (3.3) we conclude the proof. =
Note that the thesis of Prop. 3.5 easily implies that for every v, € C we have
Dz(Tn(vn)) m 57Z(?_))

LEmMA 3.6. — Suppose E e (7)0 18 not an eigenform. Then there exists n e N
such that A(M,(E), M,, , (E)) < A(E, M,(E)).

ProoF. — If on the contrary, A(M,,(E), M, , (E)) =A(E, M,(E)) for every
n, let ot N—N be strictly increasing, let j(=x)=1, ..., N, and let u. ,e
A* (M (E), My, .1 (E)) be such that U, »(Pjsy) =minu. ,=0. Put
U 1= Hopy—1,i(Us ) oWjs) . j=) (When 0 <1< 0o(n)), where [ can be [ or
[+ 1 (see Prop. 3.3). By Prop. 3.3 again we have

34) Uy, 1€AT (M), My (B)) .
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AlSO, by PI‘Op. 2.3 we have U p, 1= Tj(r),Z 0...0 j(t)’z+o(n),l,1(ui’ n), and
. ,€C where C is as in Prop. 3.5 with A = VO \{P;..,}. In view of Prop. 2.2
and Remark 3.2 we can apply Prop. 3.5, thus

3 W}m(?z(ui,”,l) U T U401

hence, there exists u. (obviously nonconstant) such that 9U(u. ,, ;) —> U

for all I, and by (3.4) u.e A* (M,(E), M,,,(E)). In conclusion, M, ,(E)(u. )=
AL (B, M{(E))M;(E)u.). Since E is not an eigenform, then A (&, M,(E))>
A_(E,M,(E)), and this implies (MZ(E)(qu)/Ml(E)(u,))?i— oo, in contrast to
Remark 32. =

LEMMA 3.7. — Suppose E e @, o: N—N is strictly increasing and
(3.5) M)(B) —E.
Then for every melN we have MM, (E), M, ,(E)) =

Jim. MM, (E), M, .(E)). If in addition E is an eigenform, then
Mn(E)mE'-

Proor. - Recall that by Prop. 3.3, the sequence A. ,=
A.WM,(E), M,,,(E)) is convergent to some A1.¢€]0, + [ Thui,
/‘L(Mm(E)) Merl(E)) = nlgl}ml(Mm+o(n)(E)7 Mm+0(n)+1(E’)) = ln (A + /l - ) If E

is an eigenform, then, by Prop. 3.3 again, the sequence 4 . (E, M,(E)) is con-
vergent and~ to the limit 1 by (3.5), thus, using also Remark 3.2,
M,E)—=E =

THEOREM 3.8. — Given E e 5)(; there exists an eigenform E e 5)(; such that
M, (E)— K.

n— ©

Proor. — Consider o: N—N strictly increasing and £ e @G such that
M, (E) —= E. By Lemmas 3.6 and 3.7 £ is an eigenform and we conclude by

Lemma 3.7 again. =

4. — Homogenization on fractal structures.

In this section we study the homogenization in the more general setting of
combinatorial fractal structures.

DEFINITION 4.1. — A prefractal structure is a triple (V, W, ¥) where V is a
finite set having at least two elements, W is a finite set containing V, and ¥
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18 a finite set of one-to-one maps from V to W such that
w= U »W),
ye¥

VPEVHI/)([_))EIII: fOT P7 QEV7 welll((’(/)(P)ZQ) S d (P:Q,WZW(P))),

PZQ=vyp =Y .

REMARK 4.2. — Let (V, W, W) be a prefractal structure, V= {Py, ..., Py},
glz{ll)l,...,'l/)k}, and 1/’1':7//(3-) for 7:=1,...,N. Let R =
{((i1,j1),(i2,j2))1 Y (Py) = Wig(Pjg)}- We have

) k=N=2,

i) R is an equivalence relation on {1, ..., k} x {1, ..., N},
i) (2, j1) R, J2) < J1 =72,

iv) (4,1) RG',jJ) < i=1" =]

If conversely we have an equivalence relation R on {1,...,k} X
{1, ..., N} with k=N =2 such that i), ii), iii), iv) hold, we get a prefractal
structure (V, W, ¥) with V= {Py, ..., Py}, Y={¢1, ..., ¥}, ¥i=v ),
and v, (P;) =v,(P,) < (i1, j1) R(iy, Jp); also, this prefractal structure is
unique up to an isomorphism. For example we can take V= {P;=(j,j):j =
L, ..., NLW=({1, ..., k}x{1, ..., ND/R, v:(J, j) = (&, j). In the follow-
ing I will often identify a prefractal structure with the triple (N, k, R), and 1
will define R by exhibiting a set of relations generating it. Here, an isomor-
phism between two prefractal structures F,= (V;, Wi, ¥;) and F,=
(Vy, Wy, W) is meant to be a pair (T', t) where T is a bijection from W; to W,
such that 7'y, is a bijection from V; to V, and 7 is a bijection from ¥, to ¥, such
that (z(y)) o T\, =T oy Ve, =

DEFINITION 4.3. — A fractal structure is a triple (V, X, ¥) where V is a fi-
nite set, X is a set containing V, and ¥ is a set of one-to-one maps from X to X
such that (V, walp(V), {wp:vpeW}) is a prefractal structure, X =

