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Bollettino U. M. I.
(8) 2-B (1999), 585-608

Multibump Solutions for Hamiltonian Systems
with Fast and Slow Forcing.

VITTORIO COTI ZELATI (*) - MARGHERITA NOLASCO (*)

Sunto. — Si dimostra Uesistenza di infinite soluzioni «multi-bump» — e conseguente-
mente il comportamento caotico — per una classe di sistemi Hamiltoniani del se-
condo ordine della forma — ¢ +q = (g;(wt) + go(H/w)) V' (q) per w sufficientemente
piccolo. Qui g e R", g, e g, sono funziont strettamente positive e periodiche e V é un
potenziale superquadratico (ad esempio V(q) = |q|*).

1. — Introduction.

In this paper we prove that the Hamiltonian system

.. t
(HS,) —q+q=(91(wt)+gz(z))V’(q)

has, for w#0 small, a «chaotic» behavior under the following assump-
tions:

V1) VeC”(R", R);

(V2) V(0)=V"(0)=V"(0)=0;

(V3) Exists u>2 such that 0 <uV(x) <V'(x)-x for all x =0,

while the assumptions on a,,(t) = g, (wt) + g»({/w) are:

(al) Exist 0 <k; <k, such that k; <a,(t) <k, for all teRR;

(a2) g, is l-periodic in ¢, and g, is a T-periodic function with zero mean;
(a3) Exist ay>0 >0 such that g/ () = a, for all te[0, S].

REMARK 1.1. — Let us point out that it not necessary that g, has zero mean.
Indeed, if the mean of g, is m = 0, then we can consider ¢§; = g; + m and g, =
9> —m, and assumptions (al)-(a3) hold for a,, () = g; (w?) + g»(t/w) = g1 (wt) +
go(t/w).

(*) Supported by EEC contract ERBCHRXT(C940494.
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We also remark that the interval [0, ] in assumption (a3) can be replaced
by any other interval in [0, 1], and that the existence of such an interval is
trivial if we assume that g; is nonconstant.

REMARK 1.2. — We believe that our approach works, with minor changes,
also when ¢; is an almost periodic function.

About g, what we really need in the proof is that it is sufficiently small
(with respect to g;) in some topology, for example in the weak* topology, as it
is the case in the situation we consider (indeed g¢,(/w)—0 in such a
topology).

To better illustrate what we mean by «chaotic» behavior, let us remark
that equation (HS,) depends on time in a quasi-periodic fashion. For this rea-
son the most widely accepted definition of «chaos» (that is, conjugation to a
Bernoulli shift) does not make sense (indeed such a conjugation implies, for
example, existence of periodic solutions).

What we will show is that our system admits a class of multi-bump sol-
utions (see theorem 1.4 for the precise result). For systems depending periodi-
cally on time this fact implies the existence of an approximate Bernoulli shift,
and positivity of topological entropy (see [25]). So we think that this fact is a
good indication of a chaotic behavior in our setting.

Results on existence of chaotic behavior for systems like (HS,) date back
to [22] and [18]. Indeed many paper have studied the behavior of (HS,) under
different set of assumptions on the time dependence. In more recent years the
study of such a class of systems has been done also using variational tech-
niques (or a mixture of variational and perturbative techniques).

In the papers [8, 24, 25, 10] the periodic case is considered, while the pa-
pers [5, 9, 20, 23, 26] study the almost periodic case. In all this papers there is
no small parameter. The «typical» result is: there exist infinitely many sol-
utions. Moreover, if a nondegeneracy condition hold (not easy to check), multi-
bump solutions exist. In particular the results of [20] apply in our situation, for
every w # 0, and imply existence of infinitely many homoclinic solutions for
(HS,,). Existence of a chaotic behavior follows provided an additional nonde-
generate condition hold. Remark that we do not need such a condition (for w
small).

The case g, =0, and @ small, has been studied in the paper [14], and later
extended by [2, 3, 7, 11, 15, 16, 21]. All these papers deals with existence of one
or more solution for w small. g; does not have to be periodic, or quasi-periodic
in this situation. The typical result is that such a system has, for w small, sol-
utions (one or more, possibly multi-bump ones) which concentrates near criti-
cal points of g;. For these results to hold, some information on the «limit»
problem (corresponding in such a case to g;(t) = a € R) is needed. Neither of
these results are applicable in our case, even if g, = 0. Indeed in the papers
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[2,3,7,14,16,21] one assumes the limit problem has a nondegenerate mani-
fold of solutions, while the papers [11, 15] require an additional assumption
(which implies that the limit problem has the Mountain Pass critical level as
the lowest critical level).

The case g, # 0, and o small, has been studied in the paper [1]. In that pa-
per it is proved existence of chaotic behavior when a,(t) = g;(wt) + g-(%), g1
and g, almost periodic and w small. An additional assumption with respect to
our setting is required (which implies that the limit problem has the Mountain
Pass critical level as the lowest critical level-a crucial point in their proof), on
the other hand no smallness condition on the term g, is required. It is not clear
to us if their method can be adapted to deal with equation (HS,).

