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Localization of Biholomorphisms
for Real Hyperquadrics in C3:
a Computational Approach (*).

G. DINI - A. SELVAGGI PRIMICERIO

Sunto. — Si calcola esplicitamente con Uaiuto di un computer Uespressione di ogni ger-
me di biolomorfismo in un punto di una iperquadrica reale @ in C3, che porti Q in
Q. Tale germe risulta ovviamente una trasformazione lineave fratta, che lascia @
mvariante.

1. - Introduction.

We present in this paper a new approach to prove the following well-known
result [11] [5]: any germ of biholomorphic map at a point of the hyperqua-
dric

3
@ Q= {z = (21, %, ) € C*1 0(2, %) = ,Zleiziz_i—l =0}

where e 1= £1,e,=*1, e5=1, mapping Q into @, extends to a linear ratio-
nal transformation.

We make use of Segre hypersurfaces, hyperplanes in our case, to calculate
directly with the aid of a computer the form of the considered germ.

The problem of extension of local biholomorphisms from a hypersurface @
to @ or, more generally, betweeen hypersurfaces @ and @' goes back to Poin-
caré [10] for C2. Tanaka [11] solved the problem in C" for hyperquadrics (see
also [5] ). Burns and Shnider [3] gave a counterexample in C?2 to the holomor-
phic continuation along any paths of a germ of biholomorphism on a real ana-
lytic compact strictly pseudoconvex spherical (i.e. locally biholomorphic to a
sphere) but not simply connected hypersurface.

If the hypersurfaces are boundaries of bounded domains of C”, the exten-
sion of local biholomorphisms of the hypersurface can lead to global biholo-
morphisms of the whole domains. In this case one speaks of «localization prin-
ciple of biholomorphisms» for the domains or, of «localization principle of au-

(*) Partially supported by the project «Simbolic computation» C.N.R., Italy
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tomorphisms» if the domains are the same [6]. Pinchuk [8], [9] established a
new proof of the result of Alexander [2] for the ball B” and proved the localiza-
tion principle of biholomorphisms for strongly pseudoconvex domains with
real analytic simply connected boundaries. If the domains are pseudoconvex
but not strictly then the «localization principle» does not hold without further
assumptions [6]. In [7] and [6] we prove the localization principle of biholomor-
phisms for generalized pseudoellipsoids in C" with a condition on the size of
the set of weak pseudoconvex points of the boundary.

2. — Preliminaries.

Let @ be the hyperquadric of C? as in (1). Improperly we will call «auto-
morphism» of @ the restriction to C? of any projective automorphism of the
Zariski projective closure @ of @ in CP3. The linear fractional transformation
given by

Y(z) = (

izl 'L.ZZ 1_23)
1
1+Z'3,1+Z37 1+Z3

maps @Q\{z3 = —1} on the real hyperquadric
2
H = {ZECS: Q(Z,z) = E €,Z‘Ziz_i_1m23: 0} .
i=1

The group J of «translations», h,, a = (a, as, az) € H, given by
ho(2) = (€121 + a1, €322 + Oz, 23 + a3 + 21(2, 0 +220))

is easily checked to be a subgroup of the group of automorphisms of H,
Aut (H), and that it acts transitively on H. k, maps 0 to @ and « to . Moreo-
ver h, () = h, (2), where a’' = (—&,0a;, —€505, — 3). The group Aut (H) is
uniquely determined by the group g and the isotropy group Aut,(H) of the
origin. Chern and Moser [5] have characterized the elements of Aut,(H) as
2

[ 2= ( Elt,}za + rlz3) t7 1ot

a

2
25F = ( > t2z, +r2z3) t1o!
1

a=



LOCALIZATION OF BIHOLOMORPHISMS FOR REAL HYPERQUADRICS IN C3: ETC. 665

where

r 2
14+t tz,+t ttag=0
1

2
—2i 2 e, 7T =4,
o=1
tEr R -t =1 a=1,2.
2
2 e, |td |7 =g,
o=1

gltllt_21+€2t12t_22:0

L —ey |t P - | |P=Im (st )

The automorphism group of @, Aut(Q) = ¥ "' Aut (H) ¥, acts doubly tran-
sitively on @, (same proof of Abate [1] for Aut(B")). Its isotropy subgroup of
es=1(0,0,1), Aut, (Q) = w1 Auty(H) W, is given by elements of the form

Q2 YR =g@) TQUT ey ttiz—tley), 2HaE +tEa +tie — 122),
-1+ lz’[ + zt + Zztl 2+ 'Litg Zo + 23— iiTZ'3 + zt23)

where ¢(z) =1+ it1 + it + itt 2y + ittyzs — 23 — it 125 + tizg.