U1/)i1 o... o, (V) where the union is taken over all neN, ¢y, , ..., y; eV,
and, when v, y'e¥ and Y=y’ then p |y # Yy

DEFINITION 4.4. — Given two fractal structures F=(V,X, ¥) and F =
V', X', ¥'), an isomorphism from Fto F is a pair (T, t) where T is a bijec-
tion from X to X' such that T|y is a bijection from Vito V', and t is a bijection
from W to V' such that t(yp) o T =T oy for all Y e ¥. I say that two fractal
structures F and F are isomorphic if there exists an isomorphism from F
to F'.
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In the following, given a fractal structure (V, X, ¥) I enumerate V as V=
VO ={P:j=1,...,N} and ¥={y;:i=1,...,k}, in such a way that
Y@y =1, Ldefine V; ; and V™ as in case of nested fractals. It is immedi-
ate to verify that V@ c V@D for all n.

DEFINITION 4.5. — I say that the fractal structure (V, X, W) satisfies the
(combinatorial) mesting axiom if (iy, ..., 4,) # (1, ..., 4,) = V; N
Vi SV i

yoeeey lpy U

1y - tns

It is not difficult to see that, if /' is a prefractal structure, then there exists
a (unique up to an isomorphism) fractal structure &= (V, X, ¥) satisfying the
nesting axiom such that (V”, V& {y y0: y e W}) =F. Thus, in the follow-
ing, to define a fractal structure satisfying the nesting axiom, I will describe
only the corresponding prefractal structure, by simply exhibiting N, k, R,
using notation of Remark 4.2.

DEFINITION 4.6. — I say that a prefractal structure (V, W, ¥) is connected
if the graph W, {{yp(P), p(Q)}: pe ¥, P, QeV, P=Q}) is connected. I say
that a fractal structure is connected if the corresponding prefractal structure
is conmected.

Given a nested fractal, but this construction is valid for a more general
class of fractals, we can define a fractal structure in the following way. Let V©
be the set of all essential fixed points and let X = U vy, in(V(O)) where the
union is taken over all neN, 4, ...,7,=1, ...,k and let ¥={yp,;|x:i=
1, ..., k}. Then, (V9 X, ¥) is a fractal structure and I say that it is the frac-
tal structure of K and similarly for the prefractal structure (here vy, are the
similitudes defining the fractal; note that it is possible in fact that a fractal is
defined by different sets of similitudes, so to be precise I should specify that
the fractal structure is related not only to the fractal, but also to the set of
similitudes). Recall (see [10], Prop. VI.13 and Corollary 4.14) that if K is a
nested fractal, then with the above notation we have V¥ NV; = {P;}, so that
the properties in Def. 4.1 are in fact satisfied.

From now on, I fix a fractal structure = (V, X, ¥) and assume it
is connected and satisfies the nesting axiom. In this situation we can
repeat the same definitions as in the case of nested fractals. A remarkable
difference is that, as known using slight modifications of nested fractals
(see [4] for example), in fractal structures the existence of an eigenform
is in general not guaranteed. However, in case there exists an eigenform,
the results of sections 2 and 3 are still valid, apart from those related
to the group G, which here is, a priori, not defined. Also, many results
do not depend on the existence of an eigenform, and are thus valid for
every fractal structure. Thus I will refer when convenient to results of
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sections 2 and 3 (obviously, in this case P;, V', and so on, are those
defined in this section).

In the rest of this section I will prove that, if there exists an eigenform,
then every £ e @ is homogenizable. Note that, clearly, every eigenform is ho-
mogenizable, so, in particular, if N = 2, every E € @, being an eigenform, is ho-
mogenizable. Note also that it is not difficult to verify that the eigenvalue o is
necessarily <1 (see [17]). The difficulty in imitating the proof of homogeniz-
ability of section 3 is that in this case £ in general does not satisfy the strong
minimum principle (') thus the operators 7, , are not necessarily positive.
Thus, I first prove a variant of Prop. 3.5 (Prop. 4.7), then, but this requires
some preliminary results, I prove that such a variant is suitable for operators
T; , (Lemma 4.21), and finally, in Theorem 4.22, I imitate with slight modifica-
tions the proof of section 3.

PROPOSITION 4.7. — Suppose Ty, ..., T,, ..., T.. are linear maps from R4 to
RA where A is a finite nonempty set, and there exists BcA such that

1) (T,(e));=01ifjeB,j' ¢B,neNU{w}

ity B=B, ,UB,,, where B, ,={jeB: (T,(¢;)); > 0¥’ €B}, By, , =
{jeB: (T,(¢;)); =0Vj' eB}, and B, ,# 0, for every ne NU {}.

141) There exists o: N— N strictly increasing with T, — T, and
By oy = By, « for every neN. !
Then, putting C = {veR*: v;>0VjeB, v;=0Vj¢B}, there exists veC
such that 9U(Tyo...oT,(v,)) —=>7, if v, e C for every n.

