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Optimal Integrability of the Jacobian
of Orientation Preserving Maps.

ANDREA CIANCHI

Sunto. — Dato un qualsiasi spazio itnvariante per riordinamenti X(2) su un insieme
aperto QcR", si determina il pin piccolo spazio mvariante per riordinamenti
Y() con la proprieta che se w: 2—R" é una applicazione che mantiene Uorienta-
mento e |Du|" e X(R), allora det Du appartiene localmente a Y(L).

1. — Introduction and results.

Let 2 be an open bounded subset of R”, n =2, and let u: 2 —R" be a
weakly differentiable function whose gradient will be denoted by Du. Consid-
er any Banach function space X(£) of real-valued functions on Q (see e.g.
[BS], Chap. 1) and assume that |Du|" € X(£2). Then, owing to the monotonicity
of the norm in X(£) under pointwise inequality between functions, det Du, the
Jacobian of u, is also in X(2). When X(Q) = L1(£), a well-known theorem by
S. Miiller [Mii] states that if, in addition, % is assumed to be orientation pre-
serving (0.p.), i.e. det Du = 0 a.e. on 2, then det Du is not merely in L (L), but
locally belongs to Llog L(2) as well. After this result, several spaces X(Q2)
have been exhibited enjoing the analogous property that a Banach function
space Y(£2), strictly contained in X(£), exists such that, for every compact sub-
set K of Q,

(1.1 lx & det Dullyo) < Cll| Du|" [z

for all o.p. maps u with |Du|"e X(Q). Here, ||‘|[xq and ||y denote the
norms in X(£) and Y(£2), respectively, y p is the characteristic function of £
and C is a constant independent of u. We shall call the spaces X(2) enjoing
this property integrability improving for the Jacobian of o.p. maps or,
briefly, integrability improving. For example, the Zygmund space
Llog® L(Q) is integrability improving for every a =0, since (1.1) holds with
Y(Q) = Llog** 1 L(£) (this is the result of [Mii] when a = 0; see [GI] for a =1
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and [Mi] for a = 0); more general integrability improving Orlicz spaces are ex-
hibited in [Mos], [GIM] (see also [IS], [BFS] and [G] for related results). On
the other hand, most Banach function spaces are not integrability improving.
This is not the case, for instance, when X(Q) = L?(Q) with p > 1. Thus, the
following (related) problems arise:

i) How can integrability improving spaces be characterized?

i) Given X(82), which is the smallest space Y(Q) that renders (1.1)
true?

In the present note we answer these questions in the framework of rear-
rangement nvariant Banach function spaces (r.4. spaces), namely Banach
function spaces X(£2) whose norm satisfies

(1.2) Hf”X(.Q) = HgHX(.Q) whenever f* =g*;

here f* stands for the decreasing rearrangement of f, i.e. the non-increasing
right-continuous function from [0, o) into [0, o) which is equidistributed
with f (we refer to [BS] for an exhaustive treatment of r.i. spaces). In a sense,
our results show that the maximal function approach of [Mii] to higher inte-
grability properties of the Jacobian of o.p maps is sharp. Actually, roughly
speaking, it turns out that the r.i. integrability improving spaces are precisely
those where the norm of a function f and the norm ot its maximal function Mf
are not equivalent, and that the gain in the integrability between |Du|" and
det Du for o.p. maps is always exactly the same as that between Mf and f. In
particular, we recover, as special cases, the above quoted contributions to the
subject and prove their optimality in the setting of all ri. spaces (see
section 3).

Precise statements of the above assertions require the introduction of the
space X, () associated with X(£) as in the definition below. Such a definition
makes use of the notion of the representation space X(0, |2|) of X(2), name-
ly the unique r.i. space on (0, |2]) such that

(1.3) [/l = I1F* [Ixco, 12))

for every fe X(R2), where || denotes the Lebesgue measure of £. Notice
that, for customary r.i. spaces, such as Lebesgue, Lorentz and Orlicz spaces,
the norm in the representation space can be immediately computed from the
original one; however, a general formula for |-[lxq, 0| is available (see e.g.
[BS], Chap.2, proof of Thm.4.10). Another ingredient in the definition of

X, () is the function f** given for f: Q —R by f**(s) = (1/s) [ f*(r) dr. Re-
0

call that, by Hertz’ theorem, f** is equivalent to (Mf)*, i.e. ¢, f** < (Mf)* <
¢y f**, where ¢; and ¢, are positive constants depending only on 7.
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DEFINITION. — Let X(£2) be a r.1. space on Q. We call X,(2) the space of all
real-valued functions f on L for which the quantity

(1.4) £l = 117 [Isco, 12))
s finite.