Finally, let us mention that a very interesting problem, which partly moti-
vated our study, arise when g;(f) =a € R is a constant function, the «true»
rapidly oscillating problem (case that we do not cover). The problem has been
widely investigate under the assumption that the unperturbed problem, corre-
sponding to g, = 0, has a homoclinic solution. In this case it is known that the
separatrix splitting is exponentially small in w, and existence of a chaotic be-
havior does not follow using the usual Melnikov techniques. More refined
analysis are required, and some result can be obtained when everything is
analytic. For a discussion of the problem, see, for example, [4, 12, 13].

Let us now state more precisely our result. In order to do that, we have to
introduce some notation and recall some results on quasi-periodic funec-
tions.

NortaTioN 1.3. — First of all, for us a continuous function g: R —R is quasi-
periodic if g(t) =f(wt, wst, ..., w,t) for some function f: R*—R, f 1-peri-
odic in each of its variables. Given a quasi-periodic function g, we say that re R
is an e-period for g if |g(r +1t) —g(¢)| <e for all te R. We will denote by
P(g, ¢) the set of e-periods of g. It is possible to show that for all ¢ > 0 there
exists a 4, >0 such that [a, a + 1,1 N P(g, ) # 0 for all ae R (i.e. the e-peri-
ods are A.-dense in R).

Given w, &, NeR" and kelN, we will set

Hw, N, e, k)= {p eRF|p;ePla,, &), pis1—p;=N}.
and, given p e Aw, N, ¢, k), we let py= — ®, py,1 = + ® and
L=1Ip;, pic1], 1=0,...k.
We also introduce, for we H and Ac H, (following [25])

dist (’LL, A) = Ssup inf ||'LL — ,U”Hl(liy R™) -
L veA

0<i<

k
If 7eR and ve H, we let (7%v)(-) =v(-—1); if p eR¥, we let (p *v)(-)= 2 v(-—p;)
i=1
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while if AcH, we let

(1.6) E*A:{u—Zu( D) uieA}.

We are now in position to state our theorem.

THEOREM 1.4. — Suppose (V1), (V2), (V3), (al), (a2) and (a3) hold. Then
there exist a w o> 0 such that for all 0 < |w| < w there exists a nonempty set
A of homoclinic solutions of (HS,), compact in the C*(R; R") and in the
H(R; R"™) topology.

In correspondence to such a set A and to each r >0 exist € >0 and N >0
such that for every kelN, for every 5 e Xw, N, ¢, k) there exists a solution
v; of (HS,) such that

dist (v;;, f)) x1)<7r.

2. — Variational setting.

In this section we will introduce the variational problem corresponding to
(HS,), we show that it has a Mountain Pass geometry.

REMARK 2.1. — Let us remark that, as a consequence of assumption (V2), we
have that exist 0, and 0,5, 0,> ;> 0, such that

1 1
21 Viw) s —k|ac|2 and |V'(x)|< —|9c| for all |x|<0,.
2

1
2.2) Vi(x)x< — |x|*  for all |x|<d,.
2k,
We also remark, that, for any »> 0 exist K, such that
K, K
23) Vx)s — |90|2 and |V'(2)|< ?T |x| for all |x|<r.

We introduce the Hilbert space
H=H'R,R") ={ueL?|uelL?},

with scalar product and norm given by

+ o

(u, v) = f[@'b-i)+u-v]dt || = (u, v).
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We recall that Hc L *, and that the following inequality holds

(2.4) |]le <Coxllul for all ueH .

The homoclinic solutions of (HS,) are in one to one correspondence with the
critical points of the functional

+ oo

+ o0
1 .
fo(u) = 5 f[|u|2+ |u|?]dt — faw(t) V(u) dt
in H. We will denote with X, the set of nontrivial critical points of f,,.
An easy consequence of our assumptions is that the functional has the
Mountain Pass geometry.

LEmma 2.2 (Mountain Pass Geometry. — There exist >0 and a >0, not
depending on w, such that

fow)=a>f£,0)=0 for all ||ul|=7
and for all w#0
folu)— —o  as A— + x.
This allows us to introduce the Mountain Pass level, defined as

¢, = inf max f,((®),
where I',, = {yeC([0, 1], H) |y(0) =0 and f,(y(1))<0}.
By the Mountain Pass theorem we get that ¢, > 0 and that there exists a
Palais Smale sequence for f,, at level c,, namely,

u,e H such that f, (u,)—c,>0 and Vf,(u,)—0.

We remark that in general the Palais Smale condition does not hold as one can
easily verify when a,,(t) is a periodic function. In the next section we give a
precise description of this lack of compactness.

3. — Palais Smale sequences.

In this section we give some results concerning PS sequences. These re-
sults are a consequence of the concentration-compactness method of Lions,
see [17], and are contained in most of the above quoted paper. So we will just
recall the results, and refer to [9], whose setting is very close to the one here,
for the proofs we omit.

First of all, by assumption (V3) we easily get that the Palais Smale se-
quences are bounded and at non negative level.
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LEMMA 3.1. — Let u, e H be a Palais Smale sequence for f,,. Then u, is
bounded and 1im”inf foCu,) = 0. In particular, f,(u) >0 if u is a nontrivial
critical point.