ProOOF. — We can imitate the proof of Prop. 3.5. The proof of formula
(8.3) in this case is very similar. Here in the definition of 7, the sup
is taken over ieB; ,,j,j' €B, and C plays the role of C. It remains

to prove that r_]lTlo... oT,(C) #0. Here we have to modify the proof

of Prop. 3.5 because T, maps C\{0} (which corresponds to C of proof
of Prop. 3.5), into a set containing (possibly) 0, that therefore we cannot
normalize. Thus, we consider C’' = {veR*\{0}: v;=0Vj, v;,=0 Vi¢B; .},
and by the hypothesis we easily get

f)Z(Tlo...o o(n+1)(3z(cl)))§31(T1O---0 a(n)(DZ(C)))gﬁz(Tlo...o o(n)(gz(c,)))

for all . Then, put F,=9U(To...c Ty (IUC"))), and take Te rlen.

(!) For example, the strong minimum principle is not satisfied in the fractal structu-
re described in Remark 5.12; cf. Prop. 4.10.
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It follows that v e ﬂ T1 o...oT,(C), and we conclude as in proof of Prop.
35, =

In case of nested fractals the coefficients of M,(E) are strictly positive
when E e Uég, but for fractal structures and E e O, this may fail. Thus, we are
led to investigate deeplier some graphs related to the fractal structures. For
Ee®, I put

ary _{{lle Ln 1)v wi1,.4.,i17(Pj2)}:jl¢j2}9
g (E) =i, o Py Wiy, (P} g1 # s €5, 5, (B) > 01,

WO:{{ J1? jz}:j1¢j2’ and dn=2, Q17 "'7QnEV(1): Ql ]17 Qn
Qi, Qi1€V,y for some y(3) if I1sisn—1,y@) >N if 1<z<n—1}-

From our hypotheses it easily follows that the graphs gr,, g7 are connected,
and, in case E' € M, gr, (E) is also connected. At first glance, the graph g7, does
not seem to be very natural. However, it is useful because it is a connected
graph contained in all g7, (M;(E)) (Corollary 4.12). This graph has also been
studied in [17] where it is called L, and its connectedness is proved, as well as
the statement of Corollary 4.12. Now, if (V, W) is a graph and V' cV, we say
that P, QeV are connected in (V'; W) or simply in V', if there exist
Py, ...,P,eV such that, P,=P, P,=Q, P;eV’' if 1<j<m, and
{P;, Pj;1} e W for 1 <j <m. We say that a subset of V' is a component of
(V'; W) if it is the set of all P e V' that are connected in (V'; W) to a given P e
V' (thus V is connected if and only if it has precisely one component). We have
the following lemma.

LEMMA 4.8. — Suppose that (V, W) is a connected graph. Let Qy, ..., @,V
with Q,=Qq, and Q; #Q; .1 fori=1,...,n—1,n=3. Then for at least one
i=1,...,n—2, Q and Q; . are connected in (V\{Q;+1}; W).

Proor. — If the lemma is false we can take the smallest # =3 for which
there exist @, ..., @, € V satisfying the hypotheses of the Lemma, but such
that @; and Q; ., are not connected in V\{Q;,}, for every ¢=1, ..., n —2.
Clearly, n = 4, and also we have Q; = @, for ¢ # j, unless {7, j} = {1, n}. I will
now prove that @; and @; , ; are connected in V\{Q,} fori=3, ..., n - 1. If Q;
and Q; , ; are not connected in V\{Q,} for some =3, ..., n—1, then @, , ; and
Qs are connected in V\{Q;} (because V is connected), thus @, _; and @, are not
connected in V\{Q;}. Therefore, by considering @, ..., @;, @, we have con-
tradicted the definition of #. Since Q; and Q;,; are connected in V\{Q:}, for
1=3,...,n—1, it is easy to conclude that Q; and @, = Q; are connected in
"{Q:}, contrary to our assumption. =
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In order to prove Lemma 4.21, we need a more precise version of the mini-
mum principle, which will lead us to determine the zeroes of the matrix of 7.
To obtain this I will introduce the set of those points that are in some sense
reachable from Pe VY in E.

DEFINITION 4.9. — Given PeV® and E e ®, let R.z;(P)(=R(P))={Pe
V. P and T’_cwe connected in (VP\VO; gri(E))}. Put also R,y w(P) =
Rn,E(P) :Rn(P)

PROPOSITION 4.10. — Given P e VV\V® and E e @, we have

min u(P) < H,(u)(P) < max u(P),
PeR(P) PeR(P)
and the inequalities are strict unless u is constant on R(P) (hence, if for some
PeVI\VD we have R(P) = V', then the strong minimum principle does
not hold). If (VO\{P}; gry(E)) is connected for all Pe V", then
min w(P) < H;(w)(P) < max u(P)
PeV®

Pecv©®

unless u is constant on V.

Proor. — The proof is a light variant of that of the minimum princi-
ple. =

PROPOSITION 4.11. — Let E e (. Then, if j; # Js,
1Py, P} egro(My(E)) < P eR, 5(P).

1?7

PrOOF. — As noted in [17], this property can be seen as a simple conse-
quence of the probabilistic interpretation of M, (&). It would also be possible
to give a non-probabilistic proof. =

COROLLARY 4.12. — giycgry(M,(E)) VEe (. =

COROLLARY 4.13. — There exist ny, ny =1 such that for every E e @ and for
every m=ny; we have gro(M,(E))=gry(M,,,(E)). Moreover, if E =
nli_r)r{l}c Moy (E'") with E' e D, o: N—N strictly increasing, and there exists an

eigenform, then the same holds for every n, i.e., gro(M,(E)) = gro(M,, . ,,(E))
Sfor all neN.