It is a routine task to verify that |||x,(o) is a norm and that X,(£2), equipped
with such a norm, is a r.i. space. Observe that, since f* < f** for every f, then
lxco) < II[lx, 0 SO that X,(£2) cX(R), but the inclusion may be strict.

Problem ii) is solved by the following

THEOREM. — Let Q be an open bounded subset of R", n = 2. Let X(£) be any
r.1. space on Q2 and let X,(£2) be the r.1. space defined as above. Then, for every
compact subset E of Q, a constant C exists such that

1.5) llx zdet Dully, @) < C [[IDu]" |xo)

for all o.p. maps u: Q—R" for which |Du|"eX(RQ).

Moreover, X,(£2) is the smallest r.1. space rendering an inequality of type
(1.5) true, in the sense that if (1.1) holds for some r.i. space Y(L), then
I lvce) < Const |||z, cor

This result enables us to characterize the r.i. integrability improving
spaces and thus to answer problem i). As stated above, such a characterization
can be given in terms of (un)boundedness properties of the maximal function
operator M; recall that, for a locally integrable function f: 2 =R, Mf is de-
fined by

1
Mf(x) = sup — | |f(y) |dy,
veQ Q] ¢

where the supremum is extended over all cubes having sides parallel to the co-
ordinate axes and f is continued by 0 outside . Alternative characterizations
make use of the one-dimensional Hardy operator H, defined as

1 S
Hg(s) = S ffﬁ(r) dr
0
on ¢:[0, ©)—R, or of the (upper) Boyd index I(X(2)) [0, 1] of X(Q) given
by

log [[D]|
log ¢

where ||D, || is the norm of the dilation operator D;: X(0, |2|)—X(0, |2]) de-

(1.6) IX(2)) = tll)n}o

)
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fined, for ¢ =1, as D, ¢(s) = ¢(s/t), se (0, |£2]). Let us mention that the index
I plays a role in the theory of interpolation. Formulas for such index for cus-
tomary spaces are known (see e.g. [BS], [BF], [Mo2]); for instance,
ILP(Q2))=1/p if pe[l, =]

COROLLARY. — Let Q, X(2) and X,(2) be as in the Theorem. Then the fol-
lowing conditions are equivalent:

i) X(R2) is wntegrability improving for the Jacobian of o.p. maps.
ii) X,(R) is strictly contained in X(2).

iii) The maximal function operator M is unbounded on X(R2).

iv) The Hardy operator H is unbounded on X(0, |2]).

v) The upper Boyd index I(X(2))=1.

2. — Proofs.

ProoOF OF THE THEOREM. — Let u be as in the statement. Then, in particu-
lar, u belongs to the Sobolev space W' "(Q2', R") for every smooth open sub-
set Q' of Q. Indeed, since 2 has finite measure, then X(Q)cL'(Q) ([BS],
Thm. 6.6, Chap. 2); hence |Du| e L"(£) and, by the Sobolev embedding theo-
rem, e L"(2"). Thus, the following inequality of [Mi], rephrasing the result
of [Mii] in terms of rearrangements, holds

1 1 S , '
(2.1) S f(XQ/zdet Du)*(r)ydr<c (E f[(xQ | Du|™)* (1) 1" dr) ,
0 0

for 0 <s<|Q|2.

Here, Q denotes any cube contained in 2, Q/2 stands for the cube concen-
tric with @ whose sides are parallel to those of € and have half length, c is a
constant depending only on n, and n’ =n/(n —1).

Consider now the operator T defined by

T¢(8)=(lf|¢(’r)|l/”'d1”) , for se(0, |2])
So

on functions ¢:(0, |2]) —R. The operator T is quasilinear, since for all A e R
and all functions ¢ and vy, |T(A¢)|=|A||T¢| and |T(¢p+y)|<
2" "1(|Tp| + |Ty|). Furthermore, 7' is bounded on L *(0, |£2|) with norm
<1 and, by Hardy’s inequality ([BS], Chap. 3, Lemma 3.9) it is also bounded
on L'(0, |2|) with norm <n"'". Thus, since X(0, |£2|) is a r.i. space, an inter-
polation theorem by Calderén ([BS], Thm. 2.12, Chap. 3) ensures that 7 is
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bounded on X(0, |£2|) and that
2.2) 17970, 1 <2" ' 0" |pl50, 1o

for all ¢ € X(0, |2]). On setting ¢ = (¢ |Du|")* in (2.2), observing that (2.1)
holds for all se (0, |2|) if c is replaced by c¢(2|2]/|Q| y*' ! and recalling (1.4)
yields