Proor. — By (V3) we have that

11 1
3.1) (— - —)IlunHz%(un) + =V, ) [, | -
2 u 7

LEMMA 3.2. — Let u,, € H be a PS sequence for f,, at level b, weakly conver-
gent to we H. Then Vf,(u) =0

LEMMA 3.3. — Let u, € H be a PS sequence for f,, not strongly convergent to
0, then lim sup||u,, ||.. = 6, and there exists a sequence t, € R such that, up to a
subsequence, u, (- —t,) —v strongly in HL.(R, RN) with ||v]|.=9,.

In particular for every w, for every u solution of (HS,), u#0, we have
that

3.2) ]l > 8.

Non we give a local compactness property and a characterization of the
lack of compactness.

LEMMA 3.4. — Let u,, € H be a PS sequence for f,, such that u, — v weakly in
H. If there exists T >0 such that

sup |u,(t)|<06; for all nelN,
[t| > T

then u,—v strongly in H (up to subsequences).

LEMMA 3.5. — Let u,, € H be a PS sequence for f,,. Then there are vye X, U
{0}, keNU {0}, vy, ..., v, e H, with ||vj||oo =0, and sequences t}, ..., tFeR
such that, up to a subsequence, as n— + », |ti|— + «, ti7! —ti— + o, for
all j=1, ..., k and

k
Uy, — (vO + 2 7-)7‘,(‘ - tri)) H —0.
i=1
REMARK 3.6. — The function v; can be characterized as homoclinic solution
of a problem at infinity, that is, as solution of the equation

-0 +v;=at) V' (v;)

for some a(-) = nh_r)r%c a, (- —t}) (such limit exists if @, is almost periodic).
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Now we introduce two functions 7*: H—[ — ©, + ] defined as follows.
For any ue H

T*(u)=sup {teR||u®)|=0,},
T (w)=inf {te ||u®)|=0,}.

with the agreement that 7= (u) = F o if ||lull. <0;.
First of all note that arguing as in lemma 3.4 we have the following com-
pactness property.

LEMMA 3.7. — Let u, € H be a PS sequence for f,,. If the sequence T * (u,,) is
bounded then, up to a subsequence, u,—v in H*([—R, + ), RY) for any
ReR

Similarly, if T~ (u,) is bounded then u,—>v in H' ([ — <, R, R)V) for any
ReR

Now we prove a continuity property of the functions 7* on Palais Smale
sequences. Precisely, we have:

LEMMA 3.8. — Let u,, € H be a PS sequence for f,, such that u, — v weakly in
H. If the sequence T * (u,) (T~ (u,)) is bounded then (up to a subsequence)
T*(u,)—=>T") (T (w,) =T~ (v)).

ProoF. — Let us assume 7 " (u,,) is bounded. Then v=0 and, from lemma
3.2 and 3.3 we deduce that ve X, and ||v|., =0;. Therefore T*(v) e R. If
there exists R >0 such that |7 " (u,) | <R, we have in particular that there
exists a subsequence of T * (u,), that we denote again by T * (u,), that con-
verges to some ¢ € R. We claim that £ = 7 * (v). Indeed, by lemma 3.7 we have
that u,, —wv (up to a subsequence) in H! ([ —R, + ), RY) and by the continu-
ous Sobolev embedding it converges in L * ([ — R, + ), RY). Therefore, t <
T * (v) plainly follows. Now, arguing by contradiction, let us suppose that ¢ <
T * (v). By continuity there exists ¢ € (0, 1/2(T * (v) — t)) such that |v(t) | <,
for any te [T (v) — o, T" (v)] and, since ¥ =v — a,(t) V' (v), by (2.2), there
exists a>0 such that d/(dt)|v(?) |2 < —qa for all te[T"(W)—o, T )]
Hence we get

T+ ()
d
|[v(T* (v) —0)|?=06% — f = |v(t) |2dt = 0% + ag .
T ()

Hence there exists 7 € N such that for any n =% we have |u, (T *(v) —0)| >
01 and T*(u,) >T*(v)— g, that is a contradiction. Exactly the same argu-
ment applies for the sequence 7'~ (u,). ™®
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4. — Estimates on solutions.

LEMMA 4.1. — Let b > 0.
Then there exist 65> 0 and 64> 0 such that for every w, for every we H
solution of (HS,) such that f,(u) <b one has

2ub
(@) ul<0;=+] =2
u—2

) i, <04=051+C.)+ksup{|V'(@)]|||x|<C.,03}.
Proor. — Just observe that from
1
b Bfw(u) - _<Vﬁu(u)y ’M) =
u

1 1\, 4, 1 11
== -=)ulf+—=)a,®OV W u- V(u))?(———) ul[*
(3-L)mps LS @)z (5= 1)l

one deduces point (a) of the lemma.
Since, by (a), [|u]|<0;= \/2/,¢b/(/4 —-2), we get ||ul. <C.0;. Take any
teR, and let n e N be such that te[n, n +1]cR. From

n+1

032 [afr+ urz [ az it ae)|t= a0
R

n se[n,n+1

we find that in each interval of length one there exists a point 6 such that
[w(0) ] <0;.
Then, using the equation (HS,), we find

()| < |0) | + [at) = i(0) | < [ aB) | + |t = 0] | ii(§) ] <
SOg+ |u]) + ke |V (u(8))] s53+cm53+k2| sup |V (@)|=0,.