Proor. — The first statement follows from the fact that, by Prop. 4.11,
gro(M,, ,1(E)) depends only on gr(M,(E)). For the second statement, it suf-
fices to note that, by Remark 3.2 there exists £ e @ such that £ = Mnl (E),
with E; limit point of My, _, (E').
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In order to study the positivity of the coefficients of the matrix of 7, I now
define some subsets of V? related to gr, (M, (E)).

DEFINITION 4.14. — Given E e 5), J1 %= J2, let Gy, i, . 5 (0r simply C;, ;, ,) be
the component of (VO\{P;}, gro(M,(E))) containing P;,. Let C; ;, . g(=

Cijon) = {PjeVON{P; }: Pe R, (y;,(P))}. Let  Cjoawin(=Cja,0) =
U C; 05 for AcVON{P; }. When n =0 I omit n and write simply C;

PjeA
and stmilar.

1 J2

REMARK 4.15. — We can easily verify that C; . is a union of components of
J15 J2
(L (0)\{P.7'1}’ gTO(E))- u

REMARK 4.16. — We easily see that Cj ;,#0 if and only if P e
R(Ph) u

ProrosiTION 4.17. — For all j,ji1,72=1, ..., N,j1#ZJs, K e @™ we have
(T}, (e;,)(P;) = 0 and the inequality is strict if and only if P;eC; ;. More-
over, Tj. g(e;,) and T;. g (e;,) have the same zeroes if gro(E) = gro(E").

Proor. — This easily follows from Prop. 4.10. =

A simple consequence of Prop. 4.17 is that if u takes its minimum at P;,
then T;(u) also takes its minimum at P;. However, it is important to note that
it is sufficient that P; is a minimum point for u restricted to R(P;), to have that
T;(u) takes its minimum at P;, and similarly for the maximum. This motivates
the following definition.

DEFINITION 4.18. — Given Ee ® and weR"", for a=1, —=1 I define

g(u)(=D"(u)) to be the set of those P;e V' such that au(P;) < au(P) for

all P e R(P;) and the inequality is strict for at least one P e R(P;). Put also
D.p(w) =D!y(w) UD. 3 (w), Df. y=Df= D% @& and D,.y=D,=D.y g

REMARK 4.19. — Note that if Ee 5), and A is a component of
(VON{P;}; gro (M, (E))) and ueR"" is not constant on AU {P;}, then
D(u) N A # 0. Indeed we can choose PeA such that for some a=1, —1,
au(P) = au(Q) for every Q:{P, Q} e gry(M,(E)), and the inequality is strict
for some Q:{P, Q} egry(M,(E)). By Prop. 4.11, PeD"(u). =

LEMMA 4.20. — Let Ee M, ueR"", P;e D{(u). Then
4.1) a(;T; 1(u))=0.

Moreover, if we put A={PeV?:q;u(P)>0}, A’ ={PeV<°£q7 T; ,(w)(P)>0},
we have A’ =Cj 4 1, and P;e D (T; 1(u)) for every E'e (.
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Proor. - Since ;T 1(u) = T; 1(u), (4.1) and the formula A" = C; 4 ; follow
from Prop. 4.17. Also, given P, € R, (P;) N A, by Remark 4.16 C/ , ; # 0. By Re-
mark 4.15 C; ;, ; contains a component of (VO\{P;}; gr,(M,(E))). Hence, in
view of Corollary 4.12, C{ , , contains some P e V'” such that {P, P;} € §rC
gro(M,(E")). In conclusion, since P,eA, then PeC; 4 ;=A", and by Prop.
4.11, PeR, y (P)). Therefore, by using also (4.1), PjeD;“Er(ij (w)). =

LEMMA 4.21. — There exists ng =1 such that, if h =n, +n,+ ng, K e 5), u
nonconstant, and M, ,(E)(uw) =1 . (E, M{(E)) M, (E)(w), then there exist m
with 0 Sm <mng, iy, ..., i, =1, ..., k,j=1, ..., N, BcVO\{P;},a=1, -1,
such that

V) ajH, _nu) oy, ; (P)=0 and the inequality is strict if only if
PeB.

<5

w) Putting T, =Tj , +»,, then for suitable By ,, By ,, 1) and i1) of Prop.
4.7 are satisfied.

PRrROOF. — Suppose

(4.2) h=n+2)N—1)+n,.

Then there exist u with 1su< (ny+2)(N—-2)+1,7,7" #Jj, i1, ...) ly-1=
1, ..., k such that

P,;Eth(HWLh,f(ufn(“)“/)il ,,,,, i},,l)

A oy i (P)=0 VPGE@ von—p =yt e+l

4.3)

2]
where I write D;(v) for D;(v) UD;,,(v), and C;, ;. ; for C; ;, ;N C; o ivq. To
see this, let P; e V'”; by Remark 4.19 there exists j, #j, such that P; e
D), _;(u). If (4.3) is false, using Remark 4.19, we inductively find P, ..., P;,,
p(0), ..., B(N —1), and 1y, ..., tsov—1) such that (0) =0, (s +1)—p(s) e
{1, ..., np+2} for s=0, ..., N—2, and

P €Dy 1Hpeoy - peo @) oW iy g )\Cy - pi Y AP )

fors=1,..., N—1. Thus P;_  and P; | are not connected in (VV\{P; }; g7
(see Corollary 4.12), and since, clearly two of the indices j, ..., jx are equal,
this contradicts Lemma 4.8, thus (4.3) holds. Put

H =H; (u)oy; .