3. — Computational steps.

Our proof relies heavily on the aid of a computer: we will explain the steps
we take and of the intermediate results we presents only the significant ones.
We will follow the idea of Webster [12] (gee also [13]).

Let Q= {(z, w)e C3x C3: o(z, W) = 2, e;27w; —1 = 0} be the complexifi-
i=1

cation of the hyperquadric Q. For a fixed we C? the Segre varieties
3
Q.= {ze‘CS: oz, W)= 2 e;z7w;,—1 = 0}
i=1

are complex hyperplanes, depending anti-holomorphically on w. Since o(z, z)
is real, ze @, iff weQ,.

Now assume that U,, V, are open connected neighborhoods of p and ¢ re-
spectively, p, g€ @, and f= (fi, f2, f3): U, — V, is a biholomorphism mapping
ptogand U,NQinto V,NQ.Ifz, we U,, o(w, ) = 0iff o(f(w), f(z)) = 0, i.e.
we Q, iff f(w) e Q.

To determine the properties of f: U, —V,, fix ze U, such that Q. N U, # 0.
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f induces a map f: Q, N U, — Qs NV, that, for any fixed 2, can be factored
through algebraic maps as

7,() dare 73 (Fw))
(3) w—= Tz Qw I Tf(z)Qf(w) — f(@l)) .

The first map 7 ,(@W), from @, in the projective space of 2-dimensional hyper-
planes, associates to w the holomorphic tangent space T.(Q,,) to @, in z and it
is antiholomorphic in w. As a consequence of the non degenerancy of the Levi
form of the considered hypersurface (see [12] pag. 55), this map is locally in-
vertible, so the third map 7}, (f(w)) is well defined.

Fix a basis of T,Q,: for simplicity assume that w; #0 and choose as
basis

! 827 823 823 2'7 I azg az]

for j =1, 2. Their images under the linear operator df* are

8, Qo(z,W) ,(2) 8  do(z, W) () 3 3 3
*T. = R R T S ——- T. .
df J E & ’ 323 aék 823 aZj aCk kgl( ]ﬁc(Z))

k=1 oz

The tangent space T, (Qq.)) can be identified with the set of vectors £ =
3

(&1, &s, £3) € C? such that > e,;; f(w;) =0; in particular, if & is identified
i=1

3

with df* T for j =1 and j =2, > &,;(T; f;(z))f(w;) = 0. Hence the third map in
I i=1 '

(3) gives f(w) as the solution of the following system:

-3
]Z,Iz?kfk(z)fk(w) =1,
3
4) 3 kglsk(Tlﬁg(z))ﬁc(W)=0,
3 - —
| 2@ =0,

and is completely determined in terms of w, z, f(z), and the derivatives of fin
z or its conjugatesg(see also [8], [6]). One can reach the same conclusion just

considering that 2 &, f;.(2) f,(w) =1 is a defining function for @, and that
k=1

T,, T, are tangential operators and use the non degeneracy of the Levi form of
the hypersurface.
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The unique solution f(w) of the linear system (4) may be written as:

det/lj
detA ’

®) fitw) = j=1,2,3

where

e1/1(2) £9f3(2) e3f5(2)
A= 81T1(f1(2)) €2T1(f2(2')) €3T1(f3(2))
81T2(fl(2)) €2T2(f2(2)) 33T2(f3(2'))

and /; are the 2 X 2 minors obtained with the last rows of A.