2| <Cx 03

LEMMA 4.2. — Let 61 and 65 be as in 2.1) and (2.2), w e R, b > 0 and u a sol-
ution of (HS,) such that f,(u)<b. Assume there exist [a,c]CR such
that

1. |u@)| =0, for all tela,cl;
2. |u(a)| = |ulc)| =0d;.
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Then

@ c—a= (/4_2)(52_61)2 .
= b ;

f[|@z|2+ u|?122V2(0,—01) 015

v _ _ 2
fV(u)B (ﬂ 2)(:;2 51) lxilgfélv(x)~

ProOF. — Let t € [a, ¢] be a local maximum of t—|u(t)|. Then |u(i) | >0,
since

Ed—|u(t)|2 | a(t) |2+ [u(t) |? = a, (&) V' (u(t))-u(t) >

1
2

whenever |u(t) | <0,.
Then

<

<

Ss—01< |u@®| — |uw(a)| < |u@) —uw(a)| <

7 12
< \/Z—a(f|ia(s)|2ds)

t

f | u(s)?ds =

a

and we obtain

(0= 0,)

Reasoning similarly on the interval [, c], one finds

(05—0 )

—-a

f|u(s)| ds=2
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Since |w(t)| =9, in [a, c], we deduce that

C dy—0,)
(4.1) f|u(s)|2+ |u(s)|2ds>2( 2~ 01) +(c—a)os.
a c—a
We know from lemma 4.1 that
2ub C . 85— 0,
=0 Bf|u(s)|2+ |u(s)|2ds>2M
u—2 4 c—a

from which we deduce

_ 52
—a> (u—2)(05—94) .
ub

Always from (4.1) we find that

[ i) )2 + Juts) [2ds 22 V(05— 01) 61

(remark that the estimate is independent from b).
Finally

v _ _ 2
[veusnas=c-a) it vy s L2200 o iy,
. BELH ub HELH

and the lemma is proved. =

LEMMA 4.3. — Let u be a solution of (HS,,) such that |w(®t)| <0, forallte
[a, c]l Assume that A=c—a=1.
Then, for all tela, c],

|u(a) |2 — |ule) |Pe = oo |u(e) |2— |u(a) |e

9,
1_67241 1_67241

42)  |u@®)|*<

As a consequence, setting m = (a + ¢)/2, we have
4.3) |u(t) |2 <46%e “*cosh (t —m)

and

4.4) |u(t)| <90,e "“(1 + sinh (¢ —zm) ) .
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ProOF. — Let
dZ
L=-—+1
dt®
and
2 2, -4 2 2, -4
() = |u(a) |* — |ulc) |Ze -0 4 |ule) |* = |ula) |Ze o0

1_672(07@ 1_672(070,)
It is immediate to check that w solves the boundary value problem

Lw=0 in [a, c],
(4.5) w(a) = |u(a) |7,

w(c) = |ule) |

Let u be a solution of (HS,) such that |w(¢)| <4, for all te[a, c]. Then,
using (HS,) and (2.1), we deduce that

L(|u(@®) |?) = — 2| () |* — 2u(t)-it) + |u(t) |* <
< 2u(t)-(—ut) + a, () V' (u®))) + |ut) |? <
< — 2| ut) |2+ 2k, V' (u(®))-u(t) + |u(t) |* <
< — |u@®) |2+ |u@®) |*<0
for all te[a, c]. Then
{L(w—|u|2)20 in (a, c),
wt) — |ut) =0 for t=a,c.
By maximum principle we obtain
|u(t) |*<w(t) for all tela, cl.

Since

@, lue)]?
_ 72Ae a+ 2

(t—c)
w(t) < . — ¢

1-c¢

(4.3) follows since |u(a)| <d; and |u(c)| <d;. As a consequence we have
that

t_
(4.6) |u) | <2 V28 e coshTm )
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To prove (4.4), we remark that

m+1 t
|w(m) | = | u(m +1) —u(m) — fdtfii(r)dr <
m+1 t
< Julm+1) | + |u(m) | + f dtf|u(r|)—aw(r) V' (uw(r))dr <

m+1 t

SZ\/lee*A/“(cosh(l/Z)+cosh(0))+; f dtf|u(r)|dr$

<2V20,e (3 cosh(1/2) —1)<95,e

(we have used the bounds (4.6) and (2.1) together with the equation (HS,)).
Finally, from

t
w(t) = w(m) + fii(s) ds
and the above bounds one deduces (4.4). =

LEMMA 4.4. - Let b e R. Then extists w > 0 such that for all 0 < || <w, if
ue H s such that f,(u) <b. Assume that

|w(B/dw) | =01 and |u(t)| <o, for all t<p/dw
or that
|w(3f/Aw)| =061 and |u(t)| <o, for all t>3p/4w.