A Y R |
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when [=u—1, s =0 and where the index j appears [ — (u — 1) times. We
have

(4.4) Hyo=H 1
if u—1<Il<h by Prop. 3.3. Also, if s=1, [=u -1, by Prop. 2.3
(4.5) Hyyoo1=T1Hy ).
By (4.3) there exists a =1, —1 such that
PieDf y(Hy 11 YDy Hy 1)

By Lemma 4.20, (4.4) and (4.5), using a recursive argument, when u <l<h —1
we have

(46) a]«ﬁhh_lZO
and, putting A, = {PeV©: a;H, , (P)>0}, for h=h, h+1 we get
(4.7) A1=Clai-a+Z0 fusish-2,

and by (4.3) we have A;cC; ;. j—;if u SI<u+mny + 1, thus by Remark 4.15 we
have

(4.8) Al:C],]',Z—l 1f,u$l$,u+n2+l.

Since (4.8) holds both for & =k and for & =k + 1, putting m = 1 +1 we have
A,=A,1=...=A, . Now, putting ng= (ny+2)(N —1) —n,, we have
1 <m < ng, and (4.2) amounts to & = n; + ny, + ng. Also, by Corollary 4.13 and
(4.7) there exists B such that A; = B if m <[ < h — n,, and, thanks to (4.6), we
get i). Also, in view of Corollary 4.13 and (4.8) we see that B=C; ;. ,_;if [ <
h — m,. Thus, by (4.7) and Remark 4.15 we see that for every P; e B, C}; j,is
either ¢ or B, and is B for at least one P; e B. By Prop. 4.17 we easily get
i), =

__ THEOREM 4.22. — Suppose there exists an eigenform in @. Then every E e
M 1s homogenizable.

ProoF. — By Lemma 3.7 it is sufficient to find £, limit point of M,(E) for
which the formula

(4.9) MM, (Ey), M, 1 (Ey)) = MEy, My(E)) >0 YneN
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does notilold. I will prove that (4.9) does not hold if we take E; to be a limit
point of M, (E) for which gr,(E,) has the minimal number of elements. In view
of Remark 3.2, there exists o: N— 1IN strictly increasing such that

M(T(?%)(El) mEZE 5)

and we can assume that o(n) = a(m) (mod ny) for all n, m, and by replacing
o(n) by o(n) + h for some i e N, we can assume that for all n, o(n) is an inte-
ger multiple of n,. Note that, if ¢': N— N strictly increasing is such that

Ma'(n)(E) mEl, we have

/I(Ma’(n) + o(n)(E)7 EZ) s
MM ) (M yr ) (E))y My (EY)) + AM o (B, Ey) <

MMy y(B), Er) + MMy (B, E) —>0

and, using Remark 3.2, there exists a limit point of Mn (&) which is a multiple
of E,. Thus, by our assumption on E;, using also Corollary 4.13, we easily
get

(4.10) groM oy (Ey) = gro(Ey) = gro(Ey).

Now, if (4.9) holds, there exist u. , e A* (M (E}), My +1(E;)) and, using
Lemma 4.21, by passing to a subsequence we can assume that o(n) = n; + n, +
ng, and there exist m(*) <mg, %, =, ...y Uyey, = =1, ..., k, jo.=1,..., N,
B.cV®\{P; }, a. =1, —1 such that

i ey, i—mey B Qe s ) oy, (P)Z0

and the inequality is strict if and only if Pe B. for 7 =o(n), o(n) + 1 (see
Prop. 3.3). Putting 7', . = Tj(+) y+n; 5, then T, ., n =1, satisfy the hypothe-
ses of Prop. 4.7 with T, = T} ), g, by Lemma 4.21 and (4.10), in view also of

Prop. 4.17. Put now
Us n, 1 :j(i)HU(M*l,i; El(a’i U, n) © wh, wy ey by, s s ooy J

where [ can be [ or [ + 1,if 1 <l<o0(n)—m(=*), in view of Prop. 3.3, and we
derive a contradiction as in proof of Lemma 3.6. =

REMARK 4.23. — So far, we have considered only forms with nonnegative co-
efficients, but we could also consider forms £ with possibly negative coeffi-
cients (cf. for example [14]), but such that E(u) = 0 for every » and the equali-
ty holds only when u is constant. This set & of forms fits Hilbert’s projective
metric A better than M, and in view of a result of [16] (Theorem 4.2), if there
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¥ 5 B
F Fy
5 B b

Fig. 1. — See Remark 4.24.