As in [12] now fix 2, wy e U, N @ such that o(zy, ;) = 0 and prove that f(w)
is algebraic in a neighborhood of w, in the following way: one can find points
vy, V2 € Q,, such that the algebraic curve y defined by o(z, v;) = 0(z, 73) =0 is
transverse to Q,,, and intersects it locally in {z,}. zlEJy Q. fills simply a neighbor-

hood N of w, and if z, 2" € y are distinct points @, N Q.- = #. For any w eN the-
re exists a unique solution z of

(6) o(z, w) = 0(z,v;) = 0(2,73) =0

and z is a rational function of w. Let @; = {ze C?: o(z,7;) =0}. If 2 € Q; then
f(z) is uniquely determined as an algebraic function of z by (3) just replacing z
with »; and w with z; moreover if zey also the jacobian matrix of f(z),
ofi(2)/ 8z_7-), is uniquely determined as function of z. 9/92; can be obtained as
linear combination of operators tangential to @); with coefficients that are ra-
tional functions of z. If one chooses v; such that @; are parallel to coordinate
hyperplanes then 9/9z;, j =1, 2, 3, are tangential operators to @, or ;. In
this case 9f;(z) /9z; will depend only on the values of f on @, or on Qs, that are
algebraic functions of z and on the parameters v;, f(v;), 9f.(v;) /9z; or their
conjugates. Note that all these parameters are not independent: in fact the
values of f(z) on @; N @, can be deduced from those of f(z) on @ or @, and such
values have to agree on @; N @,. Analougous situation for derivatives of f(z)
tangential to @; N Q.. Replacing f(2) and 9f,.(2) /92; in the expression (5) of
f(w) and subsequently z as determined by (6) after conjugation one obtains
f(w) as an algebraic function for weN and hence for we C?.

We consider the case ¢; = —1, e, =¢53=1 as the other cases are similar
and reduce to the case of the ball. In any case f(w) turns out to be a linear ra-
tional map, leaving @ invariant.

We used the software package «Mathematica» to perform the necessary
calculations. Indicating the equations in (4) as equal,equa2,equa3 we deter-
mine an expression of f(w) as function of w, T; f,(2),1=1, 2, k=1, 2, 3, with
a Solve command. Replacing the corresponding values of T; f;.(z) we get for
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the components of f(w) the following expressions:

[ =/11(—u_)3 3f(2) 3f(2) - 3f(2) 3f(2) i %) @)
822 82’1 823 321 821 32’2
w1 - W2 - wl
32’3 aZZ azl 823 32’2 823
fz(w)=/1‘1(W3 9 (2) Ifs(2) - ofi(2) If3(2) - (2 If)
822 azl az?) azl azl 922

__ 9 k) | __9fi(2) Ifix)  __ 9fi(2) 9fs(2) )
W1 + Wy + Wy
(92'3 822 azl 823 32’2 823

__fi(r) Ife(z) __ 9fi(2) Ifp(z) __ 9fi(2) 9fz(z)
Wy — W — W -

0z, 0z, 2 Oz 0z, } 0z, 02

fs,(W)=/11(

__ (@) dfhkz) __9fi(z) Iflz) __ 9fi(z) Ifr(2) )
W + Wsy + wq
32’3 822 azl 823 32’2 823

where

B __oh(z) dfx) __0f(z) df(x) __ 9fi(z) df(2)
A=f(z)|ws — Wy — Ws -

322 821 823 82’1 (92'1 822

1 2 1

__9fi(x) dfh(z) __9fi(z) Iflz) __ 9fi(2) 9f(z) )
w +w + w +
32'3 822 321 (923 32’2 823

Jg(z)(_@ () K | H(E HKE) | %G %HE
Ozy 9% 9z O 9z, Oz

__9fi(x) of(z) __ 9fi(z) If(z) __ 9fi(2) Ifs(2) )

wl - ?/UZ - wl +
aZ3 822 azl 323 aZQ 823

%) @) k) kR hE Ah@E

(z)(ﬁ 0.
ﬁ ’ 822 821 ? 823 82’1 } azl 822

wl + w2 + wl .
32'3 822 321 (923 32’2 823
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Such expressions give f(z) on @, just replacing z with v; and w with z and
the same on Q.