Then u is not a solution of (HS,).

ProoF. — Let us assume that « satisfying the above conditions is a solution
of (HS,). We will find a contradiction.

Let
A= [te [0, ﬁ]
w

A is not empty, and from our assumptions it follows that it contains an interval
of the form [ /4w, B'] since (f/4w) in A cannot be a local maximum of |u(¢) |2.
Indeed the equation implies that

d2
2 |u(®) |22 |u(t) |2 — ks V' (w(t))-u(t) >0 for all ¢ such that |u(t)|<0;.

|u(t)|261}.
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Then, using lemma 4.1, we deduce
0%= f |u|2>f|u|2>5%meas(A)
A
and hence
03
meas(4) < — .

62

1

Remark that the constant 6%/6% does not depend on w.
We now claim that exists w such that for all |w| <, we can find a closed
interval [a,, 8,] satisfying

(@) [a,, Bolclf/hw, flo];
(b) exists k, independent of w such that g, —a, = ky/w;
© |u@®)| <06, foraltela,, .l
!
Since u is a continuous function, A = _gl[ai, b;]. Remark that a;, = /4w and

we also set a;, 1 =B/w if b, < B/w. Since meas (A) < 0%/6%, in [B/4w, Blw] \A
there is at least one interval (b;, a;,;) such that
2 2
S T ARV

l

w_n 03

l

4o O3

and the claim is proved provided we can estimate [ independently of w by
choosing [a,,, 8,1 to be the largest interval in /4w, flw]\A.

In order to bound [ independently of w, we simply use, in each interval
[a;, b;], point (b) of lemma 4.1 together with point (a) of lemma 4.1. We
find

b;
l —
a§>§%f|aﬁ+|m2>my@w2—agal

i=1g,

and the claim follows provided w < w,, w, sufficiently small. Corresponding
to such an interval [a,,, §,] we defined=5,—a, and m = (a, + f,)/2. Ob-
serve that we are in position to apply lemma 4.3 to such an interval.

We will now show that such an u cannot be a solution of (HS,) by showing
that

1Vf,,(w) || = Crow — Crw?.

then the lemma will follow provided w  is sufficiently small. In the following, C
and C will denote positive constants, independent of w, which can vary from
line to line.
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Let m be as above and define ¢: R—R by setting

1, t=sm,
pt)=9m—-t+1, mstsm+1,
0, tzm+1.

Since u is a solution of (HS,), it is regular; in particular % € H (indeed % € L?
and 4 =u—a,V'(u) eL?). Then also v=¢u e H. Let us estimate

+ oo

@7 (Vf,(w), v) = fim')+u-v— faw(t) V'(u)v=

— o

— [airuwi— [ a®V @i+
m+1 m+1
v [ atpi—iyruwpi— [ a,@) V@ .

We begin estimating the term

m+1 m+1
[ apii—iy+uwopi—- [ a®) V'@ g
Using the exponential estimates of lemma 4.3 together with the equation
(HS,,), one easily deduces that this term is smaller then Ce ~2 < C, e~/ for
some constant C; independent of w.
In order to estimate the other term of (4.7) we perform an integration by
part, finding

+m

4.8) fu-mu'a— fm%(t)v'(u).a:

— o0 — o0

m

1 . 1 .
= EI%(M) |? + > |u(m) |* — a, (m) V(u(m)) + faw(t) V(u(t)) .

Always by the estimates in lemma 4.3, one finds that the term | u(m) |2 +
Hlu(m) | = a,(m) V(u(m)) can be bounded by C;e ~*'* (eventually taking C;
larger). So we are left with the term

m

[ ) Vaut)) .

— o0
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Recalling that a,(f) = g,(wt) + g2({/w), this term breaks down to

m

. 1 [t
o [ oty Vi)t + = ng(Z) Veu(t)) dt .

— o

m
1 [t . .

Let us show that the term — f 02 (— ) V(u(t)) dt is smaller then Cow? provid-
W — w

ed w is small. Given any periodic, zero mean function %, denote by (I/1h)(t) the

zero mean primitive of 2. We have that, for some constant k,, |77 g, ||.. <k, for

j=0,1, 2. Integrating by part we obtain

1 .t m t .

— fgz(—) Vi(u) dt:gz(—) Viu(m)) — ng(—) V()4 dt=
0 _% » a) o

- —

= 92(%) V(uw(m)) — w(Ig,) (%) V' (w(m))-u(m) +

t ..
+w f (I1g) ( — ) [V"(w) wu+V'(w)(u—a,) V'(w)]dt.
— % w
The terms g.(m/w) V(u(m)) and w(Ilgz)(m/w) V' (u(m))-1u(m) are exponen-
tially small in 1/w. In order to evaluate the integral, we perform an additional
integration by part. We obtain the boundary terms (exponentially small as be-
fore) and the integral term

w® f (IT%g,) ( i) %[V”(u) wu+V'(u)u—a,V'(uw V' (wldt.
% )

Let us examine the terms arising from this integral. First observe that ||u/.,
and || %, are bounded independently of w; this implies that also V(u(t)) as
well as all V' (u(t)), V" (u(t)) and V"(u(t)) are bounded independently of w.
Then
| V" ()i, i, 2] | < C|a]|?,
while
|V ) it | = | V") weie = V" () @, V' ()5 | < Cla] | 3|

(we have used the equation and the fact that |V'(u)| <K,
Similarly we have that

|u|, see (2.3)).