are no eigenforms in & then every limit point of It (M, (E)) is reducible when
E e . On the other hand, if we know that there exists an eigenform in &, then
the argument of Theorem 4.22 works, as easily verified, for £ e M (it appears
to be nontrivial to extend it for £ e &), thus obviously there exists an eigen-
form in M, namely the limit of IW”(E). In conclusion, there are two possibili-
ties: either there exists an eigenform and every E e (0 is homogenizable, or
there are no eigenforms and every limit point of JT(M,(E)) is reducible for
every F e @ =

REMARK 4.24. — T do not know whether, when there are no eigenforms,
every E € (D is homogenizable even in the weaker sense that IJT(M,,(E)) is con-
vergent (the limit would be reducible by Remark 4.23). However, if £ U)\g),
E may fail to be homogenizable, even in this weaker sense. Consider the pre-
fractal structure given by, N=k=4, R defined by the relations
(%1, J1) R(ig, Jo) for j; =1 + 6 (mod 4), i1, = 1; — 6 (mod 4), j, =1, — 260 (mod 4),
0= =1 (see Figure 1: Py=1(Py) =y5(P3), Po=1vy(P1) =v3(Py), P;=
W3(Py) = 9 4(Py), Py=,(P3) =9, (P)) ). For A= 0, B> 0, let E4 p be de-
fined by  E4 p(u) = A(w(P;) — u(Py))* + A(u(P3) — u(Py) )’ + B(u(Py) —
w(Py))? + B(u(Py) — u(Ps))? Then it is easy to see that, when A >0

1

—E, , if n even
M’I’L(EA,O) = 1 u

?EO’A if % odd .

() In this figure, as well as in Figures 2 and 3, I describe the fractal structure by
picturing V',
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Fig. 2. — See Remark 5.12.

Fig. 3. — See Remark 5.13. Here, P=R, Q@ =3S.

5. — Uniqueness of eigenforms in fractal structures.

In this section I generalize the uniqueness results of section 2 to the case
of fractal structures. In the following G denotes a transitive subgroup of the
group Per (V") of all permutations of V'” (more generally, by Per(A) I mean
the group of all permutations of a nonempty set A), and of course (g (resp.
(MDg) denotes the set of those K e @ (resp. £ € D) such that E(u - o) = E(u) for
every o e G. In order to extend Theorem 2.6 to fractal structures, the only non-
trivial fact to prove is the strong minimum principle (s.m.p.). Note, in fact, that
the uniqueness argument of Theorem 2.6, unlike those of [14] and [17], does
not use any specific property of nested fractals. We see, in view of Prop. 4.10,
that B e (D satisfies s.m.p. provided (V©\{P}; gro(E)) is connected for all
PeV'®. Note that this is trivially true if ¢; ;, > 0. We will now see that every
E e g satisfies s.m.p., in particular we will finally prove completely Prop.
2.1.
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LeEMMA 5.1. — Let E e g. Then E satisfies s.m.p..

PROOF. — Suppose P e V© is such that (V¥ \{P}; gro(E)) is disconnected.
Since K e Mg and G is transitive, it is easy to see that (VO\{Q}; gry(E)) is
disconnected for every @ e V?. Now, we can easily find Q,, ..., Qye V® such
that Q; = Q; 1, and Q; and @; , » are not connected in (VO\{Q;,}; gro(E)),
and this contradicts Lemma 4.8. =

THEOREM b5.2. — Any two eigenforms in 59(; are multiples of each
other. =

Proor. — We can proceed in the exactly same way as in Theorem
26. =

I state explicitly the following result which is implicit in the proofs of Theo-
rem 2.6 and Remark 2.7.

LEMMA 5.3. — If E € O) satisfies s.m.p., then there exists a unique eigenvec-
tor u;(=u;, g) of T; such that ||u]|| =1, u;(P;) =0, u;(P) =0 for all P. If in ad-
dition, E' e @ and E, E' are eigenforms, and u cA*(E , E') and u attains
its mintmum or its maximum at P;, then u, cA*(E,E"); of i addition, u;
takes its maximum at P;. then w;. ceA*(E,E'). =

In order to understand better the questions concerning the existence and
uniqueness of eigenforms, I will introduce the notion of symmetry with re-
spect to a transitive group of permutations of V®. The following definitions,
for the case G = Per(V'?), have been introduced in [15]. In fact, the defini-
tions of [15] slightly differ (a priori) from those in Def. 5.4, but they are equiv-
alent in the practical cases. Notions like that of strongly G-symmetric struc-
ture have been introduced in other articles (using a different terminology), (cf.
for example [9], [17]). Instead, the notion of weakly G-symmetric structure, to
my knowledge, has not appeared in other papers (apart from [15] for the case
G = Per(V?)). One of the reasons of introducing it is that the structure of
every nested fractal is weakly G-symmetric (Remark 5.5). Prop. 5.6 is, in some
sense, the natural generalization of the analogous and well known result for
nested fractals, but I prefer to prove it in detail in order to clarify the role of
G-symmetry. Corollary 5.7 has been stated in [15]. The uniqueness results in
Corollary 5.7 and Theorem 5.10 are obtained by using the method of section 2,
essentially Lemma 2.4, and, at first glance, they do not appear to be simply ob-
tainable by the methods of [14] and [17]; instead the existence result in Theo-
rem 5.10 and the non-existence example of Remark 5.13 can also be obtained
using the method of [17].
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DEFINITION 5.4. — a) & is weakly G-symmetric if for every oe G, there
exist 0ePer(VV) with oyo=0, fePer({1,...,k}), 1,,eG for i=
1, ..., k, such that Govy ;=407 . forall t=1, ...,k

b) T is strongly G-symmetric if in the preceding definition we can take
Ti, o= 0.