Owing to the double action on @ of Aut(Q), one can assume that v, =
(0,0,1), v,=(0,1,0) and f(v;) =v;. These conditions imply that @Q; =
={2eC? 2z3=1}, @y={2eC? 2,=1}, and as T,(Q;) are fixed by df*

Ifs(vy) —0 If3(v1) -0 9 (v3) —0 I (vs) _

) ) , 0.
) 92y oz 023

Substituting the chosen values for vy, v,, f(v,), f(v5) in f(z)|Qi we establish so-
me relations among the derivatives of fin v; and v, that allow to eliminate so-
me of the parameters in excess. As (f|q,)je. = (f]e.) |1

(aflwz) 3 (v;) 3y (vs) afSwZ)):
82y Bz | Gz o

) y )

o ( afl(vl) afl (Ul) afz(%) afz(%) )
oz, 02y 0z, o0z, ’

where @ is a constant of proportionality.
As v; € Q; calculating the derivatives of J@IQl respect to z; and z, one ob-
tains that

(3f1(v1) ofi(vy)  Ife(vy) 8]‘2(1)1))

) )

azl 822 é?zl 322
i(afé(vl) Ifa(vy)  fi(v1) 3]”1(1)1))
2, Oz = Oz | O
with
If3(vy)
_ 32'3
~ 9h(vy) Sfi(vy) N dfi(vy) Ifa(vy)
9z 9%y 9z 02y

We found some relations for f(z) and 9f;(z) /9z; when z is in y, that lead us to
apply the following:

of1(vy) of1(vy)
2 +
azl 3,22
ofa(vy) ofz(vy)
21 +
azl azZ

fH(R)
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f(z) —1,
f3(2)—1,
_ afi(vy) dfalvy) " of1(vy) Ifz(vy)
1 (z) N 92 92 9z 925
92, ( 9fa(vy) 9fs(vy) )2
21 +
9z 9z,
ofi(vy)  Ifi(vy) ofy(vy) Ifa(vy) dfi(vy) Ifz(vy)
2 + +2 -2
of1(z) N 92 929 02y 92 9z, 92y
5, ( ()  Afs(vy) ) ’
21 +
821 82'2
" df:(vy) N af (v1) +zl@3f1(vl) 9fa(vy) _ZIQafl(vl) I (vy)
f1(z) N 92 929 929 92 92 92y
923 @(z1 3y (v;) . Ay (vy) )2’
azl azZ
9 (2) ( fp(vy)  Ifplvy) )1
=1 % + ’
0z, 0z 92y
afz(z)ﬁ(@(z1 Folv) | Ih(w) ))‘17
823 82’1 82’2
s(2) -0, 9s(2) -0, s (2) -0, s (2) 0
823 32’1 32’1 aZQ

These relations allow to obtain f(w) as function of w, z; and some con-
stants. As z satisfies (6), 2, = (—1 + w; + w;) /w; and the dependence on z; can
be eliminated. Imposing that f(w) e Q iff we @ one can establish that ® =
9fs(vy) /925 and replace it. Simplifying common factors between numerators
and denominators and conjugating one at last obtains

of; (vy) B of; (vy) o of; (vy) o 3f1(vl))
2 3 )

azl aZZ azz az2

fitw) = h(w) (w1

fat) = o) (v hlw) _ Sl o) )

azl 822 822 322

9fs(vy) w Ifs(vy) )

]

823 823
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s (vy) Ofa(vy) Ofa(vy) Ofs(vy) )
— + Wo + ws ,

82’1 82'2 82'2 822

f3(w) = h(w) (1 — Wy + Wy

where

Wolvy) () s (vy) o (vy)
(92'1 82’2 (92'2 82'2

fz(vy) —w fz(vy) )1

h(w) = (1 — Wy + Wy

aZ3 ’ 32'3

Hence f(w) is a linear rational transformation that leaves @ invariant and
induces on CP? an automorphism of Q.

One can obtain f(w) as an element in (2). ¥'e Aut, (Q) N Aut,,(Q) iff, in (2),
the following relations hold:

@) P=t1-t2, r=-itl-t+it, ti=—t5.
Taking into account (7) and the following rules for the coefficients in (2)

6 ) 8 o) 8 ahw)

b

t 0z t 0z, ’ t 9z,

t3 Iz (vy) ! af1(vy)
— = ) — == ’
t 322 t 822

2 ) () - 1

— > = + , bt ——

t aZZ 823 " af‘g(vl)

32'3

Y(w) turns to f(w).
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