[l

d .
‘ EV/(M).H sClu||ul.
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We also have that
|a, V"(u) wV'(u) | <Clu||u|
and that
|wgi () V' (w)-V'(u) | < oC|u|?.

Let us examine now

t 1. t
wzf(Hzgz)(—)—g2(—) |V’ (w)|?dt .
Y (4] w w

Observe that ¢,(t)(IT*g,)(t) is a zero mean, T-periodic function, hence the
function G = I1(¢,(I1%g,)) is a periodic (and hence bounded) zero mean func-
tion. Then, performing another integration by part, we obtain

t\ . t
wf(HZgz)(—)92(—)|V'<u>|2dt=
— [4)] w

=w20(?) V' (w(m)) |% - 202 f G(i) V' (w)- V" () i dt
w

—

and since

G(i)v'(u)-v"(u)u <Clu| |
w

we finally find, collecting all the pieces, that

1 [t
. fgz( )V(u)dt

m
— séwzf(|u|2+|u||u|+|u|2)scw2
— w -

where C does not depend on w.
Let us now examine the last term in (Vf, (u), v), the term

w f 910 (wt) V(u(t))dt .

We have that |u(t) | <0, for all te [0, f/4w] and u(t) —0 as t — — o, hence,
by the lemma 4.3,

u(t) |2 < 610 #Ao-D
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for all t < f/4Aw. We deduce that

0
SCf |u|? < Ce~Fle,

0
[ v 0t Vauty) dt

From assumption (a3), we deduce, using the estimate (¢) of lemma 4.2, which
we can apply in the interval [B/4w, b;]c [0, m]

by

[ 10t V) dt = oy [ V) = ay | V) =c.
0 0

Bl
All the above estimates imply that
Cro = Cy0* < (Vf,,, v) <||V£, @) [l[v]] .

To conclude, it is enough to show that ||v|| is bounded from above independent-
ly of w. This is a consequence of point (a) of lemma 4.1.
The other part of the lemma follow in a similar fashion. =

5. — Multibump solutions.

From now on we fix w, 0 < |w| <w, and ¢* > c,,. By lemmas 4.4 and 3.8 we
deduce the following property:

(*) thereexistt,,t_eR, >0 andu >0 such that ||Vf, (u) || = u for any u e
{fo<c*} for which T*"(w)el"=[t"—n,t"+nl or T (w)el =
[(t™ —n,t" +nl

Property (*) is actually the nondegeneracy condition needed in [20] to prove
the existence of multibump solutions for (HS,), therefore the technique used
there apply. In the following we just sketch how property (*) allow us to prove
the existence of multibump solutions, referring to [20] and [19] for all the
proofs we omit.

Let us fix 2*e (0, 1/4(c* —¢,)), and define

F={ueH|T*(wel*}N{ueH|f,(u) <c,+h*}.
Let us also define, for 7eR,
S ={ueH|T*(w)+rel*}N{ueH|f,(u) <c,+h*}.

Since a,(t) depends quasi-periodically in time, we get the existence of a se-
quence 7,,— * o as n— = o for which we have an estimate from below for
the norm of the gradient of f, in the set UZJ'; U UZJ’

nes ne s

Tn*
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Indeed, the quasi-periodicity of the potential reflects on the functional
in the following way:

LEMMA 5.1. — For any A >0 and R > 0 there exists ¢ > 0 such that for any
ue H such that |u|| <R, if te P(a,, €) then,

@ |IVf, ) = IV, (e w)||| < 25
®) |f, () —f,(txu)| <A

Proor. - For any 7e P(a,, €) we have

(Vo (u) = Vo (T3u), h)| < f |(a,(t) —a,E+0) ||V ()| |h| <
R

Ssu£|(aw(t)—aw(t+r)|f|V’(u)||h| <Ce [ Ju||h| < Celn]
te R R

and (a) plainly follows. The proof of (b) is analogous. =
Therefore, we get

LEMMA 5.2. — There exist uoy >0, €y > 0 and a sequence 7, € P(a,, &), T,—
+oo, as n— oo, with 7, <7, 4, for all 1€”, and ty=0, such that:

|V, ()| =uy  for all ue (;7973:) U (nle.J7Jf)

Proor. — First of all note that, by (3.1), there exists R >0 such that
V£, (w)|| =@ for all ||u| =R such that f,(u) <c*, where 7 is given by (*).

Moreover, by lemma 5.1 for any 4 > 0 there exists & > 0 such that if ||u| < R
and 7€ P(a,, €) then ||[Vf, (w)|| - [V, (z+w)|[| <4 and |f, (w) — f,(z+u)| <A

Therefore, choosing A < (1/2) min {z, ¢* — (¢, + B *)} there exists ¢, and a
sequence 7, € P(a,, €¢), T,—~>*® as n— * o, and 7;<71,;,, for any ie7,
such that the lemma follows with u, =1 /2.