(2.3) ”XQ/Zdet Du”XO(Q) = 64"’_17’6"’(|Q|/|Q| | |Du|n||x<9>‘

Inequality (1.5) obviously follows from (2.3).
As for the optimality of X,(£2), suppose by contradiction that there exists a
r.i. space Y(£) such that (1.1) holds, but
sup fllver
f ||f ”XO(Q)

where the supremum extends over all fe X,;(£2) which do not vanish identical-
ly. Given any such f; consider the function v: R"—R" defined by

(2.4)

)

Cpr™" 1/n
1
w@) = p(|e|) —,  where () = —ff*(s)ds
|9€| Cn 0

and C, = 7"2/I(1 + n/2), the measure of the n-dimensional unit ball. On set-
ting » = |x|, we have

1
(2.5) det Dv(x) = — i (p(¥)") =f*(C,r") =0 for xeR";
nr” b dr

moreover,

2 2\ /2
(2.6) |Dv|"(x) = (tr Dv" Dv)"? = ((n -1 ) + ((zli—(p(r)) ) <
s

,',.2

n2 4 n n
2(%/2)1((n_1) " (r) +(d—¢(r)) ):
r" dr
Cpr™ Cyr™ 1-n
-1y 1
go-1| @D [ o | L [ prwas| (e | <
C,r 0 WS
Cr"
K
- f*(s)ds, for xeR”,
C,r"

where K =2"2"1((n —1)"? + 1). Notice that the last inequality is due to the
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inequality f* < f**. Hence,
2.7 (|Dv|")*(s) S Kf**(s) for s>0.

Now, define u: Q—R" by u = vy and choose E in (1.1) to be a ball B
(which may be assumed, without loss of generality, to be centered at the ori-
gin). Let N € N be such that N|B| = | 2]. It is easily seen that, if we set g(x) =
f*(C, |x|"), then

1
(gxp)**(s) = ﬁ(g){w\g)**(S) for s>0.
Owing to the subadditivity of the operator «**» and to the last inequali-
ty,
2.8) (g*)**(s)=g**(s)=(gx s+ gxrn\p)** ()< (gxp)**(s)+ (gyrm\p)**(s) <
(N+1)gxp)**()=(N+1)((gr)*)**(s) for s>0.

On making use of (2.5), (2.8) and of Corollary 4.7, Chap. 2 of [BS] we
get

2.9) iy s det Dullyo) = lx 59llvo) = 1 ) * o, o) =

1 1
— lo*lls =
lg ||Y(o, 12 N1

1
* |5, = —_— .
N+l I.f ”Y(O, Fel)) N1 ”f”Y(Q)

On the other hand, since (|Du|")* < (|Dv|")*, inequality (2.7) and the
monotonicity of ||-|5o, jo)) imply that
2.10) ||| Du|"lxco) = (| Du|")* [z, o)) < Kllf** 50, 10)) = Kl fllxyc0)-

From (2.9), (2.10) and (2.4) we deduce that

HXBdet D%”Y(Q) - 1 Hf”Y(Q)

(2.11) p = sup =
wop. ||| Du|" |[xco) KN +1) rexy@ [ flxye

)

a contradiction. =

ProOF oF THE COROLLARY. — The equivalence of i) and ii) is a straightfor-
ward consequence of the Theorem. The equivalence of iii), iv) and v) is well-
known (see e.g. [BS], Chap. 3). Thus, we only need to prove that ii) and iv) are
equivalent. Since both X(2) and X,(£) are Banach function spaces (and
X,(2) cX(Q)), then, by Thm. 1.8, Chap. 1 of [BS], X(Q) = X,(Q) if and only if
there exists a constant k£ > 0 such that [|[|x,(0) < || |lx) i-e. if and only if

(2.12) £ I, 1 < Ml £ o, 10y for all f in X(Q).
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Inequality (2.12) is equivalent to the inequality

(2.13) |HlIxo, |9|><k||¢||}?(0, jop  for all ¢ in X(0, 2],

i.e. to the boundedness of H on X(0, |2]). Indeed, (2.12) follows from (2.13) on
choosing ¢ = f*. Conversely, assume that (2.12) holds. By Cor. 7.8, Chap. 2 of
[BS], for every ¢ € X(0, |2]) there exists a real-valued function f on £ such

that ¢* =f* By Hardy-Littlewood’s inequality ([BS], Thm. 2.2, Chap. 2),
Ofsq)(r) dr sofsfp*(r) dr for s = 0. Therefore,
2149 |Holxo, jo) < llo**xo, jop = 1F** %0, jo) <

kIl 7 50, 1o = Ko * 50, 12)) = klollz0, 12))
and (2.13) follows. =

3. — Examples.