I omit «G» when G=Per(V?) and write simply weakly symmetric,
strongly symmetric.

Note that, a priori, F can be weakly symmetric but not weakly G-symmet-
ric.

REMARK 5.5. — The Gasket in R” is strongly symmetric. The Vicsek set in R”
is weakly symmetrie, and strongly G;-symmetric for suitable G;. These facts
can be easily verified and are suggested by geometrical considerations. More-
over, it is not difficult to see that the Vicsek set in R” is not strongly symmetric
and the snowflake is not weakly symmetric. If & is the fractal structure of a
nested fractal, then & is weakly G-symmetric where G is the group described
in section 2. Indeed, from the properties of the nested fractals it easily follows
that, for every i=1, ..., k, ¢, j, 0% ;=¥ s o Ti .5, on V¥ for suitable B(0),
where 7, j, ;, is an isometric transformation of V'*, and it is easy to prove that
every isometric transformation of V* is in G. If, in addition, every 1 ; has the
form v ;(x) = Q; + (a/R) for some @; € R”, R > 1 (this occurs for the most usual
nested fractals, in particular for those considered in this paper), then it is easy
to verify that 7; ;, ;, = ¢}, j,, so Fis strongly G-symmetric. Here, I have used
the simple fact that it is sufficient that a) (resp. b)) of Def. 5.4 holds when o is
in a set of generators of G, to have that & is weakly (resp. strongly)
G-symmetric. =

PROPOSITION 5.6. — If F is weakly G-symmetric, then Ml(g’f)g) C (7)(;.

PrOOF. — Given E e (7)6 and oe G, we have

&
M{(E)uoo)= min S Ewoy;) =

veL(l,uoo0) j=1

k k
min > E@oGoy;)= min EE(?)OI/)‘H“)OTLU):

veL(l,u) i=1 vel(l,u) =1

k k
mn X E@woysy)= min X E@oy;) =M E)u). =

veL(l,u) i=1 vel(l,u) i=1
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COROLLARY 5.7. — If F is weakly symmetric, then E is an eigenform. If in
addition F is strongly symmetric, then every eigenform is a multiple of E.

Proor. — For the first statement it is sufficient to note that @Pw(wm) =
{tE: t >0}, for the second it is easy to see that strong symmetry permits us to
imitate the argument of Remark 2.7. =

REMARK 5.8. - If there exists an eigenform on F and Fis weakly G-symmet-
ric, then there exists an eigenform in (0g. Indeed, by Theorem 4.22, given £ e
(Pg, then E is homogenizable, and by Prop. 5.6 and a trivial argument,
nli_r)r}}c M,(E) is in (); and, also is an eigenform. m

REMARK 5.9. — I have not investigated deeply the problem of the existence
of an eigenform. Apart from the Theorem of Lindstrgm and Corollary 5.7,
rather general results are given by C. Sabot in [17], and it is well known that
not all fractal structures have eigenforms (in ). However, we now see that
there is always a non-zero eigenform in @. A similar result is given in [13], but
there it is not proved that the eigenform is not 0. Clearly, there exists ¢ >0

N
such that the set P = {Ee W: M,(E) =cE, > E(e;) = 1} contains some E e
i=1

@, thus is nonempty. It is not difficult, using the convexity of the elements of
@ and the fact that P is equibounded on the compact jubsets of RV(O), to prove
that P is a compact and convex subset of (. Let M;: P— P be defined by
— M, (E)
M (E) = Nl— .
AZIMI (E)(e;)

We can easily see that in fact M 1(EB)ePVEeP, and t}/@t M 1 is continuous. By
the Schauder Theorem there exists £ € P such that M;(EF)=E. =

We will now see that when N is prime we have existence and uniqueness of
eigenform in @, provided it is sufficiently symmetric. As seen in the introduc-
tion, it is known that the Vicsek set shows that for N = 4 this could not occur.
Some particular cases of this uniqueness result (either N =3 or N =5 with an
additional condition, for nested fractals) have been proved in [9].

THEOREM 5.10. — If F is weakly G-symmetric, and N is prime, then there
exists an eigenform. If in addition F is strongly G-symmetric, then the eigen-
form is unique up to a multiplicative constant.