Then, given v e (0, u,) we define the set

A= {ueH||Vf,(wl| <v and f,(u) <c, +h*}.
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Moreover, for o€ (0, C,d1), i, jeZ and 7; e P(a,, €) given by lemma 5.2, we
consider the sets

Uy =A"N {ueH||u] <o},
Aj=A"N{ueH|T " (welt"+n—1;,t" —n—1,_4]
and T (w)elt”+n—r1;,t" —n—1;_41}.
By lemma 3.7 we have the following compactness result:

LEMMA 5.3. — Let u, € X be a PS sequence for f,,. If w, € Aj, for some fixed
1, j €7, then u, 1s precompact.

Clearly AjNA/; =0 for all (z,7)# (¢', 7). Moreover, for v sufficiently
small the sets Ajjc H are uniformly disjoint. Precisely, we have:

LEMMA 5.4. — There exist v e (0, u,y) and ¢ > 27V such that:

AV = U@ U 1,]LiZAJ

. ¢
U fy < —
‘ {f 2 }
and
lu—vl|zr, for al weAj, veAl; VU if (i,)= G, j").

In the following we denote A; = A} for i, jeZ and U, = ‘uz, and given a
set Ac H, we define B,.(4) = {ueH| in£|\u —v| <7}

Then, by lemma 5.4 and a deformation argument, we have

LEMMA 5.5. — For any re (0, vy /2) there exists A,.> 0 such that for any
he(0,min{r*, 4,}) there is a path yel, and a finite number of sets
A .y Ay, CAY for which

(@) max f,(y(s)) <c,+h
sel0,1177 7%

® if y() ¢ U B.(A,,) then f, (/) <c,~ 4.

i1 *

By lemma 5.5 we can define a local minimax in a region where the Palais
Smale condition holds.

We now fix 7e (0, 7y /4) and ke (0, min{r*, A;}). We take yel, and
sets A;;,, ..., A;,;,CA", satisfying (a) and (b) of lemma 5.5 for the chosen
values 7 and %. By the definition of the minimax level c,, there exists pe
{1, ..., k} such that, setting A,=A4, ;, there exist s;, s,e[0, 1] for which

pip?
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uy=y(s1), Uy =7y(s2) € B;(A4,) N {f,<c,— A3}, y(s)eB:(4,) for any se
(s1, s2) and ug, u; are not connectible in {f, <c,}.
Setting B = B;(4,) U{f, <c,—1/245}, let us consider the class

T ={yeC(0, 11, H)|7(0) = ug, (1) = uy, y([0, 1)) c B}.

Since T # ¢ we define ¢, = inf max. £, (y(s)) and we have ¢, <G, <c, + h.
vel sell,

Let us denote by K, the compact set of critical points X, N A,. By lemma
5.5 we have that K, has a variational characterization as follows:

LEMMA 5.6. — For any re (0, 7/4) there exists h, > 0 such that for any h e
(0, h,) there is a path yeC([0, 1], H) satisfying the following proper-
ties:

(@) y(0), vy(1) € IB,p(K,), and they are mnot path-connectible in
BT(Ap) N {fw < Ew};

(0) y([0, 1D C B,p(Kq) N {f, <C, + };

(C) V([()’ 1]) N (Br/Z(KA) \Br/4(KA))C {fw = E(u - 1/2hr}9

() suppy(@)c[—R, R] for any 6 [0, 1], R being a positive constant
independent on 6.

Since a, depends quasi-periodically in time, by lemma 5.1 we have
also:

LEMMA 5.7. — For any re (0,7 /4) and he (0, h,) there is €1 > 0 such that
for any te P(a,, 1) there is a path y,e C([0, 11, H) satisfying the following
properties:

(@) y.(0), y.(1)€dB,p(t+ K,), and they are not path-connectible in
Bi(rxA)N{f,<c,};

(b y.([0, 1D cB,x(t* Ky) N {f,<tc,+3/2h};

(C) V.[([O, 1]) N (BV/Z(T* KA) \BT/4('L'* KA))C {ﬁu < Ew — ]./4]7/,};

(d) suppy.(O)c[-R+1, R+ 1] for any 6 [0, 1], R being a positive
constant independent on 6.

Moreover, we have

LEMMA 5.8. — For any re (0, 7/4) there exists u, >0 and €, > 0 such that
for any te P(a,, €5):

VS, (w)||=pu, for any ueBy(roA,)N{f,<C,+h*})\ButKy).

Finally, we state a last preliminary property we need in order to apply the
Séré technique to prove the existence of multibump solutions.
Let us consider the set f,, (K4 ) c R. Then, thanks to the behavior at the ori-
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gin and to the regularity of the potential, we have the following proper-
ty:

LEMMA 5.9. - [0, ¢*]\ f,,(K,) is open and dense in [0, ¢*].