Lebesgue spaces. Any of conditions iii), iv), v) of the Corollary tells us that
L_1 (£2) is the only integrability improving Lebesgue space. Moreover, since
LY(2)=L"0, |2]), we obtain from (1.4), via Fubini’s theorem, that

[2]

I flwren = | £*(s)10g (| 2] /5) ds
0

a Lorentz norm which is equivalent to the norm in the Orlicz space Llog L(L2)
(see Remark 1 below). Thus, the Theorem reproduces the result of [Mii] and
also tells us that it is optimal in the framework of all r.i. spaces.

Orlicz spaces. Let A be a Young function, i.e. a non-decreasing convex
function from [0, o) into [0, o] vanishing at 0. We denote by LA() the Or-
licz space of those functions f whose Luxemburg norm, defined as | f|,4.0) =
inf {/1 > O:Qf A(|f(®) | /A de <1 }, is finite. Condition iii) of the Corollary, com-

bined with a generalization of the Hardy-Littlewood-Wiener maximal theo-
rem, tells us that L4 () is integrability improving if and only if the conjugate
Young function A of A, defined by A(s) = sup {rs — A(r): » =0}, does not sat-
isfy the A ,-condition near infinity. Recall that this amounts to requiring that
limsup A~ () /A~ (ur) = ¢ for every u >0, where c is a positive constant in-
r— + o
dependent of u. Furthermore, the optimal space

(LAD)y=L"(Q),

with equivalent norms, where A, is the Young function defined by A,(s) =
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s f A(r) r 2dr (and A is modified, if necessary, near 0, in such a way that the
0

integral converges). This is a consequence of results from [BP], [C], [GIM],
[K1], [K2]. Thus, the Theorem overlaps with Theorem 2 of [GIM].

Lovrentz spaces. Given an integrable function w: (0, |2])—[0, «) and a

number ¢ = 1, the classical Lorentz space 41,, ,(£2) is the space of those func-
12|

1/q
A g(@) = (Of FE(s)u(s) ds) is finite. Ob-

serve that, when w(s) = s~ 1, Ay 4(82) =L 1(L), the usual Lorentz space.
In spite of the notation, the expression ||| 4, ) need not be a norm. A charac-
terization of those w and ¢ for which [|-[1, (e is (equivalent to) a norm, and
hence 4, ,(2) is a r.i. space, is known. When ¢ > 1, Theorem 4 of [S] tells us
that this is the case if and only if the Hardy operator H is bounded on
A, 400, |2]). Hence, by the Corollary, no integrability improving r.i. space
A, () exists for ¢ >1. When ¢ =1, |||, ,(@ is equivalent to a norm if and
only if

tions f for which the quantity | f|

w, 1

1 1
3.1) — fw(t) dt < Const— fw(t) dt for 0<r<s
S Yo

(see [CGS]); notice that, in particular, (3.1) holds with Const = 1 if w is non-
increasing. Under assumption (3.1), combining the Corollary with the results
of [AM] tells us that 4, (L) is integrability improving if and only if

|2]
s [w)t dt
limsup *——— = .
O [w) dt
0

An alternative necessary and sufficient condition for 4, ;(£2) to be
integrability improving, which follows from the Corollary via a result of
Boyd (see [S]), is that

st S
log( sup ( Jw(r) dr/fw(r) dr))
. 0<s<|Q]/t 0 0
lim =1.
t—>+o logt

Moreover, the optimal space

(4 w, 1)0(9) = Awo, 1(9),
[2]
where wy(s) = [ w(t)t 'dt, as an application of Fubini’s theorem shows.

s
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Notice that the only integrability improving L? %(2) space is L11(Q) =
LY(Q).

REMARK 1. — The last two examples overlap, since Orlicz and Lorentz
spaces may coincide. Actually, the Orlicz space L“ () is known to agree with a
Lorentz space A, 1(£2) (with equivalent norms) if and only if there exists

0> 0 such that fZl(o‘t) At)2dA(s) < oo, and, if this is the case, w(s) =

1/A ~1(1/s); a condition of the same kind for the converse to hold is also avail-
able ([L]). Thus, in particular, the results where X(£) = Llog“L(£), a =0,
can be recovered from either of the last two examples, on choosing A(s) =
slog®(1+ s) and w(s) =1log”(|£2|/s), respectively. It can be shown, however,
that neither all integrability improving Orlicz spaces are Lorentz spaces nor
the converse is true.

REMARK 2. — A common generalization of Orlicz and Lorentz spaces is
given by the Orlicz-Lorentz spaces (see e.g. [Mol]). Integrability improving
spaces from this class could be exhibited on making use of the Corollary and of
the information on their indices contained in [Mo2].
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