ProOF. — For the existence we can imitate the proof in Rerggrk 5.9.
Let P={Ee®Mg: E(e;) =1}. Let M;: P—P be defined by M,(E) =
(M, (E) /M,(E)(e,)). Clearly, P is convex. Also, if E'e P, then E(e;) =1, thus
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E(e;) =1 for every 1 for, if o e G satisfies o(P;) = P;, then E(e;) = E(e; c0) =
E(e;) = 1. By convexity, P is equibounded on every bounded set, thus is rela-
tively compact. It remains to prove that P is closed. For this it suffices to prove
that every E e (O; for which E(e;) =1 is in @. Now, there exist j;, jo: j1 Z Jo,
and c;, ;,(E) > 0. Note that G being transitive, it is easy to see that ordG is an
integer multiple of N, thus since N is prime, G contains a cyclic permutation o,
and we can choose o in G, such that o(P;) = P;,. Let P; = 0"~ 1(le) for n =
1, ..., N. Since E e (D;, we easily deduce c; le(E) =¢;,,;,(E) >0 for n=
1, ..., N=1. Thus (V9 gro(E)) is connected and E € (. Suppose now F is
strongly G-symmetric and prove the uniqueness of the elgenform up to a mul-
tiplicative constant. Let E;e (), E;e M be eigenforms. Put u; =u; 5 and

S(Py) = {P; €V uy(P;:) = max u; }
for j=1, ..., N. Since F is strongly G-symmetric it is easy to see that
(5.1) S(a(P;)) = o(S(P;)) YoeG .

Also, by Lemma 5.3, there exists u,, e A*(E,, E,)(=A*), and, if ujeﬁi and
P; eS(P)), then u; e A*. Let P;,e S(P;), and let oG be a cyclic permutation
such that o(P;) = P;,. By (5.1) we see that uje A* for all j=1, ..., N, thus
ATNA =20. =

REMARK 5.11. — The case N =3 can be discussed rather in detail. The first
fact to note is that if & e @ is an eigenform satisfying s.m.p., then every eigen-
form is a multiple of E. Indeed, if £’ € D is an eigenform, by Lemma 5.3 we
find Wiy, U eA+(E’ E") with j; #Z 75, u; ujée;l‘(E’, E') with j{ #j,. Since
N =3, A*(E E'YNA(E,E')#0.

It follows that if there exist two eigenforms which are not multiples of each
other, then there exist j;, j» = 1, 2, 3 such that ¢; ;,(£) =0 for every £ eigen-
form. Indeed, if there exists an eigenform E e (@ such that ¢; ;,(£) > 0 for all
J1» J2, then E satisfies s.m.p. and thus, as seen above, every eigenform is a mul-
tiple of E. So, for every eigenform E e @, we have ¢;, ;,(£) = 0 for some jy, j;
(depending on E). On the other hand the set Ei of all eigenforms in (@ is con-
nected, for it is easy to deduce from Theorem 4.22 that the map
EHHE‘th_r}})o (M, (E)) is a continuous surjection from (D to Ei. Now, it is easy

i

to conclude that we can find j;,j, such that ¢; ;,
E e FEi. _

In view of Prop. 4.11, a case in which every K e (D satisfies ¢; ;- (M{(E))>0
forj=j', E e @, is when any two points of V) can be connected in VP \V®,
using only any two of the three coefficients, more precisely: Given j,, 2, J3, J4,
Js; Pj, and P}, are connected in (VV\V?; gr) by a path whose edges have the

(E)=0 for every
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form {v;(P;), v ;(P;)} or {v;(P}), y;(P;)}. Thus, under this condition, any
two eigenforms are multiples of each other. Note that this condition is satis-
fied by many fractal structures, for example by many kinds of «asymmetric

gasket» (some kinds of asymmetric gasket are considered in [4] and
[17]). m

REMARK 5.12. - The following example shows that under the sole condition
N =3, we can have infinitely many eigenforms which are, mutually, not multi-
ples of each other. Suppose N =k =3, and &R is the equivalence relation de-
fined by (1, 2) R(2, 1), (1, 3) R(3, 1) (see Figure 2). Then, it is easy to see
that every E, of the form E,(u) = a(u(P;) — u(Ps))? + (w(P;) — u(P3))?, a >0,
is an eigenform in ®. =

REMARK 5.13. — By Corollary 5.7 there exists an eigenform if the structure
is weakly symmetric. Here I give an example of a strongly G-symmetric fractal
structure without eigenforms (cf. also Theorem 5.10). Consider the prefractal
structure with N=4,k=4m,(m =2, 3,4 ...), and R defined by the follow-
ing relations:

(1, 3) R(3,1),(2,4) R4, 2),d(am + k), A((a + D)m +1)) R

Ud@m +k+1), A@am + 1))

for a=0,1,2,3, k=1, ..., m, where 4: Zy,,— {1, ..., 4m} is defined by
Alwm+1) =a+1, Al@m+k)=a(m—-1)+k+3, for a=0,1,2,3, k=
2, ..., m (see Figure 3). Then it is easy to see that Fis strongly G-symmetric,
where G is the group generated by the «rotation of 77/2». To see that J has no
eigenforms (for sufficiently large m), consider u;, u, : V=R defined by
Uy = ey + e, Uy = €1 + €. If K e M, then K e (g if and only if we have ¢, »(E) =
Co 3(B) =c3 4(E) =c1 4(E), ¢ 3(E)=ce 4(E). Moreover, if Ee®@g, then
c1,2(E) =(1/4) E(uy), ¢, 3(E)=(1/2) E(uy) — (1/4) E(u,), thus by~simple
calculations it is possible to see that for sufficiently large m, if £ e g, and
(c1,3(E) Jc1,2(K)) = A where A is a suitable constant >0, we have 3, =2"f,,
where 8, = ¢; 3 (M, (E))/c;, 2 (M, (E)). Therefore there are no eigenforms (for
example by Remark 3.2). =
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