The proof of this lemma, that can be found in [19], use a Morse reduction
(see e.g.[6]) and the Sard’s theorem.

The lemmas 5.7, 5.8 and 5.9 are the key ingredient to prove our main
result:

THEOREM 5.10. — Suppose (V1), (V2), (V3), (al), (a2) and (a3) hold. For any
r>0 there exist N >0 and ¢ >0 such that for every kelN, for every p e
Hw, N, €, k) there exist a solution v; of (HS,) such that

dist (v;, 5 * K ) <r.

ProoOF. — Given >0 and 5 e Xw, N, ¢, k), let us denote B,.(K4; f))) =

\/_

. N
{ueH|dist(u, p oK,) <7}. Given N >0 we define Ay= T(\/K7/2+1).
k

Then, we introduce the intervals M; = (p; + Ay, pis1—Ay), M= U M, and
for any 6 >0 the set 9 = {ue H|||lulf, <o} ot
Arguing by contradiction, there is > 0 such that for any N >0 and ¢ > 0,
there exist ke N and p e Aw, N, ¢, k) for which 8,(K,; p) N X, = 0.
Thanks to lemmas 5.8 and 5.9 we can construct in B, (K,; 5) a common
pseudogradient vector field for f,, and the truncated functionals

1 .
fw,i<u>=f—(|u|2+ |u|2)—fa,u<t> Vi)
I; 2 I;
(see [20] for a proof).

Let us fix 7, 75, 73 for which (2/3) r <1, <1, <13 < (5/6) r. By lemma 5.9,
for any h e (0, h,) one can choose c., c_ arbitrarily close and 1 > 0 such that
the intervals [c_ —4,c_+21]c (¢, —h, ¢, —h2), [c, —A,c, +24]c(c, +
2, ¢, + h) verify

ueB(Ky)N{c. —A<f.<c.+21}=|Vf,()|=v

for some v > 0.
Then, we have

LEMMA 5.11. — There exist u,>0, £,>0 and 0 >0 such that: V6 € (0, 6)
there exists N > 0 for which for any ke N and p e Aw, N, ¢,, k), there exists
a locally Lipschitz continuous function W: H— H which verifies
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(W1) lrgféikHKX‘?(u)Hb <1, (V,(uw), Wu))=0, VYueH, Wu)=0, Vue
H\#,,(K4; p);

W2) (Vf, i(w), Ww)=Zu,ifr < vinzg lu — v = p)l, < 75y w e B, (Ky; PN
{fw’iS(@}; o

W3) (Vf,.i(w), Wu))=0, Yue{c, <f, <c,+A}U{c_<f, <c_+41};

(W4)  (u, WXu))y; =0 Vjed{0, ..., k} if ue H\IN,.
Moreover if X,N B,,(Ky; p) =0 then there exists u; >0 such that

W5) (V. (w), W) 2 u5 Ve B, (Ky; p).
Then, fixed suitable values of the parameters c., & and choosing conse-

quently the value of 6 >0 and N >0, we consider the flow associated to the
pseudogradient vector field given by lemma 5.11:

dn

— ==y,
T (17)
70, u)=u.

Since Wis a bounded locally Lipschitz vector field, for any u € H there exists a
solutions 5(-, u) e C(R*, H), depending continuously on « € H.
We now consider the surface G:Q =1[0,1]*—H defined as G(0) =

k
2 7,0, for 6=(64, ..., 0,) €Q and y, given by lemma 5.7 for a suitable
=1

value of h.

We consider the deformation #(s, G(0)) under the flow. We get that there
exists §>0 such that, setting G(8) = (5, G(0)), we have the following
properties:

(@) n(s, G(0)) = G(0) for any 6@ and for any seR™;

(b) there exists ie {1, ..., k} and £e C([0, 1], @) such that £(0) e {0, =
0}, &1)e{6,=1} and f,, ;(G(6)) <c_ + ¢, for any 0e&([0, 1]);

(¢) n(s, G(Q))c M for any seR™.

Thanks to the above properties, we finally get a contradiction. Indeed, let
xeC*(R,R) with sup|x(®)|<1 be such that »(t)=1 if
teR

tel;\M and x(t) = 0 if t e R\ [;, where the index i e {1, ..., k} is given by (b).
Then, we define a path ¢:[0,1]—H by setting g(s) = yG(&(s)) for se
[0, 1].

By (a) we have that ¢g(0) =y ,,(0) and g(1) =y,.(1).

Moreover, g([0, 1])cB;(p; #A,) and, since 6 can be chosen sufficiently
small by (b) and (c), we get f,, (9(s)) <¢,, for any se [0, 1]. A contradiction
with property (a) of lemma 5.7. =
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Finally, as a corollary, we get the existence of an uncountable set of bound-
ed motions of the system (HS,).

COROLLARY 5.12. — For any r > 0 there exist ¢,>0 and N, >0 such that
gwen a (bi-infinite) sequence p; e P(a,,, €,) with p; .1 — p; = N, there exists a
solution v of (HS,), which verifies

inf ||'U_u||cl(1j’Hn><’i", VjEZ.
uep; * Ky
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